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1 Introduction and definitions
Let A be the class of functions f of the form

f(2) :Z+Zanz” (1.1)
n=2

which are analytic in the open unit disc A = {z € C: |z| < 1} and normalized by the con-
ditions £(0) = 0 and f’(0) = 1. The Koebe one-quarter theorem [4] ensures that the image
of A under every univalent function f € A contains the disc with the center in the origin
and the radius 1/4. Thus, every univalent function f € A has an inverse f~!: f(A) — A,
satisfying f1(f(z)) =z, z € A, and

f(f_l(w)) =w, [w| < 1o(f), ro(f) > i

In addition, it is straightforward to witness that the inverse function has the series ex-

pansion
frw) =w—anw? + (24% - ag)w3 — (Sag —5aya3 + oz4)w4 +--, wef(A). (1.2)

A function f € A is said to be bi-univalent, if both f and f~! are univalent in A, in the
sense that f~! has a univalent analytic continuation to A and we denote by X this class of
bi-univalent functions. Actually, the study of the Taylor—Maclaurin coefficient inequal-
ities for various classes of bi-univalent functions was recently revived by Srivastava et
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al. [16]. The huge flood of papers (for example) [1, 3, 5, 6, 9, 10, 1215, 17-19] which
emerged essentially from the pioneering work of Srivastava et al. [16]. One could refer
[16], the above-mentioned work and the references therein for history, examples and dif-
ferent classes and its subclasses of bi-univalent functions. Recently, Caglar et al. [2] found
the upper bounds for the second Hankel determinant for certain subclasses of analytic and
bi-univalent functions and Srivastava et al. [11] used the Faber polynomial expansions to
address a new subclass of ¥ and obtained bounds for their nth (n > 3) coeflicients subject
to a given gap series condition.

Definition 1.1 ([7]) Let Pi(a), with kK > 2 and 0 < « < 1, denote the class of univalent
analytic functions P, normalized with P(0) = 1, and satisfying

/27{
0

where z = re?? € A.

ReP(z) -«

do < km,
l-«

For a = 0, we denote Py := Px(0), hence the class Py corresponds to the class of functions
p analytic in A, normalized with p(0) = 1, and having the expression

2 _ it
pl2) = /0 122 Gu), (1.3)

1+ ze't

where A is a real-valued function with bounded variation, which ensures

2

2w
du(t) =2mr and / |du(t)| <k, k=>2. (1.4)
0

Obviously, P := P, is the celebrated class of Carathéodory functions, that is, the normal-
ized functions with positive real part in the open unit disc A.

Definition 1.2 A function f € X of the form
fl)=z+ Zanz”
n=2

belongs to the class B}’”’a(k;a), A>0,>1,7>0,k>2and 0 <« < 1, if the subsequent
conditions are fulfilled:

s a1
(1- 5)(@) +68f'(2) (@) +vnzf'(z) € Pr(a), z€A, (1.5)
and
g\ g\ )
1- 8)(7> +8g (w)<7> +vnwg’(w) € Pr(a), weA, (1.6)
where the function g(w) = f~!(w) is defined by (1.2) and v = %g—ﬁ

It is remarkable that the particular values of A, §, 1, @ and m direct the class B)):—'"’B (k; o)
to different subclasses, we exhibit the following subclasses:
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(1) For n = 0, we obtain the class B;O’B(k; o) = J\/‘;"S(k;oz). A function f € X of the form

flz)=z+ Zanz”

n=2

is said to be in N3 (k; ), if

A A-1
(1_5)<f(z)> +8f/(z)<f(z)> ePila), zeA,

Tz Tz
and for g(w) = f~1(w)

A a-1
(1—8)(%) +8g’(w)<’¥> € Prla), weA,
holds.

Remark 1.3 For k = 2, the class NQ’S(Z; a)= N)’}"S(a) was considered by Caglar et al. [3].

(2) For § = 1 and n = 0, we observe the class B’}’O’l(k;a) = R% (k;). A function f € ¥ of
the form

f@=z+) a,Z"

n=2

is said to be in R%. (k; ), if

f(2)

a1
f/(z)(T) e Prla), zeA,

and for g(w) = f~1(w)

A-1
g'w) (‘%) € Prla), weA,

holds.
Remark 1.4 For k =2, the class R%.(2;a) = R’ («) was considered in [8].

(3) For A = 0; 8 = 1 and 7 = 0, we have By (k;a) = St (k;«). A function f € ¥ of the
form

flz)=z+ Zanz”
n=2

is said to be in S%.(k; @), if

zf'(2)
f(2)

€ Prla), zeA,
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and for g(w) = f~1(w)

wg'(w)
gw)

€ Pr(a), weA,

holds.
Remark 1.5 For k = 2, we attain the class S%.(2; ) = Sk (@).

(4) For A = 1, we have the class B;”“S(k;a) = Bgs (k; ). A function f € X' of the form

fl)=z+ Zanz"
n=2

is said to be in B}‘S(k;a), if

f@

(1—5)7 8f'(2) + nzf"(2) € Prla), z€ A,

and for g(w) = f~1(w)

(1- 8)‘% +8g' (W) + nwg”" (w) € Pr(a), weA,
holds.
(5) For 6 = A = 1, we obtain the class B;"’l(k;a) = Fx(n, k). A function f € X of the
form

fl)=z+ Zanz”
n=2

is said to be in Fyx(n, k; a), if

f(@) +nzf"(2) € Prla), zeA,
and for g(w) =f~(w)

gw) +nwg"(w) € Pr(a), weA,
holds.

(6) For A = 1 and n = 0, we obtain the class Bléo"s(k;oz), = Bx (8, k). A function f € X of
the form

f@=z+)_ a,Z"
n=2
is said to be in By (8, m; a), if

(1 —8)@ +
z

8f'(z) € Pr(@), ze€A,
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and for g(w) = f~1(w)

1= 4 5/ (w) e Pela), we A,
w
holds.

Remark 1.6 For k =2, the class Bx(8,2; ) = Bx(8;a) was considered by Frasin and Aouf
(5].

(7) For § =1, A = 1 and n = 0, we have the class Biio’l(k;ot) = Ps(k;«). A function f € ¥
of the form

fle)=z+ Zanz”

n=2
is said to be in Py (m; ), if
f(2) € Prla), ze€A,
and for g(w) = f~'(w)
gw) e Prla), weA,
holds.

Remark 1.7 For k = 2, the class Px(2; ) = Px(a) was introduced and studied by Srivas-
tava et al. [16].

To prove the results discussed in this article, we need the following lemma.

Lemma 1.8 Let the function ®(z) =1+ Y o, hy,z", z € A, such that & € P, (). Then
|y <k(l-a), n=>1.
In this study, we stumble on the estimates for the coefficients |a;| and |as| for functions
in the subclass B;’”’a (k; ). Also, we attain the upper bounds of the Fekete—Szegt inequality

by means of the results of |a;| and |as].

2 Main results
In the subsequent theorem, we find the coefficient estimates for functions in B;"’a(k; o).

Theorem 2.1 Letf(2) =z + Y .-, anz" be in the class B;’"’B(k; a). Then

5] < min 2k(1 — @) - k(1-a)
2= 28+ M)A+ 1)+ 12vn 8+ A +2vn |

k(1-a) . 2k(1 — @) k(1-a) N K(1-a)?
- 28+A+6vn  (28+A)(A+1)+12vn 28 + A +6vy (S + A +2vn)2 [
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and

la _W2|<M
3 =925+ 1+6vn

where

(26 + A)(A + 3) + 24vnp
2(28 + A + 6vn)

Proof Since f € B)g""s(k;a), from Definition 1.2 we have

A A-1
-0("2) +r@("2) v s @1
and
A A-1
1-9(22) wagon(£20) g0 - ) 22

where p,q € P,,(a) and g = 1. Using the fact that the functions p and g have the following
Taylor expansions:

pP@)=1l+piz+p+ps+---, z€EA, (2.3)

aqwW) =1+ qw+@w’ +q@zw’ +---, weaA, (2.4)

and equating the coefficients in (2.1) and (2.2), from (1.2) we obtain

(8 +A+2vn)ay = py, (2.5)
A—-1 6

(26 +A)[( . )aﬁ " (1 ' Z 1)@} =2, (2.6)

—(8+ A +2vn)ay = qa, (2.7)
A+3 127 9 6n

26 + A -1 =q>. 2.8

@5+ )[< 2 +25+1>”2 ( +25+1)“3] P 28)

In view of the fact that p,q € P,,(«) and Lemma 1.8, the following inequalities hold:
il < k(1 - ), gl <k(1-a), k=1 (2.9)

It follows from (2.6) and (2.8), additionally, by means of the inequalities (2.9), that

] < 2k(1 — )
V@S ) + 120g

(2.10)

From (2.5) and (2.7), we have

pb1=-q1

Page 6 of 9
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and

Iz

—_ 2.11
(8 + A +2vn)? @11)

2 _
a, =

which, by applying (2.9), shows

k(1-a)

las| < —————-
S+ A+2vn

Next, combining the above inequality with (2.10), the first inequality of the conclusion is
proved.
On the other hand, by subtracting (2.8) from (2.6), we have

Pr—q 2
= . 2.12
% 2(28 + A + 6vn) T @12
By using (2.10) in (2.12), we show
k(1-a) 2k(1 -a)
las| < +
28+ A +6vn (286 +A)(A+1)+12vp
and using (2.11) in (2.12), we get
k(1-a) K(1-a)?
las| < >
28+ A +6vn (8 + XA +2vn)
From (2.8), we have
(26 + A)(A +3) + 24vn 9>
a,—a3= ————.
2(28 + A + 6vn) 27 28 + A+ 6vp
Furthermore, using (2.9), we finally deduce
k(1 -
las - pad] < —— 2L < U-o)
25+ A +6vn — 264+ X+ 6vn
where
(26 +2)(A +3) +24vp
T 2(25+ A +6vp)
which completes our proof. g

Remark 2.2 For k = 2, the results obtained in Theorem 2.1 improves the results of Yousef
et al. [20, Theorem 4.1].

Corollary 2.3 Letf(z) =z + Y ., a,z" be in the class B}gn’a (@). Then

5] < min 4(1 - a) C2(1-a)
2= 25+ 1) (A +1) +12vn 8+ A +2vn |’
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) 2(1-a) 4(1 — @) 21 -«a) 4(1 - a)?
|az| < min + s + ,
20 +A+6vn (28 +A)(A+1)+12vp 28+ A +6vn (8 + A +2vn)?
and
(28 + A)(A +3) +24vn , 2(1 - )
as — a .
3 228+ A +6Vn) 2T 28+ A+ 6un

Corollary 2.4 Letf(z) =z+ Y -, a,z" be in the class N' ;,5(](; a). Then

laz| < min{

2k(1-a)  k(1-a)
28+ +1) §+4A }

k(1 -a) 2k(1-a) k(1-a) K(1-a)?
|az| < min + , + s
26+ (28+A)(A+1) 28+ A (8 +21)2
and
as_k+3 ka(l_a)-
2 28 + A

3 Concluding remarks and observations

In this paper, we investigate the estimates of second and third Taylor—Maclaurin coef-
ficients for a comprehensive class B;n's(k;a) of bi-univalent functions. Also, the cor-
responding coefficient estimates for functions in the subclasses R’ (ka), Sk(k;a),
B?(k;a), Fs(n, k;a), Bs(8,k;a) and Px(k; ) as mentioned above can be derived eas-
ily and so we omit the details. Also, some interesting remarks on the results presented

here are given.
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