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1 Introduction and main results

In 1969, M. Troisi (cf. [1]) found an important inequality. Its classical form can be de-
scribed as: given 1 < p; < 00, i = 1,...,n, for a smooth function # compactly supported in
R”, the following inequality holds:

n

“ 1 1 n
lulls < C| | I19x2llp; —>1,5= =1 (1.1)
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where ||u||,; = (f]Rn |u|? dx)é with 1 < g < ooand Cisindependent of u. It is the well-known
Troisi’s inequality that can be used to study the existence of multiple nonnegative solutions
to the anisotropic critical problem (cf. [2])
Z”: 3 ( Py
1 8x,' 8x,-

u
896,'

) = |ul*2u, inR" (1.2)

no1
i=1 p;
exponent and max;<;<,{p;} < s. Applications of (1.1) also can be found in [3] to study the

where 1 <p;<oofori=1,2,...,n, Y >1,s= ”/(Z?ﬂﬁ — 1) is anisotropic critical
existence of fundamental solutions to anisotropic elliptic equations. Another generaliza-
tion of (1.1) in [4] is used to prove regularity of the weak solution to the Navier—Stokes
equations based on one component of velocity. By arithmetic and geometric mean in-
equality, (1.1) becomes an anisotropic Sobolev inequality presented as
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In particular, if p; = p in (1.3) for i = 1,...,n, then (1.1) finally reduces to the classical
Gagliardo—Nirenberg—Sobolev inequality

np

C n
lulls < = 10gull,, 1<p<ns= (1.4)
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Here the methods to prove (1.3) and (1.4) are similar as that in Adams and Vancouver
[5] by using mixed norms and permutation inequalities and that in Kruzkov [6, p. 282] to
establish a new proof based on fundamental theorem of calculus.

Motivations of this paper mainly come from the attention to studying the anisotropic
elliptic equations as (1.2) with conical singularity, edge singularity, and corner singularity

respectively. For instance, (1.2) including conical singularity corresponds to

n
= Dei(IDeisl*Deju) = [ulu in R, (1.5)
i=1

where Do = td;, Dc; = 0y, 1 < p; <00 for i =0,1,2,...,n, and anisotropic critical ex-
ponent s := (n + 1)/(2:7:01}[ —1). As indicated above, the anisotropic elliptic equations
with singularities of edge type or corner type parallel to (1.2) can be formulated as
well.

Considering the pivotal role of Troisi’s inequality in studying such kinds of singular
anisotropic elliptic equations like (1.5) (e.g., see the results in our upcoming papers), we
need, in the first place, to deduce it being of different forms in different weighted p-Sobolev
spaces. To be specific, we will generalize (1.1) to some singular weighted p-Sobolev
spaces (see Sect. 2 below) in which the usual gradient operator V = (9,,0x,,...,0x,)
becomes the cone type, edge type, and corner type gradient operators such as D, =
(t0y, Oxy» - » Ox,) in R, Dy = (83, Oy Oy o5 O,y £y, 15 ) in R, x R” x RY, and

Deor = (r0y, 0y, 0xy5 - - - Ox,,» 1£0;) in Ry x R” x R, respectively. Now we present our main

yn+q

conclusions of this paper as follows.

Theorem 1.1 Lety € R,1<p;<oofor0<i<m,andy . 0y > L Serl=-L (31 op -1).
Then we have the following cone type Troisi’s inequality for all u(t, x) € CR(R"1):

1

lullyy < (c01||u||”*1 + Conll£deuml| ") M 1_[01||3x,u| ”“ (1.6)
p() pO i=1 pi
where |l = (Jpn [, 17 ult, )P4 dx)" yr= (2 -y - "*1)for 0<j<mncy=
1
%[(1_'_ S(p;()l))|n+1 ]/””*1 =13 (1+ S(p](?) U)””,andc _(1+ s(pi— 1))n+1f0r1<l<n

Moreover, as a special case, we obtain the following cone type Sobolev inequality which
was first proved by [7, Theorem 2.1] in studying Dirichlet problem for nonlinear elliptic

boundary value problem on a manifold with conical singularities.
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Corollary 1.2 [n addition to the conditions included in Theorem 1.1, if p; =p > 1 for 0 <
i < n, then we have the following cone type Sobolev inequality:

n
lully < ollull o + (H(tat)unw £y ||axl.u||L;+1),
i=1

nln+l-p(y+1)| e _ np 1_1
2+ D)(n+1-p)’ 1 = 2+ )(m+1-p)’ s ~ p

Co = _ 1
where ¢y = —andp<n+ 1.

Secondly, we consider the following edge type Torisi’s inequality.

Theorem 1.3 Given1 <p; <00 for0<i<n+gq,and qu >1.Let = n+q+1 OrEL by
1). Then we have the following edge type Troisi’s inequality for all u(t, x, y) € CP(Ry x R" x

R?) and y € R:
. T T o
n+q+ n+q+ n+q+
ey = (conllae 7™ + conll a5 )1"[c,-||axiu||£yf*
PO PO i=1 pi
n+q
< [ el toy)ul "*q” (1.7)
i=n+1
where ||ull zy = fRN L (e, ) P & dxdy) Y= (%‘”1 —y- ”*q“)foro <] <n+
1 _1
g cor = L+ L) MLy T gy = L1+ DY gy ¢y = (14 D) for
1

1<i<n+gqg.

In particular, the following edge type Sobolev inequality can be regarded as a special
case of the edge type Troisi’s inequality above. This kind of edge type Sobolev inequality
was first given by [8, Proposition 3.2] in studying Dirichlet problem for semilinear edge-

degenerate elliptic equations.

Corollary 1.4 Under the assumptions in Theorem 1.3, ifp;=p > 1for 0 <i<n+q, then
we have the following edge type Sobolev inequality:

n+q
llull gy < co||u||£y+1 +c1<|| (tat)u||£y+1 + Z 1524l gy + Z [ d )u||£;+1),

i=1 i=n+1

(n+q)p 1_1_
ﬂl’ld a= 2(n+q+1)(n+q+l-p)’ s ~ p n+q+1 ﬂl’ldp <n+q+ L.

(n+q)|n+q+1-p(y+1)|
2(n+q+1)(n+q+1-p)

where ¢y =

Finally, we give the corner type Troisi’s inequality.

Theorem 1.5 If1 <p;<ocofor0<i<n+1,y 1 1 5>l o= L= Lyt d s~ Dandy,y €
R, then the following corner type Troisi’s inequality holds for all u(r,x,t) € C°(R, x R" x
R,):

1
_ ~ n+2
”u”L\ZJ’ S (00”14”258*'1/5 + COH (rar)

n+2 l_[ Ci |3x,1/l|| n+2* *
t

1
A n+2 n+2
X (Cn+1 ||u||£};:+1_1'y:+ + Cnt1 || (rtat)u“ RERer ) (1.8)
Pn+l Pn+1
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where ”I/l”Ln %) (f]Rer]R"X]Kr |r”p *Vlt p - u(r,x, t)|p dr dx )p Vz (n+2 - n+2) yl
—(22 —y - 22, ¢ = 3(1+ Ml 1)"+2,c,_(1+s<1”l )”+2for1 <i<n+1l,é=301+
- A T .
#%M%mem%ﬂ-M+%ﬁiW” ylim,
Likewise, it follows from Theorem 1.5 that we can derive the corner type Sobolev in-
equality as follows, which was first obtained by [9, Proposition 3.1] in studying the exis-
tence of multiple solutions for semi-linear corner degenerate elliptic equations.

Corollary 1.6 Based on Theorem 1.5, further if we choose p; =p > 1 for0 <i<mn+1, then
we have the following corner type Sobolev inequality:

lodl g < Bollull ggonyos + o] 3, )u 01l g1

i=1

+ flns ”u”}:Zle + Kn+1 ” (Vtat)u” £Z+LV+1:

~ _ (n+l)|n+2-p(y+1)| o p(n+l) . ~ _ (mD|n+2-p(y+1)| 1 _
where Ho = 002 )’ Mi = 2m+2)(1+2-p) fO}” 0<i<n+1, fip = 2n+2)(n+2-p) 7 s
1 _ L oandp<n+2.
P n+2

The outline of this paper is as follows. In Sect. 2, we introduce cone type, edge type, and
corner type weighted p-Sobolev spaces respectively. Then, in Sect. 3, we give the proof
of Theorem 1.1. Finally, the proofs of Theorem 1.3 and Theorem 1.5 will be provided in
Sect. 4.

2 Definitions of singular weighted p-Sobolev spaces

Let X be a closed compact C*° manifold and X* = (R, x X)/({0} x X) be a local model
considered as a cone with the base X. In particular, let X C S” be a bounded open set in
the unit sphere of R"*!, and the straight cone X* is defined as

XA = { eR™ %= Oor—eX}
x|
Thus, X" =R, x X is called as corresponding open stretched cone with the base X. In local
coordinates, R, x R” can be interpreted as an open stretched cone. The typical differential
operators, defined on a manifold with conical singularities, are called Fuchs type, i.e.,

=t ar(t)(—t0)" = " Aga, (2.1)
k=0

where (¢,x) € R, x R", ai(¢) € C°(R,, Diff”~*(R")), Diff/(R") refers to the set of differen-
tial operators of order j on R”, and Axa are called degenerated cone operators.
Let g be Riemannian metrics on R, x R”, then

2
g:i=d? + 2 ds? = ¢ [(%) + dxz]. (2.2)

Hence the cone type gradient operator here is defined as D, := (£9;, dy,,..., 0x,). Now we
introduce the following cone type weighted L,-spaces.
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Definition 2.1 For (¢,x) € R™!(:=R, x R"), 1 < p < +00, and u(¢, ) in distribution space
D'(R"*!), then we consider that u(t,x) € L,(R"*!, 4 dx) if

+ 7t

1
de Z
”””Lp(Rf”) = (f / t”*l‘u(t,x)‘p? dx) < +00. (2.3)
R JR,

Furthermore, the weighted cone type L,-spaces with weight data y € R are denoted by
Ly (R, % dx). Namely, if u(t,x) € L) (R"*!, & dx), then ¢ 7 u(t,x) € L,(R"*!, 4 dx), and

+ 7t + 7t

1
dt Z
lleelly ey = (/ / t"”\t"’u(t,x)|p7 dx) < +00. (2.4)
r" JR,

Now we give the definition of singular weighted p-Sobolev spaces on stretched cone
R, x R"” as follows (cf. [7]).

Definition 2.2 Fory € R,m € N,and 1 < p < +00, the singular weighted p-Sobolev spaces
are defined as

H"‘V(R"*l) {u e D'(RI) : (£3,)“0f ult,x) e L), (R”*l de dx )} (2.5)

for arbitrary @ € N, 8 € N*, and |a| + |8| < m.

Moreover, the spaces H,"" (R”*!) will be Banach spaces endowed with the norm

||u||HZ«,y(R¢+1)= ( / / e (9, 0P ult,x)| dx) ) (2.6)
Rn+1

la|+|Bl=m

Next, we introduce the following edge type p-Sobolev spaces. First, we assume X* is
a straight cone, then for a bounded domain Y in R?, W := X2 x Y is a corresponding
wedge in R+, Thus the stretched wedge W to W is R, x X x Y, which is a manifold
with smooth boundary {0} x X x Y. In local coordinates, the open stretched wedge will
be R, x R” x R4,

The typical degenerate differential operator on the open stretched wedge R, x R” x R?
has the form of

£ (b)) (6,)* = Ay, (2.7)

Jjlee|<v

where Ay is a degenerate edge operator, a;, € C(R, x Rq,Diff"‘(j*l"D(R”)) for all j, «,
and Diff’(R") denotes the set of differential operators of order i on R”.
Furthermore, let g be Riemannian metrics on R, x R” x R?. Then

2
g=d + 2 dx* + dy? =t |:<dtt> +dx2+(d—ty) ] (2.8)

Thus, the edge type gradient operator is defined as D, = (£, dx;; 0xy»+-+» Oxys £y, 15+ -5

tdy,.,). At present, we give the following definition of edge type weighted £,,-spaces.
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Definition 2.3 Assume N =1+ n + ¢, (t,x,9) € RY(:= R, x R” x RY), and u(t,x,y) €
D'(RY). We consider that u(t,x,y) € L,(RY, & dx®) if

+7

1
de | dy\»
lulg, = (/]RN N |ult, %,9) ’p7 dx%) < +00. (2.9)

Moreover, the weighted edge type £,-spaces with weight y € R are denoted by £} (RY,
% dxd—ty), which include functions u(z, x, y) such that

llull oy = (/ N7 ue, x,y)|p dty) < +00. (2.10)

The edge type weighted p-Sobolev spaces (cf. [8]) can be defined for all 1 < p < +00 as
follows.

Definition 2.4 Taking y € R, m € N,and N =1 + n + g, the edge type weighted p-Sobolev
spaces are defined as

Hyr (RY) o= {ueD’(Rf):(tat)kag(tay) uell (]RN gd dty)} (2.11)

for k € N, multi-indexes « € N”, 8 € N7, and k + || + |B| < m.
The edge type p-Sobolev spaces H,,"”” (RY) are Banach spaces with the norm
= V£ ()< 0% (£9,) dddy 2.12
letllymr @y = D R RCORH TR : (2.12)
k+la|+|fl<m +

Finally, a corner can be defined as (cf. [9])
= (R, x X*)/({0} x X*),

where X2 is a cone. Then the corresponding stretched corner will be E2 := [0,7) x X x
[0,2), t,r € R, with the boundary {0} x X x {0}. Thus, under the local coordinates, the
open stretched corner is R, x R” x R,. The typical degenerate differential operator on
the open stretched corner R, x R” x R, will be

(re)™" Z aj(r, ) (rd,) (rtd,)* = (rt) ™" Aga (2.13)

jrk<v

with coefficients a(r,t) € C®(R,, Diff*7*(R")) and Aga is called a degenerate corner
operator. Indeed, we have the following Riemannian metric on the corner R, x R” x R,:

22042 L 2 A2 2 dr)? dr\? 2
g:=dt* + £2(dr? + r* dx®) = (rt) ~) +dx” . (2.14)

Then the corner type gradient operator will be Doy := (r9y, Ox; 5 Oxys - - - » Ox,,» FED).
Further, we give the definition of corner type weighted £,-spaces as follows.
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Definition 2.5 Let (r,x,£) € R, x R” x R,, weight data 4, ¥, € R,and 1 < p < +co. Then
(R, x R” x Ry, % dx‘ri—tt) denote the spaces of all u(r,x,t) € D'(R, x R" x R,) such
that

1

N_, N_ dr  dt\»?
lull grim = (/ |rp Vigp 1’2Lt(r,ac,t)|p—dx—> < +00. (2.15)
4 R, xR xR, r rt

From the weighted £"""*-spaces, we can define the following weighted p-Sobolev spaces
over stretched corner R, x R” x R, (cf. [9]).

Definition 2.6 Given 1,7, € R, m e N, 1 < p < +00, and N = n + 2, the corner type
weighted p-Sobolev spaces can be defined by

HP ) (R, x R” x R,)

= {ueD/(R+ x R" x R,):

dr | dt
(r3,) % (rtd,) u(r,x, 1) € L7 (R+ x R" x R, Tr dx;)} (2.16)

for k,/ € N, multi-index « € N”, and k + |«| + [ < m.

It can be proved that HZ"’(“'VZ) (R, x R” x R, ) are Banach spaces equipped with the norm

[lze ”H;n,(n,yz)(RJr «R"xR,)

de

1
N_, N_ rd »
= 2 ( / PP (9, 9 e, )| —rdx—> . (217)
k+|et|+l<m Ry xR7xRy r rt

3 Proof of Theorem 1.1
In this section, we give the proof of Theorem 1.1.

Proof Let 0; =1 + s(1 - I%) > 1 and v;(t,x) = (tnTH"’|u(t,x)|)"i for 0 <i < n. From % =
L (X 17%‘ —1), then it holds that ", 0; = ns.
Since u(t,x) € C3°(R"*1), then we have, for i =0 and ¢ > 0,

t +00
e = [ PEDL[ lea dr
0 t

ot T ot T
Thus

dr
T

0vo(T,%)
Ti

aT T ot

t
12vo(t,%)| < /
0

= /mo‘(tat)vo(t,x)‘ g
0 t

dr /‘*"o‘ vo(T,x)
—+ T
t

Analogously, for 1 <i<mn,

[2vi(t,%)| < /m

o]

8V[(f,9€)

dx,-.
8x,~

Page 7 of 16
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After multiplying the # + 1 inequalities above, we have

n+l o ptl s " d % n b
25 (57 fu(t, %)) 5(/0 ‘(tar)Vo(t:x”?t) H(/

i=1

av;(t,x)
396,’

1
dx,') .

Now integrating the inequality above over the interval (0, +o0) with respect to % and using
Holder’s inequality, we obtain

n+l

+00
2 (t%ﬂ_y|u(t,x)|)sg
0 ¢

< (/Om|(tat>v(><t,x)|%)i (/m/ ldf)i.

Then integrating above inequality again over the interval (—oo,+00) with respect to

X1,%2,...,%, and using Holder’s inequality respectively, we can deduce that

2" /n/+(tn_§l‘y|u(t,x)|)s%d
([ fpomaott) U(LL

For 1 <i <, |3 |u(t,x)|| = |9y, (uit)?| =
|00y, 14]) < |0y,u(t,x)|. Thus we obtain

av,(t x)

8x,

ovi(t,x) |d

0X;

x> ﬁ. (3.1)

N _ B
31 (@u)™2 (@01 + udy )| < 5 |u|™ (|70, u| +

laxivi(t,x)| §ai(t%l_y|u(t,x |) s ’V|8 u(t, x)| (3.2)

Similarly, |(£9,)|u(t, x)| < |(£9;)u(t,x)|, then we have
|(£30)vo e, )|

R

n+1

— y ‘tn;l” |u(t,x)| 5 |(t8t)u(t,x)‘:|. (3.3)

Replace the corresponding parts of (3.1) by (3.2) and (3.3), we derive that

n+1/ / ——V|u(t x)|) —dx

r" JR,

<[ [ €t 5 e )
+o°/n/ S e, ) ) (£ (e, x)])d?dx]"

x!j(/]gn[&m V!Mtx){) -1 L+H/|a ”tx)|—dx)

1
=: (11 + 12)ﬁ . 13.

n+1
-y

(3.4)
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Casel'pi>1for0<i<n
If p) satisfies 5 e =1, then (0, - 1)p; =s(1 - i)pl = s for 0 <i < n. By Holder’s inequal-
ity, we can acqulre that

n+1

11=(T()

// St ]) " ) L

1
=00 —J/IIMII IIMII (1l me ),

I _00/ f " (e, )) 7 (5 |(eaule, x)|)

< O‘Ollull H(tat)bl” (n+1 n+01)

= -y -1 ﬂ_y dt l
I3 = (/]R”/ oi(ts 7 |ult,x)])” |0, u(t, %) dx)

1
<||a,n||u|| ||axlu||”<n+1 oy
Pi

Pl

Returning to (3.4) and setting y;* =

1
255 ulls, (Uo ot

1
x 1"[01 I8l (3.5)

n+l n+l .
—(T—y—g)for0§z§n,weget

/

Jul 5 + ool et ) H||u|| ,
0

-y

In view of 2L + 1 ="
to (3.5), we ﬁnd that

nel ntl n+1
2% lull; < (o0
'S

That means

. Op,we deduce ) 7, - —%(n+1—2:'=0p% =s— 21 According

1

lull o + ool (¢ VO) (]‘[mwx,un r )
P

-V

1
n+1
y*
P

-V

1 1
July 55(00 Lyl g + ool o] ) r[cw 19l
0

1
1 1 1 1 1
- J’D [l yol + 03" || (¢3,)u| ";,1] HUZ T ||8xlu|| "“ (3.6)

0
LPO 1’0 i=1

1

1 _ 1
Set cor = (o0 2L — )it = A[(1+ LDy 2Ly (15, gy = LogT = 11+ My,

1
1 .
and ¢; = oi”* =1+ S(”’ )n+1 forl <i < n. As a consequence,

" 1

1 1
lellzy = (eonllal 57 + col| ey ) T T el 75 (3.7)

m
Vi
PO o i=1 Pi
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Case 2: There exists at least one p; € {py, p1,...,p,} such that p; = 1.
Without loss of generality, set po, p1,p2,...,pi, = 1 and pj.1,.. ,pn > 1. We deduce that
0;=10<i<iy),o0;>1(ig+1<i=<n)and % = lerl(Lo +y 0 io+1 7; 1), Thus inequality (3.4)

becomes

2 [

1
5[ t”T”-V|u(t,x)|%dx+f / (t%”-y|(tat)u(t,x)|)¥dx}
+ R” +

(T L o o)
(l—[ / / t S y|u(tx |)‘71 1 &—V|8xlu(t x)|—dx)

i=ig+1

n+1

-V

A A l»\ A
=: (11 +12)”13]4.

For 24, setting 1% + i =1 (ip + 1 <i < n) and using Holder’s inequality again, we have

. " e
L< TT ety TT o ||ax,u||

i=ip+1 i=ig+1

5 i " 1y - "_+1
=gm—ig= 0, .15 )=s—"7 that

Further, it follows from ) ”

i=ig+1 np

1

n+1 n+1 n
B (e [ IR [ 1]
1

. 1
4] n

x (]_[ ||ax,,u||L_(nS+1_V_nl> (]_[ a,laxlull (m M) .
i=1 1

i=ig+1

n+1

Z%T n+l
-Y ”M| n+(n+1 + ||(t8t)u

y—n-1)

Hence we can acquire that
| )
n+l
n+1
~y-n-1)
Ll

” ”[ _21
u
V4
n 1

iy ﬁ
< \TThoul ey ) T1 011 [, un a1,
i=1 1

i=ip+1

L
= (cmnunﬂ*oi + con 0] 71 Hcl [0l 7,

PO 170 i=1 P

where co1, o2, ¢;(1 < i < n) and y;*(0 < i < n) are the same as those in (3.7). Theorem 1.1

is proved. g

Page 10 of 16
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4 Proofs of Theorem 1.3 and Theorem 1.5
4.1 Proof of Theorem 1.3

Proof Let 0, =1+ s(1 - 1%) > 1 and v;(t,x) = (tn+?+1‘y|u(t,x)|)"i for 0 <i < n + 4. Since
1o n+111+1 ond Plf —1), then we have Y7 o; = (n + q)s.

For u(t, x,y) € C(R1™™), it holds that

Cw(xy)dr (7 dv(r,ay) d
2t ) - [ rMi_/ () dr
0 T T t 0T T

avo(t,x,9)
‘E'i
ot

dr

Thus
d.’: ‘/+OO
—+
T ¢ T

t
a 7 ol
] = [ 12905
de

< / oot )| S
0 t

Also, for 1 <i <mn, one has
i avi(t)xlyxb“-1xi—11xi)xi+lt"'rxn)y)

- dx;
Bxi

12v,(t,%,9)| < /

—00

+00
¥ /
Xi

1

an(t,xl,xz, e X1, X Xigls - .,xm}/)
0%

dx;

S / |8xivi(trx:y)|dxi:

(oo}
where ¥ = (V15 Y542 - > Ynag). Similarly, for n + 1 <i < n + g, we derive

Y OVi(E, % Ys1s - s Yicls Vi Visls -+ > Yinag)
9y

Vit %, Yns1s s Yiels Vi Yiels - -2 Vneg)
i

’2Vi(t!x’y)’ < /

+00
/
Yi

+00 A dAi
= / |(t85/i)vi(t:x;yn+1: e Vi-1:Yis Yisls - wyn+q)| )

00 t

dy;

dy;

+00 d i
= / ‘(tayi)v,»(t,x,y)]Ty,

oo

where x = (%1, %,...,%,) € R”. By multiplying the n + g + 1 inequalities above, we have

= n+q+1 n+q
[Tl2vite)] = 200 (5 utt, ) )0
i=0

= ol (twsﬁ1 7 |u(t,x,9)])"

+00 dt n +00
5/ ‘(tat)Vo(t;x,y)}TH/ |y, vi(t,x,y) | dox;
0 i=1 Y0

n+q

+00 d ;
<[] / ‘(tayi)v,'(t,x,y)’Ty.

i=n+1% "
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That implies

ntq+l n+q

2 n+q (

+00 d %q
ute)) = ([ eaomten) 7 )
xH(/ |8 vl(tx,y)|dxl>7q

n+q

x ]‘[(/ 0, vilt,,)| yl)

i=n+1

Now integrating these inequalities over the interval (0, +00) with respect to ! and using

Holder inequality will lead to
o / (t'“?”
0
S(/ |(£3,)vo(t, %, 9)|— ) </ / |0y, vilt,x,y) | dowi— ) q

0
M 00
dy; dt
( / / @y e 2 >

i=n+1

sd
W)

Then integrating over the interval (—oo, +o0) with respect to x,%3,...,%, and dy”T“, oo

dyns, . . " y . . . . . _ode dy
—* respectively and using Hélder’s inequality again, we obtain by setting dn := - dx—
and N =n+¢q + 1 that

n+q+l nig+l
2 /Rﬂy(t = ult, %)) dy

a1, N
n+q T
< (/l;]y](tat)w(t,x,y)’ d77> H(/M\axiv,-(t,x,y)’ d,,)

i=1

n+q 1
n+q
X ]‘[( f |(t8yl.)vi(t,x,y)|dn> ) (4.1)
i=n+1
For 1 < i < n, we acquire |dylu(t,%,)|| = |0y (ui)?| < Mol |0y + |udyin]) <

|0y, u(t, %, y)|. Similar to this deduction, it holds that |(£0;)|u(¢, %, y)|| < |(£0;)u(t,,y)| and
[(£0))|u(t, x, y)I| < |(£dy)u(t,x,y)| forn+1<i<n+q.

Consequently, for 1 <i < n, we have

n+q+

|0 vilt 2,9)| = |0, (2 V|u(t %))”
(t s 7 ’u(t x,y)|)a’ 't =y |8 u(t,x, (4.2)
|E0vo(t,x,9)| < ao(t”*?”-y}u(ux,y)})""‘l[ %q“ —p |t l-yruu,x,y)y

q
+1

|(£d,)ult, x,y)l]. (4.3)
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Also, for n + 1 <i < n+q, we have

+ . n+q+l
: gy

|(t3yl.)v,'(t,x,y)| < ai(tnTﬂ’V|u(t,x,y)|)”’_lt (tByi)u(t,x,y)|, (4.4)

After rewriting the corresponding parts of (4.1) by (4.2), (4.3), and (4.4), we get

n+q+l ntg+l s
2 g /M(t s |ult,x,9)]) dn

= [00
n+g+1

+ 00 fR N(t"“s”l’yIu(t,x,y)l)""‘l(t ‘ V|(t8t)u(t,x,y)|)dn:| "

n+q+1

Lﬁl_y‘/ (tmgﬂ’y|u(t,x,y)|)ao_l(f 7 ultx,)]) dn
s RN

1

1

n
X H[/RN O'i(t%m‘ﬂu(t,x’y)’)arl (tn+2+1_)’ |3xiu(t,x,y)|) dn] q
i=1 +

n+q n+q+ . n+q+ %W
X l_[ [/ gi(t%l‘y|u(t,x,y)|)q l(t ?1‘V|(t8yi)u(t,x,y)|)dn]
i=n+1 R]‘y
=: (11 +12)% . 13 . 14.

There are still two cases similar to the proof of Theorem 1.1, i.e., the case of p; > 1 for
0 <i < n+qand the case that there exists at least one p; € {po, p1,...,Pu+q} such that p; = 1.
Since the proof process here is also analogous to the corresponding part in the proof of
Theorem 1.1, then we omit it here, Theorem 1.3 is proved. O

4.2 Proof of Theorem 1.5
Proof Leto; =1+s(1 - 1%) > 1 and v;(r,x,¢t) = (rnTﬂ‘Vt%z"’Iu(r,x, H)ifor0<i<mn+1.

1_ 1 11 1
Dueto { = == (31 5 — 1), we have Yoy oi=(m+1s.

Since u(r,x,t) € C3°(R, x R” x R,), then we obtain, for i =0 and r > 0,

r d +00 d
2vo(r, %, t) =/ (t9:)vo(t, %, t)—T —/ (td.)vo(t, %, t)—r.
0 T r T
Thus
r dr +o0 dr
2w, 0)| < / (a5 + / (wdvoe 0]
0 r
+0Q0 d
- [ 0ot 0] -
0 r
For 1 <i < n, we obtain, for r,t € R,,
|2Vi(l",x, t)| < / |85civi(r:x17x2; o rxi—ln%i’xﬂl’ e Xy t)| d&l

+00
+ / |35¢ivi(r,x1,x2, . 'rxi—l)&i)xﬁl) e Xy t)| d\;\cl
X

i

- / |, vi(rs %, 8) | dox;.
—0
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Similarly, for r,£ > 0,

t d +00 d

1 H

|2V,,,+1(}",x,t)| 5/ |(ru8M)vn+1(r,x,u)|— +/ |(rﬂau)vn+1(";x’ﬂ)|_
0 ru t rp

du

+00
- [ londma i
0 ry

+00 dt
= / |(rtat)vn+l(r1x;t)|_)
0 rt

where x = (%1, %3, ...,%,) € R”. By multiplying the # + 2 inequalities above, we have

n+l
s(n+1)

H|2V, 7, %, t) 2"+2( Vt V| r,x,t)’)

+00 dr n +00
< / oot 0] T / (314, 8)| d,
0 r i=1 Y~

+00 dt
o e
0 rt

That means

2% (r ‘7 V|u(r,x, t)|)

+00

+00 d Th n ﬁ
< (/0 }(Var)l/o(r,x, t)’%) H(/OQ laxl.vi(r,x, t)| dxi>

i=1

1
+00 de\ =1
x(/ |(rtat)vm1(r,x,r)|—) .
0 rt

Now integrating over the interval (0, +oo) with respect to % and % and using Holder’s

inequality respectively, we obtain
n+2 dr dt
2l V ——V X, —_—
/ / |u(r, %, 0)])° -
1
Y drdt #o0 dt dr\ 71
< (/ / |(rd,)vo(r,x,1)| ——> (/ / |(rtd) vy (1, %, t)|—_>
o Jo
dr dt)

* H(/m/m/ |3x,vl(r,x,t)|dx__

Then from integrating over the interval (—oo, +00) with xy,x,,...,%, respectively and

using Holder’s inequality again, we derive that

sdr  dt

ne2 ”*217 2y i W
21[}1§+/’1/]R+ ts ’ur,x,)‘)rdxrt
5([ / / i) < g)

R, JrR? JR,
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1
X (/ / |(rt3t)Vn+1(V,x,t)igdxg> i
L JRe IR, r rt
- de
Xli[(///R |0y, vilr, .t |—d rt) : (4.5)

Set dn := d’ dx > and N = n + 2. Similar to the estimation in Theorem 1.3, we ac-
qulre that |ax,|u(r7xrt)|| S |3xiu(r,x, t)| fOI' 1 S l E Vl, |(r3,)|u(r,x, t)” S |(rar)u(r7xrt)| and
|(rtdy)|u(r, x, t)|| < |(rtd;)u(r,x,t)|. As a result,

|3xl-Vj(r,x,t)| = |8Xl( 7t V|u(r,x,t)|) |

<oi(rnT+2_?tnT+2””u(r,x,t)‘) T y}ax,.u(r,x,t)’ (4.6)

forl<i<mn,

|(r8,)v0(r,x, t)|

<<7o(rn;2 7tnT+27’|u(r,x,t)|)ao_l|: n+2 -y rn%z’ft%z’wu(r,x,t”
n+2 5 n+2
+rs Yt _V}(ra r,x,t)’] (4.7)
and
|(rtat)vn+l(r)x,t)|
X ’u(r,x,t)‘ i thzz_y|(rt8t)u(r,x,t)‘]. (4.8)

Substituting (4.6), (4.7), and (4.8) into (4.5), it is easy to see

n+2

n+2 n+2 =
2n+ /RQ’( T 2 V|u(r,x,t)|)
— 5] op—1 ﬂ,' S —

v A}y(r T V|u(r,x,t)|) (rs T 7 |u(r,x,£)|) dn

=< |:<70
1

+ 0y / (rnTﬂ_ytnTﬂ_V |u(r, x, 1f)|)6°71 (rn+2 7Ry ‘(rar)u(r, X, t) ’) dn:| "
RY

“ - n+ _7 a2 - ﬁ
x H(/RN m(r%z-yt%-qu(r,x, 1)) l(rf—ytf—y|axiu(r,x,t)\)dn>
i=1 +

n+2

y /D‘QN (rnTﬂf’;tan’y \u(r,x, t)|)”’”1_1
N

X (rT‘f”tn_;z‘V|u(r,x,t)|)dn+0,,+1‘/ (rnzz_’;t s V|u(r,ac,t)|)0"”_1
RN

+
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1
n+2 - n+ w1
X (rTZ_VtTZ_V |(rt8t)u(r,x, t)|) dn]
1 1
= (1 + L)™T - I3y + I5) ™1,

Considering that the remaining proofs will be the same as those in both Theorem 1.1
and Theorem 1.3, then Theorem 1.5 is proved. g
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