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1 A concise retrospection
In 1912, Young proved the following integral inequality in which an inverse function is

involved.

Theorem 1.1 ([29]) Let h(x) be a continuous and strictly increasing function on [0, c] with
¢>0.Ifh(0) =0, a €[0,c], and b € [0, h(c)), then

a b
/ h(x)dx + / Kt (x) dx > ab, (1.1)
0 0

where h™! is the inverse function of h. The equality in (1.1) is valid if and only if b = h(a).

For avoiding confusion, we call inequality (1.1) Young’s integral inequality, because sev-
eral other inequalities, such as

n
k6
Z COS/(< ) >-1, n>2,0¢€[0,r]
k=1

and the weighted arithmetic-geometric mean inequality, are also called Young’s inequality.
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In [9, Secton 2.7] and [10, Chapter XIV], many extensions, refinements, generalizations,
and applications of Young’s integral inequality (1.1) in Theorem 1.1 were collected and
reviewed.

In 2008, Hoorfar and Qi obtained the following double inequality which refines Young’s
integral inequality (1.1).

Theorem 1.2 ([4]) Let h(x) be a differentiable and strictly increasing function on [0, c] for

¢ >0, and let h™! be the inverse function of h. If h(0) = 0, a € [0,c], b € [0, h(c)], and ' (x) is

strictly monotonic on [0, c], then

m 2 “ b M 2
) [a - h’l(b)] < f h(x) dx + / Wi (x)dx —ab < E[a - h’l(b)] , (1.2)
0 0
where
m=min{#'(a), (b))} and M =max{h'(a),h'(h” (b))}
The equalities in (1.2) are valid if and only if b = h(a).

In 2009 and 2010, motivated by Theorem 1.2 and its proof in [4], among other things,
Jakseti¢ and Pecari¢ extended and generalized Young’s integral inequality (1.1) and
Hoorfar—Qi’s double inequality (1.2) as the following theorems.

Theorem 1.3 ([5, Theorem 2.1] and [6, Theorem 2.3]) Let h(x) be a differentiable and

strictly increasing function on [0,c] for ¢ >0, h(0) = 0, a € [0,c], b € [0, h(c)], and h™! be the

inverse function of h. Denote

o= min{a, h_l(b)} and f= max{a,h_l(b)}. (1.3)

1. IfK'(x) is increasing on [, B] and b < h(a), or if W (x) is decreasing on [«, B] and
b > h(a), then

-1 a b
i w)|n M)—b} hx)d () dx — ab
[a ()][ < 3 S_/(; (x) x+/0 () dx —a

[a—h\(b)][I(a) - b]. (1.4)

=<

N

2. IfH (x) is increasing on o, 8] and b > h(a), or if i (x) is decreasing on (o, B] and
b < h(a), then inequality (1.4) is reversed.
3. The equality in (1.4) is valid if and only if h(x) = Ax for A > 0 or b = h(a).

Theorem 1.4 ([6, Theorem 2.6]) Let h(x) be a differentiable and strictly increasing func-
tion on [0,c] for ¢ > 0, and let h™* be the inverse function of h. If h(0) = 0, a € [0,c],
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b € [0,h(c)], and K (x) is convex on [, B, then

-1 2 -1 a b
la— (b)) h/(a+2h (b)>§/ h(x)dx+/ 7 () dx — ab
0 0

2 3

— 2 /
3 [a—hsl(b)] [hga) +h,(h_1(h))} (15)

If W' (x) is concave, then the double inequality (1.5) is reversed.

Theorem 1.5 ([6, Theorem 2.1]) Let h(x) be a differentiable and strictly increasing func-
tion on [0,c] for ¢ > 0, and let h™! be the inverse function of h. If h(0) = 0, a € [0,c],
b € [0,h(c)], and W (x) is almost everywhere continuous with respect to Lebesgue measure

on [w, B], then the double inequality

a b
AL / hw) dx + / W@ dx-ab < G|, (1.6)
0 0

is valid for all u, v and p, q satisfying
1. i + % =1 foru,v € (-00,0) U (0,1), or (&, v) = (1,—00), or (u,v) = (00, 1);

2. 117+ %{ =1forl<p, q<o0,or(pq)=(+00,1),0r (p,q) = (1, +00);
where
la=H" (D) 41/ .
[=—1"", r+#0,=%o0;
Cr=1la-h1(b), r = +00;
0, r=-00
and

P @Y dar,  r#0,+00;
7], = { supli'(e), t € [, B1}, 7= +00;
inf{//(¢),t € [a, B]}, r=—00.

We note that Hoorfar—Qi’s double inequality (1.2) has been applied and employed in the
paper [7] and in the Undergraduate Texts in Mathematics [8].

In this paper, by virtue of Taylor’s theorems with different remainders, we establish some
integral inequalities of Hoorfar—Qi’s type in terms of higher order derivatives and their
norms, demonstrate that these newly-established integral inequalities generalize Young’s
integral inequality (1.1), Hoorfar—Qi’s integral inequality (1.2), and Jakseti¢—Pecaric’s in-
tegral inequalities (1.4), (1.5), and (1.6), and apply these integral inequalities to estimate

several concrete definite integrals, including a definite integral of e 1/

which plays an in-
dispensable role in differential geometry and has a connection with the Lah numbers in

combinatorics, the exponential integral Ei(x), and the logarithmic integral li(x).

2 Lemmas

For proving our main result, we need Taylor’s theorems below.
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Lemma 2.1 ([2, p. 113, Theorem 5.19]) Let f(x) be a function having finite nth derivative
f")(x) everywhere in an open interval (i, v) and assume that f"V(x) is continuous on the
closed interval [, v]. Then, for a fixed point xo € [, v] and every x € [, v] with x # xo,

there exists a point x; interior to the interval joining x and x, such that

f xo)

x — x0)X + (x —x0)". (2.1)

(n)
£ f(xo>+Z o)

Lemma 2.2 ([1, p. 279, Theorem 7.6] and [11, p. 6, 1.4.37]) Iff(x) € C**'[u,v] and xo €
[, v], then

) = Zf 69) (s ; / R (2:2)

For proving our main results, we also need Holder’s integral inequality and its reversed
version, Cebysev’s integral inequality, discrete and integral versions of Jensen’s inequality,

and Hermite—Hadamard’s integral inequality.

Lemma 2.3 ([10, Chapter V] and [23-25]) Let % + 011 =1withp>0andp #1,let f and g
be real functions on [, v], and let |f|P and |g|? be integrable on [, v].
1. Ifp>1,then

v v 1/p v 1/q
f V(x)g(x)|dx§[ / V(x)|"dx] [ / |g(x)|qu:| ) (2.3)
12 12 12

The equality in (2.3) holds if and only if A|f (x)|’ = Blg(x)|? almost everywhere for
two constants A and B.

2. Ifp<1landp#O0, then inequality (2.3) is reversed.

Lemma 2.4 ([10, Chapter IX] and [19]) Letf,g: [i,v] — R be integrable functions satis-
fying that they are both increasing or both decreasing. Then

ff dxf Ydr< (v -p /fx)g (24)

Ifone of the functions f or g is nonincreasing and the other nondecreasing, then the inequal-

ity in (2.4) is reversed.

Lemma 2.5 ([9, Sect. 1.4] and [10, Chapter I]) Iff isa convex function on an interval I C R
and ifn>2and x; €1 for 1 <k <mn, then

(Z me) S Zpkf(xk) 2.5)
k= 1 k= 1

k1 I<1

where pi > 0 for 1 <k <wn.Iff is concave, inequality (2.5) is reversed.
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Let ¢ be a convex function on [u,v], f € L1(i,v), and o be a nonnegative measure. Then

(2.6)

f:f(x)da <f:¢(f(x))da
¢< [T do )— [ do

If ¢ is a concave function, then inequality (2.6) is reversed.

These five lemmas are general knowledge in mathematics and they will continue to play
important roles in this paper.

Lemma 2.6 ([12, 26-28]) Let f(x) and g(x) be nonnegative and convex functions on [, v].

Then
n+v n+v 1 1
2f< 5 )g( 5 ) - 6M(M, V) - 3N(M,V)
1
l)) + EN(M’ V)r (2.7)
where

M(u,v) = f()g(n) +f(v)gv) and  N(u,v)=f()g() +f(v)g(w).

3 Main results and proofs
Now we are in a position to state and prove our main results.

Theorem 3.1 Let h(0) = 0 and h(x) be strictly increasing on [0,c] for ¢ > 0, let K" (x) for
n > 0 be continuous on [0,c], let "V (x) be finite and strictly monotonic on (0,c), and let
h1 be the inverse function of h. For a € [0,c] and b € [0, h(c)],

1. ifb<h(a), then

Gy @b

Xn:mk) RPN e ) la— h (b))
a b
< / () dx + / 1 () e — ab

(k » ﬂ h—l(b)]k+l [61 _ h—l(b)]n+2
< Zh (b)) 7( o Mela b — (3.1)

where

my(a,b) = min{ K" (171 (b)), "V (a)}
and

My(a, b) = max{h™V (k7 (b)), K" V() };

2. ifb>h(a), then
(a) when n=2¢ for £ > 0, the double inequality (3.1) is valid;
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(b) when n=2¢+1 for £ >0, we have

" o la-kYB)R [a - (b)]"+?
(k) 1 . -
Zk:l K () ey Mi@b o

a b
-1 _
5/0 h(x)dx+f0 h(x)dx —ab

" L la=kNB)F [a - K7 (b)]"?
(k) 1 _ - .
< kEZI WO (k™ (b)) BT my(a, b) i (3.2)

3. if,and only if, b = h(a), those equalities in (3.1) and (3.2) hold.

Proof Employing several basic properties of definite integrals, such as substitution of vari-

ables and integration by parts, reveals

/Oa h(x)dx + /Obh_l(x) dx

a W (b)
=/ h(x)dx+/ ydh(y)
0 0

a . )
= [ nas om0 - [ noyay=pitere [ o)y
0 0 h=1(b)

a

—ab+ /h " W) -b]dy=ab+ / [h() - k(™ (B))] dy. (3.3)

“1(b) h=1(b)

By virtue of formula (2.1), we have

"R (L
o) -h(r @) = 32 Oy
k=1 :

B ()

MyPyn L w®)]"

where & is a point interior to the interval joining y and #~1(b). As a result,

/h " Th) - ®)] dy

) n h(k)(h—l(b)) a B )
) k=1 ok /hl(b)[y_h @] &y
! ‘ n+
+ (m+1)! /hl(h) h(nﬂ)(,s;:)[y_ h_l(b)] 1dy
- - [a - h_l(b)]k+l “ [y_ h—l(b)]n+l
- WO (7 (b)) ———— PG VAN A e N
; o) CESVEN /hl(b) © nely Y

When h~1(b) < a, if h"*+V(x) is strictly increasing on (0, ¢), then

KD (7 (B)) < K D(E) < KD () < H D (a);

Page 6 of 18
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if 2"+ (x) is strictly decreasing on (0, c), then

h(n+1)(a) < h(n+1)(y) < h(n+l)(%.) < h(n+1)(h—1(b))’

Consequently, the double inequality #1,(a, b) < h"*V(£) < M,,(a, b) is valid. Thus, it follows

that

my(a,b) K (g)

(n+2)! -

= My(a,b) (n+2)!

Hence, the double inequality (3.1) is proved.

When #~1(b) > a, if h"**V(x) is increasing on (0, c), then

h(n+1)(h—1(b)) > h(n+1)(‘,;_-) > h(n+1)(y) > h(n+1)(a);
if 2"*(x) is decreasing on (0, c), then

h(n+l)(6l) > h(n+l)()/) > h(n+l)(%.) > h(VHl)(l’l_l(b)).

Consequently, the double inequality m1,(a,b) < h"*V(&) < M, (a,b) is still valid. Hence,

since
a _ h—l(b)]m-l
h(n+1) [J/
./hl(b) € (m+1)! dy
_1) K 1(b) "
) (;(q ¥ )1)v / D) () 5] d,
we acquire

(_1)nmn (61, b)

-1 2 ¢ (n+1)
6 -] 5/‘ B ()

h1(b)
_ CD"M(a,b)
(n+2)!

and

(-1)"my(a, b)

-1 _ n+2 “ (n+1)
i b)) z/' H D ()

h1(b)
_ (-1"My(a,b)
(n+2)!

for £ > 0. The double inequality (3.2) is thus proved. The proof of Theorem 3.1 is com-

plete.

Remark 3.1 Taking n = 0 in Theorem 3.1 leads to the above Theorem 1.2 in the paper [4].

[a _ h—l(b)]n+2 a b/ _ h—l(b)]nﬂ
SN ——d
= /h‘l(b) (l’l + 1)'

[bl _ h—l(b)]n+2

Ly _ h_l(b)]"+l d

['b)-a]™?, n

[y _ h—l(b)]ml d

24,

[ B)-a]"™?, n=2e+1

Page 7 of 18
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Theorem 3.2 Let n > 0 and h(x) € C"*1[0,c] such that h(0) = 0, h"*V(x) > 0 on [a, B],
and h(x) is strictly increasing on [0,c] for ¢ > 0, let h™* be the inverse function of h, and let
a € [0,c] and b € [0,h(c)]. Then

1. when b > h(a) and n = 2¢ for £ > 0 or when b < h(a), we have

C a b
| 1) -
i), < [Chmare [Ch dr-ab

- k+
_Zh l(b) —h 1(b)] ' < C ” (n+1

)

(k+1)! T (m+1)! q
2. whenb>h(a) andn=2¢0+1 for £ >0, we have
C a b
—( o ||h(”+1) H f h(x) dx+/ Bl (x)dx — ab
n+ 0 0
_th [ﬂ h~ 1(b)]k+l <_ C || (n+l)
(k+1)! ~ (m+1) v
where «, B are defined as in (1.3),
a—h1 r(n+1)+1 1/r
[‘ hr(rff)l‘)ﬂ ] » T #O’iOO;
Crn=1la-h1(d)"", r = +00;
0, r=-00,
fﬁ KU ( dt] r#0,%£00;

[0, = sup{h<"+”(t),t e [a,ﬁl}, r = +00;
inf{h"D(e), ¢ € [a, B}, r=—00,

and u, v, p, q satisfy
1. wu<1landu+#0 with % + % =1, 0r (u,v) = (-00, 1), or (u,v) = (1,-00);

2. l<p,q<oowith ]% + é =1,0r (p,q) = (+00,1), or (p,q) = (1, +00).

Proof Applying formula (2.2) to the last term in (3.3) yields
a b
/h(x)dx+/ K (x)dx — ab
[ﬂ h k+1 ny (n+l)
_Zh (' ®O) o — 1)' /hl - / (x = )"h" D (2) dt dx

n 1 k+1
-0 ) O / / — £y h () dedt
P k +1)! () 1!

- NN Gt CO) Y B Gl O}
Zh ) k+r /h_l P Py de. (3.4)

Page 8 of 18
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It is not difficult to verify that

a B n+17,(n+1) .
—t|"h t)dt, b < h(a);

f (@ £y KD (1) dt = JDla—t| (1) < h(a)
h1(b) (=1)" ff la — " T (@) de, b > h(a).

Since

B B
/ la— t|n+1h(n+1)(t) de < ‘a _f—l(h)|"+1 / h("+l)(t) dt

= |a £ @) 1

1,
B B
/ la—¢" h" D () dt < sup{h" ™V (2), ¢ € [, B1} / la —¢|"*" de

(IB _ a)n+2
o L

~ |(l _ h—l(b)|n+2
00 n+2

and, by Holder’s integral inequality (2.3),

B
/ la — t|n+1h(n+1)(t) de

B l/p B 1/q
5( / |a—t|P<"“>dt> ( / [h(””)(t)]th)

(ﬁ _a)p(n+1)+l 1/p (5s1) |d—h_1(b)|p("+l)+l 1/p 1)
:|:p(n+1)+1] ”h 1“‘1:[ pn+1)+1 ] ”h ”‘1

for p > 1 and % + %1 =1, it follows that

1. when b > h(a) and n = 2¢ for £ > 0 or when b < h(a), we have

a b
/ h(x)dx + f Bl (x)dx — ab
0 0

“ _ [a - K1 (b)]F! Con
(k) 1 D (n+1)
SkZ:;h (")) G+ (n+1)!Hh

)

q

2. when b > h(a) and n = 2¢ + 1 for £ > 0, we have

a b
/ h(x) dx+/ h(x) dx — ab
0 0
n _ h—l(b)]k+1 C
(k) h—l b [61 _ pn (n+1)

Zgh ) P Rl s VYL G ¥

where }7 + é =1for1<p,q<o00,or(pgq) =(+00,1), or (p,q) = (1, +00).

On the other hand, since

B B
/ la—¢" h" D (@) de > 0 / K () de = 0] Y

1’

[ W

Page 9 of 18
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B B
/ la — ¢ h" D (t) de > inf{ K"V (2), ¢ € [a,,B]}/ |a — ¢ dt

—o00’

(,3—0[)’“2 - |a_h—1(b)|n+2 ,
= I = [

and, by the reversed version of Holder’s integral inequality (2.3),

B
/ la — t|n+1h(n+1)(t) de

B 1/p B 1/q
z( f |a-t|P<"+Udt> ( / [h(”*”(t)]th)

B- a)P(n+1)+1 1/p . la— h—l(b)lp(y[+1)+1 1/p .
| Soroa | 1, 0]
pn+1)+1 pnr)+1

forp<1,p+#0,and 1% + é =1, it follows that
1. when b > h(a) and n = 2¢ for £ > 0 or when b < h(a), we have

a b
/ h(x)dx + / Bl (x)dx — ab
0 0

Z _ [a—H1(b))F! Con
(k) (7,-1 . (n+1)
Z;h () k+1)! (n+1)!”h

’

q
2. when b > h(a) and n = 2¢ + 1 for £ > 0, we have
a b
/ h(x) dx+/ Bl (x)dx — ab
0 0
B Lt L) i P e
T (k +1)! (n+1)! 7

where p < 1 and p # 0 with 1% + %1 =1,0r (p,gq) = (—00,1), or (p,q) = (1,-00). The proof of
Theorem 3.2 is complete. O

Remark 3.2 Taking n = 0 in Theorem 3.2 leads to [6, Theorem 2.1] mentioned above.

Theorem 3.3 Let n > 0 and h(x) € C"*1(0, c] such that h(0) = 0 and h(x) is strictly increas-
ing on [0,c] for ¢ >0, let k™! be the inverse function of h, let a € [0,c] and b € [0, k(c)], and
let £ > 0 be an integer. Then
1. when

(a) either h(a) > b and h"*V(x) is increasing on [a, B];

(b) or h(a) < b, h'"*V(x) is increasing on [at, B, and n = 2 + 1;

(c) or h(a) < b, h"*V(x) is decreasing on [, B, and n = 2¢;

the inequality

a b ) n B [ﬂ—h_l(b)]k+1
1 _ _ (k) 1 L e B
/0 h(x) dx+/0 h™ (x)dx —ab k§=1:h (n7 () (k +1)!

- [a _ h—l(b)]n+1

o @K ()] (35)

is valid;
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2. when
(a) either h(a) > b and h"*V(x) is decreasing on [a, B];
(b) or h(a) < b, h'"*V(x) is increasing on [, B, and n = 2¢;
(c) or h(a) < b, " V(x) is decreasing on [a, B], and n = 20 + 1;
inequality (3.5) is reversed;
where «, B are defined as in (1.3).

Proof When a > h™!(b) and h"*V(x) is increasing, applying Lemma 2.4 gives

/ (u _ t)n+1h(n+1)(t) dt
h

-1(p)

1 a a

<— (a—t)"'dt / KD (¢) de
a—-f-1(b) /h—l(b) h1(p)

_ %[W(ﬂ) IURON

when a > 71 (b) and #"*V(x) is decreasing, the above inequality is reversed.
When a < h~(b), h”"*V(x) is increasing, and # = 2¢ for £ > 0, applying Lemma 2.4 re-

veals

/ ((,l— t)n+1h(n+l)(t) dt
h

L)
1 (b)
= (-1)" / (t—a)" h D (e) de

[h—l(b) _ d]n+1

> (_l)nT[h(n) (h—l(b)) _ h(”)(a)]
_ %[w(d) KO (7 1)) (3.6)

when a < h71(b), K"V (x) is increasing, and # = 2¢ + 1 for £ > 0, inequality (3.6) is re-
versed.
By similar argument, we obtain that
1. whena < h71(b), h"*V(x) is decreasing, and # = 2¢ for £ > 0, inequality (3.6) is
reversed;
2. when a < 7' (b), h"*V(x) is decreasing, and n = 2¢ + 1 for £ > 0, inequality (3.6) is
valid.
Substituting these inequalities into (3.4) and simplifying lead to inequality (3.5) and its

reversed version for all cases. The proof of Theorem 3.3 is complete. 0
Remark 3.3 Taking n = 0 in (3.5) derives the right inequality in (1.4).
Theorem 3.4 Let h(x) € C**1[0, c] such that h(0) = 0 and h(x) is strictly increasing on [0, c]

for ¢>0, let h™" be the inverse function of h, and let a € [0,c] and b € [0, h(c)]. If "V (x) is

convex on [a, B, where «, B are defined as in (1.3), then
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1. when h(a) > b or when h(a) < b and n = 24, we have

[a—h~1(b)]"*? o (4 (n+2)h~ ()
n+2 ( n+3 )

p b ) n B [a _ h—l(b)]k+1
1 _ _ (k) 1 - =
S./o h(x)d.x+/0 b~ (x)dx — ab k§=1 WO (h™ (b)) (k+1)!

a2 h(n+1)(ﬂ) +(n+ 2)h(”+1)(h‘1(b))

(n+3)! ; (37)

<[a-n"®)]

2. when h(a) < b and n =2L + 1, the double inequality (3.7) is reversed,;
where £ > 0 is an integer. If h"*V(x) is concave on [a, B], all the above inequalities are

reversed for all corresponding cases.

Proof By substitution of variables, we have

/ (6{ _ t)n+1h(n+1)(t) dt
h=1(b)

1
=[a-H1' )] / 1 -8y h" D (sa + (1 - )k (b)) ds.
0

Applying inequality (2.5) to the convex function 4"V (x) yields that

1. when a > #~1(b), we have

/ (ﬂ _ t)n+lh(n+1)(t) dt
h=1(b)

<[a-K'®)]"* f A—sp [sh V(@) + (1 - )"V (17 (b)) ] ds
0

a2 h(n+1)(a) +(m+ 2)h(”+1)(h‘1(b))

-1
=[a-H" 0] (1+2)(n+3)

’

2. when a < h71(b) and n = 2¢, the above inequality is still valid;

3. whena < h1(b) and n = 2¢ + 1, the above inequality is reversed.
Substituting these inequalities into (3.4) and simplifying lead to the right inequality in (3.7)
and its reversed version for all cases.

Applying inequality (2.6) to the convex function 4V (x) shows that

1. whena>h71(b), we have

/ (61 _ t)n+lh(n+1)(t) de
h

~1(b)

a a _ £\n+l
- |:/ (a_t)wrl dt:|h(n+1)<fhl(b)(a t) tdt)
- h’l(b) f;l(b) (d - t)n+1 dt

[a - h~(b)]"? o (4 (n+ 2)h‘1(b)).
n+2 ( n+3 ’

2. when a < h71(b) and n = 2¢, the above inequality is still valid;
3. when a < h71(b) and n = 2¢, the above inequality is reversed.
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Substituting these related inequalities into (3.4) and rearranging result in the left inequality
in (3.7) and its reversed version for all cases.
For the concave function /#"*V(x), one can derive everything similarly. The proof of The-

orem 3.4 is complete. g

Theorem 3.5 Let n > 0 and h(x) € C"[0, c] such that h(0) = 0 and h(x) is strictly increas-
ingon [0,c] for c > 0, let k™! be the inverse function of h, let a € [0,c] and b € [0, h(c)), and let
WV (x) be nonnegative and convex on [, B], where a, B are defined as in (1.3). If h(a) > b,

then

[a-m1B)2[ 1 Lo (4 )\ 2k (a) + KD (L (b))
(n+1)! [27 ( 2 ) - 6 }

4 b ) n B [a_h—l(b)]kﬂ
1 o (k) (7,-1 s e B
5/0 h(x)dx+/0 h () dx — ab ;ﬂh (= O) =

- [a _ h—l(b)]n+2 h(n+1)(d) + 2h(n+1)(h—1(b))

(m+1)! 6 (38)
Ifh(a) < b and n = 2L for £ > 0, then
[ (b) — a]"** [ Lo (ﬂ + hl(b)) _ 2h" V(@) + (hl(b))}
m+1)r |27 2 6
< /0 ’ h(x) dx + /0 ’ Bt (x) dx — ab — gh(") (h (b)) %
1 (b) — a)"™> h"(a) + 20+ (b)) 39)

(n+1)! 6
Ifa<h™(b) and n =2 + 1 for £ > 0, the double inequality (3.9) is reversed.

Proof When a > h~'(b), employing the double inequality (2.7) gives

z[a —h\(b) ]'“1 ot (a + h-l(b))
2 2

~ [ﬂ _ h—l(b)]n+1h(n+l)(h—l(b)) ~ [d _h—l(b)]n+lh(n+1)(a)
6 3

1 a
<
T a-h4(b) Sy
- [61 _ h—l(b)]mlh(ml)(h—l(b)) . [a _ h—l(b)]mlh(ml)(a)
= 3 6 .

(ﬂ _ t)n+lh(n+l)(t) de

When a < i 1(b), it is clear that

a h1(b)
/ (a—t)" "h" V@) de = (-1)" / (t —a)" T h"V(2) de.
h=1(b) a
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If a < h~1(b) and n = 2¢, utilizing the double inequality (2.7) gives

2[h-lub) —a]”*1h<n+1>(a+h-1(b>)

2 2
[h—l(b) _ a]n+1h(n+l)(h—1(b)) [h—l (b) _ a]”*lh("“)(a)
N 6 - 3
1 o) n+ly (n+1)
= = / (t — a)" ' H" D (¢) dt
- [h—l(b) _ a]n+1h("+l)(h_l(b)) N [h_l(b) _ a]n+1h("+l)(6l)
- 3 6 ’

If a < h~}(b) and n = 2£ + 1, the above double inequality is reversed.
Substituting these related inequalities into (3.4) and rearranging conclude the double

inequalities (3.8) and (3.9). The proof of Theorem 3.5 is complete. O

4 Applications and examples
Asapplications of Theorems 3.1 to 3.5, we now estimate several concrete definite integrals,
including a definite integral of e™!/*, the exponential integral Ei(x), and the logarithmic

integral li(x).

Example 4.1 By taking h(x) = v/x* + 1-1,a = 3,and b = 2 in Theorem 1.2, it was obtained

in [4] that
44/125
+——[3- 2/5]” = 9.000042866 ...

3 3
</ «/4x4+1dx+/ Vat —1dx
0 1

27

<9+ L _(3-235)% =9.000042871....
24723( )

The difference between the upper and lower bounds is 0.00000000490079353.....
In [5, 6], by Theorems 1.3 and 1.4, the above double inequality was improved as

3 3
9.00004286805.... < / Vb + 1dx + / Vx4 = 1dx < 9.000042868057 ...
0 1

It is easy to see that 1 (x) = [(x + 1)* — 1]V/4, Straightforward computation gives

3 32 6 — 15x*
e = 8
(x4 +1)3/4 (x4 +1)7/4 (x% +1)11/4

H(x) =
Since 17 1(2) = 8014 = 2.990... < 3, then (a, 8) = (80'/4,3). The third derivative 4”'(x) has
two real nonzero zeros :I:(%)l/ * = 40.79527.... This implies that the third derivative /" (x)

is negative and /”(x) is concave on the closed interval [«, B]. Substituting these data into
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the reversed version of inequality (3.7) yields

(3 -80%4)3 W 3 +380'/4
3 4
3 . 3 4 4 (3_801/4)2
z/ ~/x4+1dx—3+/ x/x4—1dx—6—h/(80/)T
0 1 .

3h'(3) + 3h"(80")

which can be rewritten as

(3-80%)%  3072(v/95+/2 + 3)% Los 8 x 5°/4 (3 - 80/4)?
3 [(7/95+/2 + 3) + 256]7/4 27 2!

3 3
=9.0000428983186013...zf x/4x4+1dx+/ Vat Z1dx
0 1

(3-8014)3 / 27 4./5 8 x 53/* (3 — 801/4)2
> +3 x +9+
41 827/4 729 27 2!

=9.0000428680640760....

This lower estimation is better than all before.

Example 42 Let h(x) = e”*'* for x > 0 and h(0) = 0. Then h~!(x) = -1 for x € (0,1) and
h71(0) = 0. The function /(x) = e”'** plays an indispensable role in the proof of the exis-
tence of partitions of unity in differential geometry [30] and is a generating function of the
Lah numbers in combinatorics [13-18, 20, 22].

Direct computation gives

—1/x —1/x 1-2
¢ and W'(x)= L‘L’C)
X

W)= =

This means that the function #'(x) is increasing on (0, %] and decreasing on [%, ).

Choosing a = b = % means that a < h‘l(%) = ﬁ =1.44... and (o, B) = (%, ﬁ). Then it

follows from the double inequality (1.4) that

1 1 1 1 1
— + —_——— e e .
4 2 In2/[,3G+ma) 2

=0.364469045537996606 . ..

1/2 172
1 1 1 1
5/ —dx—/ —dx=FEi(-2)-1li| = | + —
o el o Inx 2 2¢?

1 1 1 1
- — — — ——1]=0.421883810040011829...,
2 In2/\e* 2

o0 —t X dt
Bi(x) = — f dt and liw)= [ ==
—x t 0 lnt

are respectively called the exponential integral and the logarithmic integral.
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Example 4.3 Let h(x) = ¢ — 1 for x > 0. Then & (x) = /In(1 + x) for x > 0.
In [21, Sect. 1.4], it was computed that

d k
W (a2 a2 1 kY (2x)?
H ()= ()" =e _(h)nz(n—k o nz L

k=0

This implies that the function /(x) is absolutely monotonic, that is, 4" (x) > 0 forall > 0,
on (0, 00). For more information on absolutely monotonic functions, please refer to [3] and
closely related references therein.

Choosing @ = x and b = 2 for x > 0 implies that /7~ (x?) = In*?(1 + %) < « for all x > 0.

Applying these data to the double inequality (3.8), we arrive at

[x — In"2(1 + x2)]"*2 [ 1 (n+1)(x +1In'2(1 +x2))

(n+1)! on 2
211 (x) + B D(In12(1 + xz)):|
6

X x2
5/ et2dt+/ VIn(l +£)dt —x — 43
0 0

[x _ 11‘11/2(1 + x2)]k+1

- ;h(k) (lnm(l + xz)) 1)

- [x _ ln1/2(1 +x2)]n+2 h(n+1)(x) + 2h(n+1)(ln1/2(1 +x2))
- (m+1)! 6

for > 0 and x > 0. In particular, letting # = 1 derives

[x—In"2(1 + x2)]? [lh,,<x +1In'2(1 + xz))

2 2 2
20" (x) + B (InY2(1 + xz))]
6

X x2
5/ etzdn/ JIn(@ + ) dt —x — 3
0 0

[x—In'2(1 + x2)]2

— K (In'?(1 + %)) 5
_ =" 1427 K () + 20" (In'2(1+ %))
- 2 6 ‘

Further taking x = 1 results in

1-1 1/22 2
:| +h/(ln1/22)% +2

(1-1n'22)3 1 W 1+1In'22 C2W'(1) + H'(In'?2)
2 2 2 6

1 1
5/ et2dt+/ VIn(1 +£)de
0 0

(1-1n"22)3 1’(1) + 2K"(In"?2)
=T 6 *

1-1 1/22 2
# (In'2 2)% +2,
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which can be numerically computed as

1 1
2.044751320... < / e dt + / VIn(1 + £) dt < 2.060536019....
0 0
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