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1 Introduction

A function f : I — R is said to be convex if

flte+ (1 -0)y) <tf () + 1 -1)f (9) (1.1)

holds for all x,y € I and ¢ € [0, 1]. If inequality (1.1) is reversed, then the function f will be
the concave on [a, b].

Convex functions have been generalized theoretically extensively; these generalizations
include the m-convex function, n-convex function, r-convex function, /-convex function,
(h, m)-convex function, s-convex function and many others. Here the authors are inter-
ested in the («, m)-convex functions defined by Mihesan [16]:

Definition 1 A function f: [0,6] C R — R, b > 0 is said to be («,m)-convex, where
(o, m) € [0,1]% if

f(tx+m(1 —t)y) <t*f(x) +m(1—t°‘)f(y) (1.2)
holds for all x,y € [0,5] and £ € [0, 1].

For suitable choices of o and 1, class of («, m)-convex functions reduces to different

known classes of functions defined on [0, ] given in the following remark.
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Remark 1
(i) If (o, m) = (1,m), then (1.2) produces the definition of m-convex function.
(ii) If (a,m) = (1,1), then (1.2) produces the definition of a convex function.
(iii) If (o, m) = (1,0), then (1.2) produces the definition of a star-shaped function:
A function f: [0, 5] — R is called star-shaped if f(¢x) < £f(x) holds for all £ € [0,1]
and x € [0, D].

For some recent citations and utilizations of («, #)-convex functions one can see [2, 10,
19, 20] and the references therein.
Next we give the definition of the well-known Riemann-Liouville fractional integrals.

Definition 2 Let f € L;[a, b]. Then the Riemann—-Liouville fractional integrals of order
n € C, R(u) > 0 are defined by

FLf(x) = ﬁ / k-0 () dt, x>a (1.3)
and
1 b
Iy f(x) = m / (t—x)""'f(t)dt, x<b. (1.4)

The left-sided and right-sided Riemann—-Liouville k-fractional integrals are given in [17].

Definition 3 Let f € L1[a, b]. Then the Riemann-Liouville k-fractional integrals of order
neC,R(u) >0, k>0, are defined by

k _ 1 * Y !
kI f(x) = ka(M)L -tk f(t)dt, x>a, (1.5)
and
b
Mz,@f(@:ﬁw) f (t-x)5 (@) dt, x<b. (1.6)

A more general definition of the Riemann-Liouville fractional integrals is given in [14].

Definition 4 Let f: [a,b] — R be an integrable function. Also let g be an increasing and
positive function on (g, b], having a continuous derivative g’ on (a, b). The left-sided and
right-sided fractional integrals of a function f with respect to another function g on [a, b]
of order u € C, M(u) > 0 are defined by

{ef 0= 1 [ @0 -g0) gerodn x>a (17)
and
b
()= 1 [ ) -g) o, < (18)

where I'(-) is the Gamma function.
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A k-fractional analogue of the above definition is given in [15] (see also [1]).

Definition 5 Let f : [a,b] — R be an integrable function. Also let g be an increasing and
positive function on (g, b], having a continuous derivative g’ on (a, b). The left-sided and
right-sided fractional integrals of a function f with respect to another function g on [a, b]
of order € C, M(u) > 0, k > 0 are defined by

1 x Ly,
(S0 = s [ e0-e0) o soa (19)
and
b ®
ey f (")=@ /x (e) -g)*'gf (O dt, x<b, (1.10)

where I'(-) is the k-Gamma function.

These are compact forms of fractional integrals; which contain several fractional inte-
grals defined by different authors in recent years.

Remark 2 In the above Definition 5:
(i) By setting k = 1, Definition 4 can be obtained.
(ii) By setting g(x) = x, Definition 3 can be obtained.
(iii) By setting g(x) = x and k = 1, Definition 2 can be obtained.

Eil
p
integrals given in [3] can be obtained.

(iv) By setting g(x) = -, p > 0 and k = 1, the definition of the Katugampola fractional

(v) By setting g(x) = % and k = 1, the definition of the generalized conformable
fractional integrals defined by Khan et al. in [13], can be obtained.

(vi) By setting g(x) = (x_sa)s ,$>01n (1.9) and g(x) = —@, s> 01in (1.10), the definition
of the conformable (k, s)-fractional integrals defined by Sidra et al. in [9] can be
obtained.

(vil) By setting g(x) =

xl+s
1+s’

by Sarikaya et al. in [18], can be obtained.
(vili) By setting g(x) = @ s>0in (1.9) and g(x) = = 65 0in (1.10) with k =1,

s

the definition of the conformable fractional integrals defined

the definition of the conformable fractional integrals defined by Jarad et al. in [11],
can be obtained.

Recently many authors have been working on the applications of fractional integral op-
erators for inequalities point of view see the references [1, 3, 5-8, 12, 15, 21].

The aim of this paper is the study of fractional integral operators which have been ana-
lyzed by the researchers of this age, in the form of a compact fractional integral operator.
This general and compact form of fractional integrals has been investigated via (o, m)-
convex function. In Sect. 2, the bounds of the sum of the left-sided and right-sided gen-
eralized k-fractional integrals defined in (1.9) and (1.10) are established by using (o, m)-
convex functions. These results provide all analogue results for fractional integrals which
have been deduced in Remark 2. Furthermore, some of the results published in [4, 5, 7]
have been obtained in particular. In Sect. 3, results of Sect. 2 are applied at end as well
as mid points of the interval [a, b] and in consequent some interesting implications have
been obtained.
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2 Main results
The first result of this section is stated in the following theorem.

Theorem 1 Let f,g : [a,b] C [0,00) — R, a < b, be two functions such that g be dif-
ferentiable and f € Lla,b]. Also let f be («, m)-convex and g be strictly increasing func-
tion on [a,b) with g’ € L{a, D). Then, for (a,m) € [0,1] x (0,1], the following estimation is
valid:

KELLLE f ) + KT )
— F-1
EM[( x-a) (mf( ) @ —f(a)g(a)>

(x—a)®

—T'(a+ 1)<mf(%) —f(d)) Img(x)}

(@(b) - gx) .
*W[(” ) (f(b)g(b) mf( )g(x))

I+ 1)<f(b) - mf(%)) Ibg(x>] @)

forall x € [a,b] and u,v > k.

Proof Under given assumptions for the function g: for x € [a,b]; and t € [a,x], u > k, the

following inequality holds true:

L

O - g0) " < g (O(g) - g(@) F (2.2)

Since the identity

xX—t t—a

X
m —
X—a X—am

exists, by using («, m)-convexity of f, we have the following inequality:

oo (2 )

f@) < (x

From the inequalities in (2.2) and (2.3), one can get the following inequality:

/ (¢) — g0) F (g (1) dt

< (g - g@)* [f(a) f ( ) Wt
ot ( >/ax(1_ (%) )g (t)"”} (2.4)

Page 4 of 14



Kang et al. Journal of Inequalities and Applications (2019) 2019:255 Page 5 of 14

By using (1.9) of Definition 5, and (1.3) of Definition 2, we get the estimation of the left

sided fractional integral operator defined in (1.9),

KTi(p)g Lo f (%)
-1
< M [ x—a)” (mf(f)g(x) —f(a)g(oz)>
X —a) m
“T(a+ 1)<mf(%> - f(a)) L g(x)]. (2.5)

Now for x € [a, D], t € [x,b] and v > 1, the following inequality holds true:

¢)(gt) - gw) ™ < g (0)(gb) - gx) F 7. (2.6)

By using («, m)-convexity of f, we have

t—x\* t—x\“ x
— b 1-— — . 2.7
s0=(5=2) o em(1-(;=2) J(2) @)
By adopting the same way as we have done for (2.2) and (2.3), one can get from (2.6) and
(2.7), the estimation of the right-sided fractional integral operator defined in (1.10),

kL)L)
b) - g(x)) k!
< “g((’b—g(’? [(b e (f(b)g(b) - mf(f)goc))
—Xx) m
I+ ) <f(b) - mf(%» Ib-g(x>]. (28)

Adding (2.5) and (2.8), the estimation of sum of left-sided and right-sided fractional inte-
grals formulated in (2.1) can be obtained. O

Some implications of the above result are elaborated in the following.

Corollary 1 By setting (= v in (2.1), the following fractional integral inequality can be
obtained:

§1§+f W) + LI f ()
E 1
< ka (x ;)a ( - a)oz <mf( ) (x) —f(a)g(a))

—F(a+1)< f(}fq) (a)> a+g(x)]

b) T
(,(f;k(mflf’“_ )k)a [(b x)“(f(b)g(b) mf( )g(x))

D) <f(b) - mf(%)) zbg(x>]. 29)
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Remark 3
(i) Ifwe put (o,m) =(1,1) and k =1 in (2.1), then [7, Theorem 1] can be obtained.
(ii) If we put g(x) =x, (o, m) =(1,1) and k = 1 in (2.1), then [5, Theorem 1] can be
obtained.

The next result is the modulus fractional integral inequality which is a generalization of
some known results.

Theorem 2 Let f,g: [a,b] C [0,00) — R, a < b, be differentiable functions. Also let |f'|
be (o, m)-convex, and g be strictly increasing on [a,b] with g’ € Lla, b]. Then, for (a,m) €
[0,1] x (0, 1], the following modulus inequality is valid:

| T+ KI5 f () + Te(v + k)05 f (x)

(g —g@)  f(@) + (gb) - g0) {1 )|
() -g@) (x—a) ,
o ()|l

, @) -gW)T (-2 [“’“P(%N . lf/(b)|] (2.10)

a+1

forall x € [a,b) and p,v,k > 0.

Proof By using («, m)-convexity of ||, we have

por= (=2 rmren(- (2 )

From (2.11), we have

£ < (%)avw)l +m<1— <j:;>a> P(%)‘ (2.12)

Under given assumptions for the function g, the following inequality holds true:

"

(gx) —g®))* < (gx) - g(a)) (2.13)

for x € [a,b); t € [a,x] and u, k > 0.

From inequalities in (2.12) and (2.13), one can has the following integral inequality:

/ (¢t) () ) dt

< (¢ - @) [ @l [ (’“ t)
o G (-(G22) )«
=gt [am P (3)

‘ [f’(a)q. (2.14)

Page 6 of 14
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The left hand side of inequality (2.14) is evaluated as follows:

— () (g - g(0) ¥ / (¢t) - g0) E Y (0g 1) de
= —f(a)(g(x) - g(a)) Eymue K)¥ I f ().

Therefore inequality (2.14) takes the following form:

23
k

T + K)SILf () - f (a) (g(%) - g(a))
gm0l ()] 015

o+1 m

Also from (2.11), one can has

N =y 11

Adopting the same procedure as we did for (2.12), the following inequality holds:

f(ﬂ)(g(x) —g(a))% - Ie(e + /()"Ik+f(x)

(g(x) g@)t (x - a)[ V(ﬁ )
a+1 m

From (2.15) and (2.17), the following modulus inequality can be obtained:

+ V’(a)|]. (2.17)

| T + LI f () — f (@) (g() - gla) |

- (g(x)—g(a))k(x—a)[ V(x)
= am —
oa+1 m

By using («, m)-convexity of |f’|, we also have

o= () v (- () )

Now for x € [a,b]; t € [x,b] and v, k > 0, the following inequality holds true:

- V/(a)|]. (2.18)

(g(0) - g)F < (g(b) - gw)*. (2.20)

By adopting the same way as we have done for (2.12), (2.13) and (2.16) one can get from
(2.19) and (2.20) the following inequality:

[Tk (v + )yl (%) —f (D) (¢(b) - g(x)) t|

B (g(b)—g(x»%(b—x)[ Mx)
< am —
a+1 m

+ [f/(b)|]. (2.21)
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From inequalities (2.18) and (2.21) via triangular inequality, the inequality in (2.10) can be
obtained. O

Some implications of the above theorem are discussed in the following.

Corollary 2 By setting = v in (2.10), the following fractional integral inequality can be
obtained.:

| e+ ) (15 () + 11 f ()

~ ((gt) - (@)  f(a) + (gb) - g) £ (1))
< O EDRED gl () + e

o+1

-t b-x) [“’”P(%)’ . Lf’(b)q.

o+1

Remark 4
(i) If we put (o,m) =(1,1) and k = 1 in (2.10), then [7, Theorem 2] can be obtained.
(ii) If we put g(x) =«, (o, m) = (1,1) and k = 1 in (2.10), then [5, Theorem 2] can be
obtained.

We use the following lemma in the proof of the next result.

Lemma 1l Letf: [a,b] C [0,00) — R be an («, m)-convex function. If f (x) :f($), then
the following inequality is valid:

f(a;b) < 2ia(1+m(2“—1))f(x) (2.22)

forall x € [a,b] and m € (0,1].

Proof We have
b 1(/x- b- 1/ 5%+ 2=
A ab+ xa +m= | e bma” ) (2.23)
2 2\b-a b-a 2 m

a+b 1 [(x-a b—x 1 %a+b_;§b
1(557) = (5o 5ae) o1 o (B555)
- %f(x) + m<1 - 2%)/(“ +:1_x>. (2.24)

Using the given condition f(x) = f(%£=%) in the above inequality, the inequality in (2.22)

m

can be obtained. O

Theorem 3 Letf,g: [a,b] C [0,00) — R, a < b, be two functions such that g be differen-
tiable and f € L(a, b). Also let f be (a, m)-convex, f(x) =f(Lf;’x) and g be strictly increas-
ing on [a,b] with g’ € L|a,b]. Then, for (a,m) € [0,1] x (0,1], the following estimation of
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Hadamard type is valid:

(1+m(2* - 2 u+k v+k

2k (a+b)[(g(b —gla)) k! , €b) - g(a))k”]
1))

< k(T + k) I f () + Ti(v + k) Iy f (a))

L) —g(a)(); + @) —gla))* [(b o) (f(b)g(b) - mf(i)g(a))
—a) m

~ o+ 1)<f(b) - mf(%)) Ih-g(a)] (2.25)

forall x € [a,b) and p,v,k > 0.

Proof Under given assumptions for the function g, the following inequality holds true:
g (g) —gl@)* <gx)(gb) -gla)*, (2.26)

for x € [a,b] and v, k > 0. Since the identity

exists therefore, by using (o, m)-convexity of f, we have

flx) < (Z_a) f(b) +m<1 - (Z:Z)a)/<%> (2.27)

From inequalities in (2.26) and (2.27), one has the following inequality:

b v
/ (¢0) — g(@) Ff()g () dx

< (g(b) - Z[ b)/( ) /(%) dx
0 )

By using (1.10) of Definition 5, and (1.4) of Definition 2, we get

k(v + k)y ™I, f (a)
< gD -g@)? [(b _ oy (f(b)g(b) - mf(i)g(a))
(b-a) m
“Ia+ 1)<f(b) - mf(%)) Iy g(a):|. (2.28)

Now for x € [a,b]; t € [x,b] and u, k > 0, the following inequality holds true:

23 X3
k k

@) (gb) -g) * < g'(x)(¢(b) - ga) *. (2.29)
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By adopting the same way as we have done for (2.26) and (2.27), one can get from (2.27)
and (2.29), the following inequality:

k(e + k) 15, £ (b)
< &gl [6-ar (r060)-m (£ )et@))
_ m
e+ 1)<f(b) - mf(%)) Ih—g(a)]. (2.30)

Adding inequalities in (2.28) and (2.30), we get the following inequality:

k(T + KI5 f () + T (v + k), Ty f (a))

L —g(a)(); *+ @) —gla))t [w a2y (f(b)g(b) - mf(i)gw))
—a) m

“I(a+ 1)<f(b) - mf(%)) Iy g(a):|. (2.31)

On the other hand multiplying (2.22) with (g(x) — g(a)) ¥ g'(x), then integrating over [a, b],

we have

b\ [* ,
f<a; )/ (e@) - g(@)* ¢ (x) dx

b v
< 5 (em(z =) [ (o) -gt@) gy 23

By using (1.10) of Definition 5, we get

2k(g(b) - gla)) ! f<a +b

W+ +m@ 1) \ 2 ) < kI(v + k) "Iy f (@). (2.33)

Similarly, multiplying (2.22) with (g(b) — g(x))% g'(x), then integrating over [a, b], we have

2k(g(b) — g(@) k" [a+b
(n+ k)1 +m(2% - 1))f( 2

> < k(e + k) Iy, f (b). (2.34)

From inequalities in (2.33) and (2.34), we get the following inequality:

2"k f(a +b)[(g( ) —g@)k (gb) ~ga)t ]
(1+m(2* - 1)) 2 uw+k v+k
<k(Ne(p + R f () + T + k)™ I f (@) (2.35)

Combining inequalities (2.31) and (2.35), we get inequalities in (2.25). O
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Corollary 3 By setting v = v in (2.25), the following fractional integral inequality can be
obtained:

2041k (g(b) — g(a) ¥ [a+b
(L+m(2* = 1)) (1 + k) ( 2 )

< kIi(u + ) (I8 (8) + 15 f (@)

= 2608 e sy (£ o)
b—a) "

e+ 156 - mf(%))afb-g(m].

Remark 5
(i) By setting (o, m) =(1,1) and k = 1, in (2.25), [7, Theorem 3] can be obtained.
(i) By setting g(x) =«, (or,m) =(1,1) and k = 1, in (2.1), [5, Theorem 3] can be obtained.

3 Applications
In this section we give applications of the results proved in the previous section. First we

apply Theorem 1 and get the following result.

Theorem 4 Under the assumptions of Theorem 1, we have

k(T T f (0) + D)1 -f (a)

— ol@)t!
5 % [(b —ay (mf(f)gw) —f(a)g(a))
—a) m

—TI'(a+ 1)<mf<%) —f(tl)) Ia+g(b)]
, (e —g@)t [(b a2y (f(b)g(b) —mf <3>g(a)>
(b—-a) m
et 1)<f(b) - mf(%)) zb-g(m]. (31)

Proof Setting x = a and x = b in (2.1), respectively, then adding the resulting inequalities,
(3.1) can be obtained. O

Corollary 4 By setting (v = v in (3.1), the following fractional integral inequality can be
obtained:

KW IS B) + 11 f (@)

gt
S % [(b —a)“<(mf(£) —f(b)>g(b)
—a) m

(1@ (2))e@) - ria s v (mr(2) -si@)) 1og
+(rer-mr (1)) ) | 62

Page 11 of 14
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Corollary 5 By setting u = 1, (a,m) = (1,1) and g(x) = x in (3.2), the following integral
inequality can be obtained:

fla) +f(b) +f
- a/ft)dt< (3.3)

Remark 6 By setting (o, m) = (1,1) and k = 1 in (3.1), [7, Theorem 4] can be obtained.

Next we apply Theorem 2 and obtain the following modulus inequalities.

Theorem 5 Under the assumptions of Theorem 2, we have

b b
Fk(u+k)g1§+f(d; )+Fk(u+k z,ff(‘” )

()0 (232 )
= 2([::1) [(g(a;b> U‘““’Y(“’”P (Mb) + a)|)
(s=s(557)) (o (50 )] "

Proof If we put x = “ZL}’ in (2.10), then the resulting inequality (3.4) can be obtained. [

Corollary 6 By setting jt = v in (3.4), the following fractional integral inequality can be
obtained.:

T + k)CIﬁJ(#) + glﬁ-f(“ : b))
((6(%5°) -0 s (s0r-(57) ) )
sl ((73) -s0) (enlr (5] o)
(22 (22 )

Corollary 7 By setting u = 1, (a,m) = (1,1) and g(x) = x in (3.5), the following integral

inequality can be obtained:

‘—/f(t)dt_f(a)+f ‘ [V()} 7o)+ P(awb)” 56

Remark 7
(i) By setting (o, m)=(1,1) and k = 1 in (3.4), [7, Theorem 5] can be obtained.
(i) Iff’ passes through x = %, then from (3.6) we get [4, Theorem 2.2]. If f'(x) <0,
then (3.6) gives the refinement of [4, Theorem 2.2].

Page 12 of 14
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Remark 8 By applying Theorem 3 similar relations can be established; we leave these for
the reader.

3.1 Concluding remarks

This research investigates fractional integral inequalities, which provide the bounds of a
compact form of classical fractional integral. A modulus fractional integral inequality for
this compact fractional integral operator is studied. Moreover, bounds of Hadamard type
of this classical fractional integral operator are obtained. It is interesting that all results of
this paper are obtainable at once in particular for present-day fractional integral opera-
tors which are comprised in Remark 2. In the future the authors are interested in further
estimations of generalized integral operators for other related classes of functions.
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