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1 Introduction

Due to the significant roles played by convex functions, they exist in many fields of studies
including life and management sciences, engineering and optimization [1, 2]. For exam-
ple, extended and generalized classical convexities are frequently applied in mathematics
and optimization inequalities. The theory of convexity is linked with that of inequalities.
Therefore, many existing inequalities, reported in the literature, emerged from convex
functions [3-5]. One of such fundamental inequalities that have been widely reported in
the literature is of the Hermite—Hadamard type. We consider a function ¢ : EC R — R,

u,v € E with u <v, convex if and only if,

u+v (M)+¢(V)
w( ' ) - u/ e ' W

The inequality (1) is most celebrated since it is broadly used in optimization and proba-

bility. The complete historical overview of this inequality is given in [6, 7].
Recently, a wide class of inequalities derived through convexity has been studied. This
includes the work of Hudzik and Maligranda [8], who rigorously studied the kinds of s-

convex functions, whose definition is given as follows.

Definition 1 v : [0,00) — R is said to be s-convex in the second sense if the inequality
Y(Ou+1-0)) <Y )+ (1 -0y )

holds for all u,v € [0,00), ¥ € [0, 1], and for some fixed 0 <s < 1.
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This inequality, representing a second sense of s-convexity, is often represented by K?.
When s = 1, the s-convexity remains as for the ordinary function on the interval [0, 00).

Given the generalization of inequalities, Dragomir and Fitzpatrick studied a Hermite—
Hadamard type in the second sense for an s-convex function [3].

Theorem 1 Let  : [0,00) — [0,00) be an s-convex function in the second sense, whereby
s€(0,1], and u,v € [0,00), u<v. If Y € L'[o,1], the following inequalities hold:

1 14
H,() < L[ yaria < Y20 o
2 v—uJ, s+1
The constant A = —5 makes the above inequality sharp, which is the best possible in the

second inequality in (3).

The two inequalities for differentiable convex mapping of Hadamard type were intro-
duced by Dragomir and Agarwal [9]; the results can be proved by applying the following
lemma.

Lemma 1 Suppose { : E C R — R is a differentiable mapping on E°, and u,v € E with
u <v, then we have

W (u) —y ! /
u +W - u/ V(x)d. Vzu/() (1 -y (tu+ (1 -t))adt. (4)

Here, E° indicates the interior of E.
The other general result connected to (4) was studied in [10]. The formula given in the

next lemma can be found in [3].

Lemma 2 Suppose ¥ : E C R — R is a differentiable mapping on E°, and u,v € I with

(u+v>

1 1
:(v—u)[/o ﬁlp’(v+(u—v)l9)dt+ﬁ(t—l)l/f’(v+(u—v)t)dt].

u <v, we have

In [5], Dragomir and Pearce established Hadamard-type inequalities for differentiable

convex mapping. The following lemma was used to derive the inequalities.

Lemma 3 Let ¢ : I C R — R be a differentiable mapping on E°, and u,v € I with u <v,
we have

V 1
W(M)SW(V)_Viu/M V(x)dx = (V_ZM)Z/O ﬁ(l—t)‘(/j‘”(tu+(1—t)‘/)dt

The generalization of inequality (1) for different convexity, such as s-convex, r-convex
and m-convex functions, have been studied by a number of mathematicians. The theorem
on how some of the convex functions are formulated is given by Kirmaci in [11]. In [12],
the authors introduced a new improvement of the Hermite—Hadamard inequality on a
coordinated convex function.
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In [13], a presumably new Hermite—Hadamard-type inequality was established by
Mehrez and Agarwal, whose finding is reported in the next theorem.

Theorem 2 Suppose that v : E° C R — R is a differentiable mapping on E°, u,v € E° with

u <v. Let the derivative of  be ' : 25, 32%] — R, a continuous function on [, 4],

2 2
Let g > 1, if |{'] is convex on [?’”2 v 3"2 41, then we have the following:
~
) )

a3 = (O ()

This paper is aimed at establishing some new integral inequalities for s-convexity linked

with (1). Even though the newly established inequalities are generalized forms of Theo-
rem 2, they can be of the form of a class function with first and second derivatives for
s-convexity in the second sense. As an application, the inequalities for special means are
derived. Error estimates for the midpoint formula are also studied here.

2 Main results
The main result can be confirmed by applying the next lemma.

Lemma 4 Suppose that  : E C R — R is a differentiable mapping on E°, and u,v € E

with u <v.If Y is an s-convex function whereby s € (0, 1], we obtain the following:

1, [u+V (s+ 1)1#(%)+W(?)+w(3v2—u)
? W( 2 > V= M,/w 2(s+1) ©)

and

7)

Lo PO | (B g (e
|m/ sV 5‘

2(s+1)

3u— v 3v—u
2

Proof By changing the variable x = 3L‘ + 437, where t € [*5 ], we obtain

1 v 3 ot 3 u+v

v—u/u 1/f(x)dx=rv_u)/augv w(?}” 2 >dt

< 3 3v3M|:¢/<§t)+w(u+V):|dt
8(v—u) Sucy 2 2

3v—u

_v&y, 1 f3_2 w(e)dt, ®)

2 4(v —u)

which is similar to that reported in [13].
Using the second and third parts of inequality (3), we get

YY) 4y (25
4@ D Ja, YOS ©

Considering (8) and (9), the proof of inequalities (6) and (7) is complete. O
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Applying the following theorem, we obtained a new result of Hermite—Hadamard-type

inequality for s-convexity.

Theorem 3 Suppose that v : E° C R — R is a differentiable mapping on E°, u,v € E° with
u < v. Let the derivative of  be ¥ : [3”"’ 3"2’”] — R, a continuous function on [3”"’, 3"2’”]
Let q > 1, if |Y'|1 is an s-convex function on [3” v, 8v- =41, for some fixed s € (0,1), then we

have the following:

v (13)

cornll) [l
- 8 2(s+1)(s +2)

Proof Using Lemma 2, we have

q

i
}. (10)

S 3u—-v
(%)

[ 3v—u
“”( 2 )

U+v
2(1/ ” Y (t)dt =y < 5 )+2(V—u)|:/0 tlﬁ( +2(u—v)t>
1
+/1 (t—l)lp’(?)v_u+2(u—v)t)dt:|. (11)
From (8) and (11), we get
_w(¥>5(v_u)[/o tw( +2(u—v)t)

+[(t—1)w’<31’2_” +2(u—v)t> dti|. (12)

2

In the first case, we take g = 1. We know that || is s-convex on [3”2_" 3"2_”], and for any

t € [0,1] we obtain
, 3u—-v 3v—u - ,3u—v sl (3v—u
()00t = () oo (357

Therefore,

1
2
/ g
0

W(Sl/z_ “: 2(u —v)t|dt

[ () - (352))
<[ e () oo (35)
wC”Viﬁt“ﬂ )

‘ , 3M—V)‘ 4-s27°-3.27F
[2“2(s+2) ¢< +|:4((s+1)(s+2)):|

+(1-¢t

]dt
/it(l—t)sdt

0

[ 3v—u
v (*7)

, (13)

Page 4 of 19



Almutairi and Kilicman Journal of Inequalities and Applications

where

1

/2 ts+1 dt — ;
0 25+2(5 4+ 2)”

1

: s 4-s2-3.07
/0 H-tdt = e

Analogously,

[

+2(u—v)t|d

(2019) 2019:267

e

ffll(l—t)[ts

2

,<3u2—v)

,(3u—-v !
E‘t//( 5 )‘/;ts(l—t)dt+

+(1-¢)f

|y B3u—-v\|[4-s2"°-3-
_‘W< 2 )H:él((s+1)(s+2))

where

—§25-3.27%
/ P - o)dt = ((s+1)(s+2)>

/; 1-(1 -2ty dt=

25%2(s +2)°

v (25 |

2

(3v—u 1
“”( 2 )‘[2”2(“2)}’ 1)

w/(gv’”)‘ ll(l—t)(l—t)sdt

Thus, from the inequalities (13) and (14), we obtain

()

- (V_u)[*—”}[
- 2(s+1)(s+2)

follows:

[
:/fwz—
s
() ([

+2(u - v)t) ‘

Nl

(Sik

Now in the second case, taking p = -L-

V)+(1—t)<

o

V7))

when g > 1, we apply the Holder inequality as

220)
ea-a(*30)) ]
3u2— V> i _t)(sz—u)>

N\
)
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q-1

SON(E==

q

,(3u—v
5)

4-52°-3.27 /<3v—u)q)% 15
+[Mu+n@+m)]¢ 2 ‘
Equivalently, we obtain
/(l—t‘lp< +2(u—v)t)‘dt
q

1 -7 4-527°-3.27° ,(3u—v
g 14
ON (=i (e
3v—u\ |7\ 1
e (7)) &

Hence, from the inequalities (12), (15) and (16) we get the following:

[ ree()

<o-o3) " [ [ C) - )
- 8 2(s+1)(s+2) 2 2
<v-n3) " [arme] [ Co2) (5)
=V 8) 26+ D6 +2) 2 )| 7 2 ’
completing the proof of this theorem. O

Corollary 1 Setting s = 1 in Theorem 3, we get

u+v v—u ,3u—-v
vu/wdx<)‘§8<‘w<2)

Thus, Theorem 3 is a generalization of Theorem 2.

q
+

q)},

(3u—-v
v(*5)

Using a different approach, we get the result given in the next theorem.

Theorem 4 Let v : E C R — R be a differentiable mapping on E°, u,v € E° with u <

v, and its derivative ' : 3"2"’, 3"2’“] — R a continuous function on 3” L 3" LI |y

3uv 3vu

3 ], for some fixed 0 <s < 1, and g > 1, we obtam thefollowmg

has s-convexity on [

inequality:

u+v

) vwev(5)
1 %1 1 % 1 B

E(V—M)<§) [m} [(S+1)q+(2 -4-—3—3) ]

() 57D W

Q=
Q=
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Proof In view of (15), (16) and (12) we have

1 v u+v
’m/u *”"”d“”( 2 )\
co-0(3)” ([ (25)
A ¥ w2552 ||V T2
4-52°-3.27] (3v—u\|T\4
*[4((“1)(“2))}‘”( 2 ))
4-527°-3-277| (3u-v\|? 1 ‘ (3v—u
+<|:4((s+1)(s+2))i|w< 2 ) +[2s+2(s+2)}w< 2 )
1\!"4 1 a L 3u—v\|?
E(V_”)<§) [25-4(s+1)(s+2)] ((s+1)‘1p< 2 )

+ (23.4—s—3)‘1ﬁ’<31}2_u) ‘1+ (25.4-—3—3)"#/(3”2_‘/)

+(s+ 1)‘w,<3v—u) q)?

2
Let g = (s+ DY (50|17, vy = (24— 5 - 3) [y (252)|7, 1y = (2° - 4—5 - 3)|y/(252)|7 and

vy = (s+ 1)/ (354)19.
Here, 0 < % <1, for g > 1, we use the fact

q

q)},

q

n

n n

r r I

E (uj+v,')§g uj+E v,
=

j=1

where 0 <r<1, uj,uy,...,u, > 0and vy, vs,...,v, >0, we get

1 v u+v
[ v ()

< 1y 1 %
< (v—W(g) [m}

e sy (259

1\ 4 1 g
<0-0(3)" [ mern ) oo

()Gl

completing the proof of Theorem 4. O

q

Q=

)

1 (3v—u
+‘1”< 2 )

+((2°-4)-s-3)

N
N
N

]

Under some conditions applied on the function |¢/'|, the numerical and analytical com-

parison between inequalities (5) and (10) was performed as an example.

Example 1 Suppose that [u,v] = [’Ts, _71], s= % and ¥ (x) = €*. Let the second part of in-
equalities (5) and (10) be indicated by / and J, respectively, then we get J = —0.083435

Page 7 of 19



Almutairi and Kilicman Journal of Inequalities and Applications (2019) 2019:267

and I = —-0.02511936 if g = 2, and we have ] = —0.047584569 and I = —0.03450437 if ¢ = 1.
Therefore, the second part of inequality (10) is better than that of inequality (5) wheng = 1
and g = 2.

Theorem 5 Suppose that vy : E° C R — R is a differentiable mapping on E°, u,v € E° with

u < v. Let the derivative of  be ¥ : [3” v 3"2 2] — R, a continuous function on [3"2 WV 3"2 sy

Let g > 1, if |Y'|? has s-convexity on [5"”2 Y, 3"2 L1, for some fixed s € (0,1), then we get the
following inequality:

‘_/ V() dx - w(uH)‘
E(V_”)<2p+l(;+1));[2s+1 s+1 } <‘w <3u2—v)
q)q (2”1 ‘ (

q

- (M) )
NN
.\ ‘I/I/(3V2 u) )q’ 18)
with+1=1,
p q

Proof Again, by the Holder inequality, we get

[ (e5) oo (359))

P oer 3 Bu—v 3v—u\\|? 17
L D) oo (35)) ]
0 0 2 2
Since the function [¢/'| is s-convex on 3"2_", 3"2_ 2], we obtain
3 3v-— 3u— 3v—
) 0o (5 oo (52

for any ¢ € [0,1].
Therefore,
1

IXaHTA

[T

nt
a

. 3u—-v 1t 3v—u
o) -0 (35Y)
1 , (Bu—v\|7 [z
<[Gomw) [ ) [ v
3v—u\|7 [2 q

/ _ Sd
(5 [emre]
- 1 » 3u—-v
<[] (sl (557)
1-2°6D7  /3v—u\|7\4 ”
[t 9

q

Page 8 of 19
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Similarly, we get

Jrasoo(o(#57) a-a(*5))
<[] (#5557
]w (3v u) q[zsﬂém])q' (20)

Finally, from (12), (19) and (20) we obtain the desired result. O

Theorem 6 Let yr : 1 C R — R be a differentiable mapping on I°, u,v € I° with u < v, and

its derivative ' : [3”2"’, 31””] — R a continuous function on [3”"’ 31””] Letg> 1, if |[y'|?

Su v 3v—u

is an s-convex function on

[ vwase(3))
<o-0(gprs) [atm)
- 20+ (p + 1) 25+1(s 4+ 1)

(O3]

with L +1=1.
»Tq

1, then the following inequality holds:

Q=

(2 -1)7 +1]

Proof We consider inequality (18) given as

[ vwev()
- )( 1 )} 1 74
=V gm0 |:2“1(s+1)i|
S 3u=v\|T (3v—u\|"\ 4
(PG5 e (55))
- R )

—v
2
Letuy = [¢/(32)19, vy = [25 = 1] |9/ (352)|9, up = [2°*1 — 1] |/ (252) |7 and v, = |9/ (254) 4.
Here, 0 < é <1, for g > 1. Using the fact

Z(u,+v,) <Zu +Zv,

j=1

Page 9 of 19
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whereby 0 <r<1, uy,uy,...,u, >0and vy,v,,...,v, > 0, we obtain

v ()
1 P% 1 % s+1 %
S(V_M)<2p+1(p+1)) |:2s+1(s+1):| [(2 _1) +1]

()l 57D :

A variant of the Hermite—Hadamard-type inequality involving a first derivative for pow-

ers in terms is given as follows.

Theorem 7 Suppose that  : E° C R — R is a differentiable mapping on E°, such that

V' e L\([u,v]), u,v € E° with u <v. Let ¢ > 1, if |{'|7 is s-convex on [?, 3"T’”]for some

fixed s € (0,1) and q > 1, then we get the following inequality:

3uv 3v—u
‘lﬂ( )+1ﬁ(2 ) + 29 (45F /w(x)dx
v—u /(1 o s+ (3) q
=) [m] o
() ) @

Proof Applying Lemma 1, we obtain

3v—u

Bu-v Bvu z
‘wz)w(z)_ 1 / oo

2 2(v —u)
"V)+(1—t)<3V2"”>)‘dz. (23)

1
s(v—u)/ |1—2t|‘vf’<t<3”
0

From (8) and (23), we have

3uv 3v-u 2 u+v
‘I/f( ) + w( ) +29(55) /w
V—u

- u/‘u 2”‘1#(( ) (l_t)(gvz u))'dt. (24)

In the first case, we take g = 1. We know that || is s-convex on [3”2“’ 3"2‘”], we get

/( (3u—v> 31/—14)‘
t +(1-1%)
2 2

Ef‘lﬁ/(guz_v) w,(Sv;u)

)

+(1-t°

for any ¢ € [0,1].

Page 10 of 19
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Therefore,

[ newfeo (oo ()
/[ ( )‘m 2] + w( Vz_u)'(l—t)sll—%l]dt
-/ [ (250 ea-20+ v (25 ja-va-20]a
NG e i
(s+1)1(s+2)( )(“/’Cu )‘ “” (3V u> ) 25

Combining the inequality (24) and (25), we get the inequality (22), which holds for g = 1.
Now in the second case, take p = -7, when g > 1. Using the well-known Hélder inequality

0+ﬂ4%“£ﬁﬂﬂ
(757) ra-0(57)

+(1-t°

£2t-1)+

we obtain

[y (5
11 -2ty ( ¢
0
1
=f I1-2¢)""4
0
1 o
1-2t|d
5(/0| ¢ t)
! 3u -
1_ 7
([ (o

From (24) and (26), we obtain

0\
dt> ) (26)

Jooo()

3u —v 3v—u u+v v
’w )+1ﬁ( J+2y(57) 1 / () dx
v—uJ,

q-1

</ 11— 2t|dt>T
, 3u—-v 3v—u
x(/o |1—2t|1//(t( . >+(1—t)< . ))
v—u 1 % 1 1 %
=72 </0 '1‘2”‘”) [<s+1>(s+2)(“§ﬂ
(3u—v\|? S 3v—u\|? g
() v (53]
v-u(l -5 (3y+s 7
T2 (5) |:(s+1)(s+2):|
3u—-v 3v—u a\
() )

completing the proof of Theorem 7. d

1

q q
dt>
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Theorem 8 Suppose that v : E C R — R is a differentiable mapping on E°, u,v € E° with
3u-v 3v-u
272
3u-v 3v-u
2 02

] > R is a continuous function on [¥5*,34]. If

1, then the following inequality holds:

u < v, and its derivative " :

|| is an s-convex function on [

! Y (3) + Y (35 + 29 (4Y)
v—u/o Yxdx- 4

9 1 L, 3u—v
=2Av-u) [(s+3)(s+2)'w< 2 )‘

1 Ip,/<?>v2—u)‘:|. 27)

Proof From Lemma 3, we get

s+1

3v—u

1 2
Yo /32 v (e) dt

v (35 + ¢ (35)
2

1
- u)[/ 1 - t)¢/’<t3”2_ Y v (1-¢) sz_ ”) dt}. (28)
0

In view of inequalities (8) and (28), we obtain

1! v + (351 + 29 ()
V—u,/o y@@)dx - 4

1
<2v- u)Z[/ - t)‘w”(t<3”2_v> +(1- t)¢ﬂ’<3vz_ ”)) ‘ dt}. (29)
0

3u—v 3v-u
2 7 2

S 3v—u
v(5))

Considering the fact that the given function |”| is s-convex on [ ], we have

‘w,/(t<3u2—v) s (1—t)3V2_M> s 1p,,(BuZ— v)
Therefore,
! . 3u—-v S 3V—u
[ (252 oo (252)
1 3u—v 1 v—u
+1 " s+1 Vi
5/0 1-p dt‘w (T) +/0 1 -2 dt|y <T)‘
1 L, 3u—v 1 S 3V—u (30)
(5 sl (U5

<
T (s+2)(s+3)
By a simple computation,

<t

+(1-1)°

! 1
/ 1-)tdt = —,
0 s+2

1 1
/ £ -t)dt =
0

(s+2)(s+3)
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Finally, from (29) and (30) we deduce the inequality (27) holds, completing the proof of
Theorem 8. O

The other type is obtained using the next theorem; the gamma function can be defined

as follows:
o0
'(w) =/ letdt, w>0.
0

Theorem 9 Suppose that y : E C R — R is a differentiable mapping on E°, u,v € E° with

3u—v 3v-u 3u-v 3v—u]
27 2 2 7 2

Suppose that g > 1, if |Y” |1 is an s-convex function on [3”2’V, 3V2’”],for some fixed 0 <s < 1

u < v, and its derivative " : [ 1 = R, is a continuous function on |

with }% + é =1, we have the following:

1! Y () + (354 + 29 (4Y)
/ol/l(x)dx— 2

v—u

JECp+D\7 [ 1 \7
21+2pr(p+§)> (s+1)
q:|$

S 3u—-v\|? 3v-u
[ (55)

<2(v- u)2(

52(‘/_”)2<ﬁ1“7(p+13)>ﬁ
21+21’F(p+ 5)
S 3u—v\ |1 J(3v—u 3
)l Gl T @
Proof Since |y”|? is s-convex, we obtain
[ (ta+ @ -tw)|" < 2|y " @)|" + Q-2 |y (w)]". (32)

Using both (32) and the Holder inequality, we get

/Ol(t—tz) W(f(&;v) +(1 —t)w”(gvz_u»‘dt

< /Ol(t—tz) w”<t(3u2_ V) +(1—t)¢”(3vz_u>)’dt
| [ ((57) 00 (357))
<
el 25)

_(NECe+ ) sl 1 \1
<(s%reep) (1) |

It
dt}

[
[
Q:Ig
e

1 ! s " 3v—u
+/0 1-2 dt‘w (—2 )
L, 3u—v

v(*5)

q:|$

Page 13 0of 19
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Inview of inequalities (29) and (33), we have the ﬁrst inequality in (31). Now, for the second
s+l)q <1,s€(0,1] and g > 1, completing the
proof. d

inequality in (31) we use the following facts: (

Corollary 2

4
S 3u—-v L(3v-u ok
vt

<1,s€(0,1]and g > 1. O

v—u

/ I/f (3u V)+,‘[[(3V u)+2w(u+V)

q
+

<2(v- u%my [

2% (p+ 3)

Q=

Proof This results from Theorem 9, using (Ll)

A different Hermite—Hadamard-type inequality involving a second derivatives for pow-
ers in the terms is given as follows.

Theorem 10 Suppose that f : E C R — R is a differentiable mapping on E°, u,v € E° with
u < v, and its derivative " : [25Y,3=4] — R is a continuous function on [¥5*, 1], If

|| is an s-convex function on [3” v, 3"2” , for q > 1 and for some fixed 0 < s < 1 with

1% }1 =1, we obtain the following:

1! Y (35) + Y (35) + 29 (4Y)
V—u/o y@@)dx - 4

2 1 }7
=2v=u) <p+1>

x |: I'g+s+2)

ar
] . (33)

” 3u-v 1 1 ” 3v—u
w( 2 ) +q+s+1“”< 2 )
Proof From (29) and the Holder inequality, we get

1
[l () oo (52
0 2
! e 3u—-v
p _ q 4
= ra ool ((557)
+(1-t)1//’(3"2_”)> th]q
< Yd £(1-e)de|y”
<[ ea] [ ca-sraly(*
1
_ 1_ qd "
[ (5
() v
< | ——
“\p+1 2
1 ‘ S 3v—u
+q+s+1 1//( 2 >

q

)

T
)

q]é
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q

<( 1 )1%[1"(3+1)F(q+1)‘w,,<3u—v>
“\p+1 I'(g+s+2) 2

1 ‘ ,,(3V—u> ‘T
+ v s
qg+s+1 2

where

r(;)r(s+1)

1
B(s+1,s+1)= 212(S+1>B<—,s + 1) =l 2 T 0
2 r(=s)

Theorem 11 Suppose that  : E C R — R is a differentiable mapping on E°, u,v € E°

with u < v, and its derivative " : [3” v Sve 51 — R is a continuous function on [3”2 v 3"2 1.
If |Y"| is an s-convex function on [3”2 ey, 3"2 L], for q > 1 and for some fixed 0 <s < 1 with

111 -1 weobtain
pq

3u-v 3v—u 2 u+v
/W V(%5 )+w(4 )+ 29 (5%)

- (1)5[1"(s+2)1"(q+1)‘1//,,(?»1—1/)
—\2 I'(g+s+3) 2
S 3v—u\|’ g
ez
Proof In similar way, we use the Holder inequality and (29), to obtain the inequality
1 3u-v 3v—u
2 " "
fo(t—t) (t( 5 >+(1—t)1p( 5 ))‘dt
1 1 _
=/ tl_th[/ ta(l—t¢ ”<t(3” V)
0 0 2
+(1—t)1p”(3‘/2_u)>‘dt:|
q
<[] [ (5)
0
_ q p1 1
+‘1/f”(3v u) /t(l—t)q”dt]q
2 0
GGl
—\2 2
- 1 » L, 3u—v
<) [ (%5
L, 3vV—u
(%5

3 Applications
3.1 Applications to special means

vV—u

q

r)rg+s+1)
+
I'(g+s+3)

1
£ -0)ide
0

1

q
B(2,q+s+ 1)]

=

B(s+2,g+1)+

S 3v—
v

Tr(s+2)(g+1)
I'(g+s+3)

u)q

Tr@)rig+s+1) i
I'(g+s+3) :|

Recalling the means of two non-negative numbers u and v, we consider the following:
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1. The arithmetic mean:

A=A(u,v)= %; u,v € R,with u,v > 0.
2. The geometric mean:

G=G(u,v) =vuv; u,veR,withu,v>0.

3. The logarithmic mean:

vV—u

L(u,v) 5 u,ve R, withu,v>0.

- logv—1logu
4. The generalized logarithmic mean:

m+l _ uu+1

Lm(u,v)z[ :|m; meZ\{-1,0},u,v e R,with u,v> 0.

v-—u)(m+1)

Using the results obtained in Sect. 2, and the above applications of the means, we get the

following proposition.

Proposition 1 Suppose that m € Z \ {-1,0} and u,v € R such that 0 < u < v, we get the
following:

|Am(u, v)— L7 (u, V)|

) 1 1-1 2-278 A N
_(v—u)|m|(§> [m][ ( ):| |

Proof This follows from Lemma 4 and Theorem 3, which apply for ¥ (x) = x™ and m as

(m-1)q 3y—u

2

3u—-v
2

’

specified above. d

Proposition 2 Suppose that m € 7.\ {-1,0} and u,v € R such that 0 < u < v, we obtain the
following:

|G‘2(u, v)— A% (u, v)|

o[- T 2-20 ) (|Bu-v[ [3v-u[?)\ 10

v— - —_— , .
=VTEIR ) 26+ DG+ 2) 2 2

Proof This follows from Lemma 4 and Theorem 3, which apply for v (x) = é g

Proposition 3 Let m € Z\ {-1,0} and u,v € R such that 0 < u < v, we get the following:

|A"1(u, v) =L (u, v)|

o) Tl T )
- 8 2s+1)(s+2) ’

Proof This follows from Lemma 4 and Theorem 3, which apply for v (x) = }C d

)
1 13y—u

2

3u—v
2

’
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3.2 The midpoint formula
Let /1 be a partition u = zg < 21 < -+ < Zy_1 < Ziy = v of the interval [u, v]; we consider the

following quadrature formula:

/ W) dx= T, h) + EWr ), j=1,2,
where

m-1
T\ (0 h) = Z ¥ (z) +2¢(Zj+1)

j=0

(Zj+1 - Zj);

given from its trapezoidal version, and

m-1
Tr(y, h) = Z 4 (#) (zj41 — 7)),

Jj=0

is for the midpoint version. The associated approximation error is denoted by E;(y, h).

Proposition 4 Let the function W be an s-convex, for every partition of [3”2"’, 3"2’ 2] the

midpoint error satisfies

)dx+E2(1/f,h)‘

m-1 3zi-z; 32i11-%i
) g )
= ZZO:(ZHI _Zl) 2(5 n 1)

s de-am ((252) ¥ (2572}

Proof From Lemma 4, we obtain

’ / ) dx - <zl+1—zl)w(z’”’”>

|y (o5et) + (g5
2(s+1) '

< (zis1 —2)

On the other hand, we have

f w(x)dm[/ w(x)dx—n(w,h)ﬂ
[ / V() — (201 — z,w(Z’”’“)]’

= W () + g (D))

=< (Zj+1 - Zj) 2(8 N 1)

1= 3z — zj, 3211 — 2
< o 2o ([0 (2572 ) (2572 )| ;

j=1
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Proposition 5 Suppose that the function |yr|9, g > 1, is an s-convex, for every partition of

[3”2"’, 3"2’ 21 the midpoint error satisfies

f V() dx + Ex (1, )

= W (P + g (D))

= (2141 — 7)) 2s+1)

1= 3z -z, 32,1 — 7
= v o s (v (257) v (2577 )]

Proof From Theorem 3, we obtain

Zj+1

V(@) ds - (g - 2)0 (Z’ * 5 ) ‘

%

1\ 228 i )
<(3) |wii6em) @09

5 H‘”(SZ/ —sz)‘q . w(gz,uz—zj)‘qr.

Alternatively, we have

f Vr(x) dx - Tz(l//,h)‘

ZU ¥(2) dz - (z1 - z,w(z’”’“)ﬂ
=0

ONE===

<[z s

—\8 2(s+1)(s+2)
m—1 3 . q 3 1 — X %
< Lo | (52 v ()]
N[ 2-2% T4

<[z s -

_<8> |:2(s+1)(s+2)]

ml 321‘ - Zj+1 3Zi+1 - Z/'
<D (v (2522w (252 g

j=1
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