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Chengdu, China This paper is concerned with a chemotaxis system with singular sensitivity and

logistic source,

Ur=Au-xiV- (VW) + pu—pu®,  xef2,t>0,
U= Av- oV - (2VW) + pov - wovf, xe £2,1>0,
we=Aw- U+ v)w, xe$2,t>0,

under the homogeneous Neumann boundary conditions and for widely arbitrary
positive initial data in a bounded domain §£2 c R” (n > 1) with smooth boundary,
where x;, u; >0 =1,2)and &, B > 1.1t is proved that there exists a global classical
solution if max{x1, x2} < \/g,min{,uhp,z} > ”T’z,oz =B =2forn>2orany x;>0
(i=1,2), ;i >001=1,2),a,8>1forn=1.
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1 Introduction

The chemotaxis system describes a part of the life cycle of cellular slime molds with

chemotaxis. In more detail, slime molds move towards higher concentration of the chemi-

cal substance when they plunge into hunger. After the pioneering work of Keller—Segel [8],

in a variety of work the classical Keller—Segel model and its variations were investigated.
Particularly, for the chemotaxis system with a consumption mechanism,

ur = Au—V - (up(v)Vv), (1.1)

v = Av — uv,

in the case of ¢(v) = 1, it is well known that for all suitably regular initial data (o, vo)
an associated Neumann-type initial-boundary value problem, posed in a smooth n-
dimensional domain, admits a global bounded classical solution if # = 2 and an asymp-
totically smooth weak solution for n = 3 [20]. When ¢(v) = %, it has been shown in [28]
that the system possesses a global generalized solution with v — 0 in L?(£2) as t — 0 in
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the two-dimensional case. A prototypical variant of model (1.1) in which a logistic source
function f(u) is considered in the first equation, u; = Au — V - (u¢(v)Vv) + f (1), has also
been investigated in the past years. When ¢(v) is a constant and f(u) = ku — pu?, [11]
established the existence of a global bounded classical solution for suitably large 1 and
proved that for any p > 0 there exists a weak solution in the three-dimensional case. When
() = £ and f(u) = ku - uu?, for any n-dimensional domain (# > 2), there exists a global
classical solution to (1.1) provided that 0 < x < \/g, > ”7‘2 [10]. When ¢(s) € C'(0,00)
satisfying ¢(s) — oo as s — 0, for the more general logistic source f(u) = ru — uu*
(r, 0 >0,k > 1), it has been shown in [31] that the problem (1.1) possesses a unique pos-
itive global classical solution provided k > 1 with n =1 or k > 1 + 5 with n > 2. Besides
the above work, global solutions for the corresponding variant of (1.1) such as coupled
chemotaxis—fluid system have also been investigated (see e.g. [17, 18, 24, 25, 27] and the
references therein) by many authors.

In recent years, multi-species chemotaxis systems have been studied (see e.g. [1, 4, 12,

13, 15, 16, 21]). For instance, the following two-species chemotaxis model:

u, = Au— 1V - (uVw), x € 82,t>0,

vy = Av— oV - (LVw), xe 2,t>0,

W= Aw— Bw +a1u + ayv, x€82,t>0, (1.2)
du _ dv _ 9

du_ gy _dw_, x€082,t>0,

u(x,0) = uo(x), v(x,0) = vo(x), w(x,0) = wo(x), x€ £,

has been researched by some authors, where xi1, x2, B, o1, @y are positive constants.
[12] proved that, for any m; > 0 (i = 1,2), there exists radially symmetric initial data
(0, vo, wo) € (C°(82))* x W>°(82) with my = [, uo, my = [, vg such that the correspond-
ing solution blows up in finite time when £2 is a ball in R” (# > 3). In radial symmetric situ-
ation, Espejo Arenas et al. [4] proved that there is simultaneous blow-up for both chemo-
tactic species in the ball Bz(0) of R2. In higher dimensions, blow-up of the parabolic—
elliptic counterpart of (1.2) has been studied by Biler et al. [1].

A more general form of two-species chemotaxis model has been studied by Mizukami

and Yokota. They considered the two-species chemotaxis model as follows:

U= Au—V - (upy(w)Vw) + uu(1 — u), x € §2,t>0,

vr= Av =V - (v (W) VW) + tav(1 - v), x€2,t>0,

wy = dAw + h(u, v, w), x€2,t>0, (1.3)
v droy, x€082,t>0,

u(x,0) = uo(x), v(x,0) = vg(x), w(x,0) = wy(x), «x€ 82,

where d >0, ;>0 (i = 1,2), ¢; € C1*?([0,00)) N L1(0,00) (i = 1,2) for some @ > 0. They
proved in [14] that there exists an exact pair (¢, v, w) of nonnegative functions which is

uniformly bounded.
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Inspired by the above-mentioned work, in this paper, we study the initial-boundary value

problem of a chemotaxis system with singular sensitivity and logistic source as

U= Au—x1V-(5VW) + pyu — juiu®, x€ 82,t>0,

Ve = Av = oV - (2VW) + pav — g, x€2,t>0,

we = Aw — (u + V)W, x€2,t>0, (1.4)
gu s fusdway, x€082,t>0,

u(x,0) = up(x), v(x, 0) = vg(x), w(x,0) = wo(x), x¢€ £,

in a bounded domain £2 C R” (n € N) with smooth boundary 952, where x1, x2, (1, 47 are
positive constants, « > 1, 8 > 1 and v is the outward normal vector to d2. The functions
u = u(x,t) and v = v(x, t) denote, respectively, the unknown population density of the two
species, and w = w(x, t) represents the concentration of the chemoattractant. In contrast
to the study of [14], we will consider a singular sensitivity £, which is suggested by the
Weber—Fechner law of stimulus perception (see [9]) and supported by experimental ([7])
and theoretical ([29]) evidence. Moreover, the exponents & and 8 do not necessarily be 2.
We shall establish the global existence of this system.

Throughout this paper, we suppose that the initial data u, vy, wy satisfy

up € C°(2), uo > 0and uy £ 0in 2,
vy € CO(R2), Vo> 0and vy #0in £2, (1.5)
wo € Wh(£2), wp>0in 2.

Our main results read as follows.

Theorem 1.1 Let 2 C R” (n > 2) be a bounded domain with smooth boundary. Assume
that

2 . n-2
max{xi, x2} < P min{uy, o} > p a=p=2.

Then for any initial data (4o, vo, wo) as in (1.5) there is a global classical solution (u,v,w)
to (1.4).

Theorem 1.2 Let 2 C R be an open, bounded interval, x; >0 (i = 1,2), u; >0 (i = 1,2)
and o, B > 1. Then for any initial data (uy, vo, Wo) as in (1.5) there exists a global classical
solution (u, v, w) to (1.4).

In the present paper, we shall modify the method in [10, 31] to obtain global existence
of the solution. Precisely speaking, we first try to derive the lower bound estimate of w,

via building the upper bound estimated of z := —In( 5 ), and then obtain estimates

w
llwoll oo
for ||ullzr(2) and ||v||zr() for somep>1,p > 3.

Before we go to the details of our analysis, let us point out that the global existence,
boundedness and stabilization of (weak) solutions to the two-species chemotaxis—fluid

system have also been established (see e.g. [2, 5, 6, 12, 19]).
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2 Some preliminaries
We begin with the local existence of classical solutions to the system (1.4), the proof of
which is standard. Refer to, e.g., [30], Lemma 2.1, for the details.

Lemma 2.1 Let 2 C R” (n > 1) be a bounded, smooth domain. Then, for any uy, vy, wo

satisfying (1.5), there exist Tmax € (0, +00)] and a unique pair of functions (u, v, w) with

u € C°(82 x [0, Trmar)) N C* (82 % (0, Trma)),
v € C%(2 x [0, Trnax)) N C*' (2 X (0, Tinax))

w € C%(2 x [0, Tmax)) N C>' (2 x (0, Tmax)) N Ly ([0, Tnax); WH2(£2)),
solving (1.4) in the classical sense with u,v,w > 0 in 2 % (0, Trmax) and if Tiax < 00, then

|utt) ||L°°(.Q) + [0 ||L°°(.Q) + w8 wleo(@) > X
as t — Tmax-

The following mass-preserving property, which is also frequently used in the study of
some other chemotaxis systems (see e.g. [22, 23] and the references therein), can be easily

obtained.

Lemma 2.2 [f(1.5) holds, then the solution of (1.4) satisfies
”M(, t) ”LI(Q) = my, ”U('rt)”Ll(Q) <my, t€ [Or Tmax): (21)
for some my > 0,my > 0.

Proof As « > 1, we can easily obtain from the first equation in (1.4) by using Holder’s

inequality that

d
—/ udx:ulf udx—m/ u® dx
dt Q k9] 2

M1 *
< udx - —— udx) , te€(0, Tha),
_HI/Q |.Q|“_1<‘/_Q ) ( ma)

which yields the left-hand inequality of (2.1) by the Bernoulli inequality ([3], Lemma 1.2.4).
The right-hand inequality of (2.1) can be quickly proved in the same way. O

Also for w the differential equation directly entails some decay properties, as follows.

Lemma 2.3 For every p € [1,00), the map (0, Tnax) D t — ||w(-, t)IIIZp(Q) is monotone de-
creasing. In particular, |w(-,t)||1r(2) < Wollp(g) for all t € [0, Tiax).

Proof It is easy to see from the third equation in (1.4) that

d -1
E/Qw”—p/gw” Wi
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:p/ w”_lAw—p/ w”u—p/ wu
7} 7} 2
:—p(p—l)/ wp_ZIVWIZ—p/ w”u—p/ wvu <0,
2 Q 2
due to u, v, w > 0. O
Lemma 2.4 |[[w(-,2)|10(2) < [IWollLoo(s2) for every t € [0, Trmax)-

Proof The consequence can be obtained by the comparison theorem (Theorem B.1 of
[10]). O

Lemma 2.5 Let z := —In(
Q X (0’ Tmax)'

—Y¥ ) Then we have z> 0 and z, = Az — |Vz|*> + u + v on
lIwollzoo ()

Proof According to Lemma 2.4, we know < 1for (x,t) € (£2 x (0, Tmax)) and thus

z > 0. Moreover, on £2 x (0, Tyax),

_w
llwoll oo (2)

_ wollze@we  wy
f=————————— = -,
wllwo (@) w

w Vw Vw
vz ol Vw  Vw

’

wlwoll Lo (@) w

which entails

Vw Aw |Vw]2  Aw )
Az=V.-Vz=V.[-——)=-——+ =——+|Vz|"
w

w w w?
Together with w, = Aw — (u + v)w this proves

Wy Aw 9
Zr=——=——+u+v=Az-|Vz[°+u+v (2.2)
w w

on £2 X (0, Tyax)- O

Accordingly, the pair (¢, v, z) solves the PDE system

uy=Au+ x1V-uVz) + pu— uu®, x€2,t>0,

U = Au+ oV - (UVZ) + o — av?, xe€ 2,650,

zi=Az—|Vz|* +u+v, xe€2,t>0,

o b bz, x€2,t>0, 2
ul,0) = up(x),  v(x0)=vo(x),

z(x,0) = zo(x) := —1In HWOHML/W’ x € .

For solution (i, v, z) of the system (2.3), we present the following proposition.

Lemma2.6 Forany T < Ty, T < 00, ifthere are a constant C = C(T) > 0 and somep > 1,
satisfying p > 5, with |u(-,t)||r + |v(-, )|z < C on (0, T), then z is bounded on 2 x (0, T).
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Proof By the variation-of-constants formula, z can be represented as
t
z(-,8) = Pz + ] elt9n (u(-,8) + v(-$) - |Vz|*) ds
0
t t
<ezp+ / eE IRy (., s)ds + / 92,8 ds, te(0,T),
0 0

for —|Vz(-,s)|> < 0 immediately implies e*"94(—|Vz(.,s)|?) < 0. With this representation
and semigroup estimates as in [26], Lemma 1.3, we obtain ¢; > 0 such that for all £ € (0, T)

“Z(" ) “LOO(Q)

t t
<20 gy + [ 105 oy s+ [ 109
0 0
t
< ||Zo||L°°(Q)+/ cr(1+(=9)%)]ul8)] o) ds
0
t n
+/ 61(1+(t—S)_E)”U(',S)”U,(Q)dS
0
T n
< llzollzee(2) + 261C/ (L+(t-s)2)ds<o0,
0

since p > 5 implies that —% > —1 and thus finiteness of the integral. g
From the above lemma, we can obtain the following estimate for w.

Lemma2.7 Forany T < Tyax, T < 00, ifthere are a constant C = C(T) > 0 and somep > 1,
p> 5, with |lu(-, t)||lr + [v( )l < Con (0, T), thenthereared = d(T) > 0, such thatw > d
and in particular % < % on 2 x (0, 7).

Proof By Lemma 2.6 there are C = C(T) > 0 with z < C on £2 x (0, T). From the definition

v p ), we directly obtain w > ||wp||1x(2)e"¢ =:d >0 on £ x (0, T). a

z:=—1In( Twolloo;

3 Global existence for n-dimensional case (n > 2)
Now we deal with the global solutions of (1.4) when n > 2,a = 8 =2.

Lemma 3.1 Let T € (0, Tyax), T < 00, 1, p € [1,00] and suppose

1 n/1 1
—+—-|-—-—-)<L
2 2\p r

Then there is C > 0 such that for all t € (0, T) we have

||Vw(~,t)

) = C<1 + Sztg’t)“”("s) HLI’(.Q) +SZ‘(£)||”("S)||M(Q)>'

Proof Firstletp <r.
Due to the variation-of-constants formula, for all ¢ € (0, T) we have

t
980y = [0l + [ 1924 000) g
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and the semigroup estimates of [26], Lemma 1.3, entail the existence of ¢; >0 and A >0
such that

Ve w0 gy <

L(£2)

and

| Vel ((u+v)w) ”Lr(g)
<ar(1+ (-9 D)e 9yt vl ooy 1wl o)
<q (1 +(t —s)_f_f(l%_%)

e (llull ey + vl Iwoll o)

hold for all ¢ € (0, T), s < t, where in the last step we have employed Lemma 2.4. Together
this results in

||Vw(~,t)

L7(82)

< +lwollmgan( 0p 1,9 + 500 09 i)
s€(0,t) s€(0,¢)

¢ 1 nl_1
x/ (1+ (t—s)_7_7(5_7))e’w_5)ds
0

1 nmel 1
for all ¢ € (0, T) and hence in the claim, because the integral [;~(1 + (¢ - ) 2727 7)) &
e 9 ds is finite.

For p > r the claim follows from the previous considerations together with Holder’s in-
equality. For some ¢, c3 we have

||Vw(~,t)

L7(82)

=c ”VW("t)”l}?(.Q)

< 63<1 + sup ||u(~,s)
s€(0,t)

L’(Q))

< (14 sup 40,9 ) |21 + sup [0(,9)] 1217 )
s€(0,t) s€(0,t)

r + sup U(',S)
eyt 3 |

E C(l %y > )
e Mimar+ 2 Mo

forall t € (0, T). O

The following lemma asserts that boundedness of |u(:,t)|l17(e) and |[v(:,£)|l1r() for
some p > 7 is sufficient to guarantee boundedness of the solution.

Lemma 3.2 Suppose that the initial data uy, vy and wy satisfy (1.5). Let T € (0, Tmax],
T < 00, p > 1. If the first and second components of the solution satisfy

tes(l(;,pT)(Hu("t) oy + 0GB o)) <0
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for some p > 3, then

sup ([, 8)| ooy *+ 0D ooy + W) yac) < 00
te(0,T)

Proof For each fixed p > §

np o0 ifp>n,
(n-p)s (n"_’;)>n if 5 <p<n,

it is possible to find p, > 1 fulfilling

n<pg< P , (3.1)
(I’l —P)+
which enables us to choose k > 1 such that
n < kpy < " (3.2)
(” —19)+

Applying the variation-of constants formula for u and c; := sup,,.(u — u?)

t VW t
u(t) = e®up - 1 / et=9Ay . (u—) ds + / elt=9)4 (u—u?)ds
w 0

0
tA ! (t-s)A Vw
<e®ug—-x1 | eV lu— )ds+ 1T
0 w
we get
t Vw
tA (t-s)A
||u(-,t)||Loo(Q)§ ||e uoHLoc(_Q)+X1/O el V(uv) Lw(g)dS+MICIT

for all £ € (0, T). In view of the smooth estimates for the Neumann heat semigroup ([26],

Lemma 3.1), we obtain c, satisfying

” u(, 1) ||L°O(Q)

ds+ puiaT (3.3)
LPO(R2)

t 1
< lluollzeo(e) +02X1f (1 +(t—s) 2 )
0

for all £ € (0, T). Here by Holder’s inequality, the interpolation inequality, (2.1), Lemma
3.1, and (3.2), we can find c¢3 such that

IA

||u||Lk’po(Q) ||VW||Lkpo(9)

Vw H
U
Wl ro(2)

IA

1-.
2]l Zoo () 11 () 1 VW 0o

IA

QU = =

1—,
my ﬂCB”””]‘fOO(Q)’
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where k' = %, a=1- ﬁ € (0,1). Inserting this into (3.3), it follows that
sup ” I/l(', t) ||Loo(9) < ”u0 ||L°°(.Q) + C4 SUpP || M(', t) ||Z°°(.Q) + U1C1 T
te(0,T) te(0,T)
for all T € (0, Tpnax] with

1 .., o° _l_n
1= Eml X1C2€3 (1 +(t—s) 2 0 ) ds
0

is finite thanks to the left-hand side of (3.1).
Arguing similarly, we see that

sup || U(': t) ||Loo(_Q) =< ||U0||L°°(.(2) + Ce¢ SUP HU('¢ t) ||Zoo(g) + MZCST
te(0,T) te(0,T)

for all T € (0, Tiax]. The boundedness assertion concerning |[w/|y1,00(q) results from
Lemma 2.4 and Lemma 3.1. Hence we complete the proof. d

We are in need of estimates of ||u||z»(e) and ||v]|rr() for some p > 7. The estimates will
be based on the following observation.

Lemma 3.3 Forall p,q € R, on (0, Tyax) we have

R
dt Jo

<-(p- 1)p/ w2l | Vu|? + (p(p -1y — 2pq) / WYy Vw
2 2

+ (pqxl—q(q—l))/ u”wq‘2|VWI2+W1/ u"w"—(mpw)/ uPtwl, (3.4)
2 2 2

d
_/ P
dt Jo
<-(p- l)p/ VWA Vul® + (p(p - Dx2 - 2pq) / VWiV - v
2 2

+(pqx2 —q(qg-1)) /

W2 VP + ppus /
2

vwi — (M1p+q)/ v, (3.5)
o) o)

Proof A direct calculation shows that

d
Z |
dt Jo

:p/ up’lutwq+q/ wWwitw,
2 2

=p/ u"_lquu—pxl/ W lwiv . (uﬂ) +p/ u"_l(ul(u—uz))wq
fo) o) o)

w

+q/ upwq_lAw—q/ up+1wq—qf wWwly
2 2 2

§—p/ V(u”_lwq)~Vu+pX1/ EV(u”‘lwq)
2 Qw

Page9of 17
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X Vw+pu1/ u’”wq—,u,lp/ P AR
I?) I?)

—q/ V(upwq‘l)oVw—q/ utwl

2 2

=—p(p—1)/ u"‘zwawlz—pq/ u’ Wl Vi - Vw
o Q

wIwi? | Vw|? +pu1/ uwwil

+p(p—1)X1/ up’lwq’IVu-Vw+qu1/
I?) 1?)

2

—/Llpf wwl —qu W Iwi vy Vw
2 Q
—-q(q - 1)/ u’wi?|Vw|® —q/ Wt
17} 1?)
=—plp- 1)/ W2l |Vu)? + (p(p - 1x1— qu)/ W IWI Ny Vw
2 2

+(pax1 - qlqg-1))

x / w2 Vw)? + pus / wwl — (u1p + q)/ ul*'wi
I?) 2 I?)
on (0, Tiax)- In the same way, we obtain (3.5). O

Next, we transform (3.4), (3.5) into bounds on [, u?w, [, v’w, where we will, in fact,

use a negative exponent gq.

1 . .
i) @nd r € (o min{r,, min{us, 2p)),

Lemma 3.4 Ifp>1andr>0satisfy p € (1,
where

&J%l(lim) (i=1,2),

and T € (0, Tax], T < 00, then there is C = C(T) > 0 such that
/ ww’ <C, / vVwT<C on(0,T).
Q 1?)
Proof Inserting g = —r in Lemma 3.3, on (0, Tax) We obtain

— | #w”
dat Jo

<-p(p- 1)/ wrw | Vul? + (p(p -y + Zpr)f W lw T Vy - Vw
2 2

- (prxl +r(r+ 1))f Ww 2| Vw|? +pu1f
fo)

Ww + (r— ulp)f WPl
fo)

2

By Young’s inequality, the second term can be estimated by

‘(p(p — 1)y + Zpr)/ W lw vy Vw‘
o

s [

<pp-1) f W PwT | Vul +
2
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on (0, Trmax). Thus, on (0, Tiax) we have

d
— Py <
dt/QMW_

<(p(p —1)x1 + 2pr)*
dp(p-1)

+p,u1/ qu_r+(r—u1p)/ wWw,
Q I?)

- (pr)(1 +r(r+ 1))> / Ww 2| Vw|?
2

By the choice of r, r — u1p < 0 and %‘ﬂmz

S - (prx1 + r(r + 1)) < 0, because

P-4
4

re(rry) = r—@pE-r+ 0
2

4r
=  plp-1Dx{ +4prx + ‘Ii <A4pry, +4r* + 4r
p_

(1 +1% plp-1) .
=
A(pryy + r(r + 1)) <

(plp - 1)x1 + 2pr)*
= A(prx1 +r(r+1)) <plp-1)

(pp—1)x1 +2pr)*
EEN oD - (pr)(1 +r(r+ 1)) <0,

we can conclude that

d
— | #wT < ww
dt/Q _Pm/g

on (0, Thhax) and hence

/ wW(,t)w'(,t) < ep‘”t/ ubwy"
2 2

for every t € (0, Tpnax). Thus for every T € (0, Tiax] with T < oo there is C; := e 7T x
[ uowy”, such that

/ up('» t)w_r(" t) < Cl
2
for all £ € (0, T). In the same way, we see that
/ Up(':t)wir(ﬁt) = CZ
2
forallt € (0, T). O

Aided by Lemma 3.4, we now can find a bound for ||u(-, )| »() and [[u(-, £) || 2(s2)-

Lemma 3.5 Let p € (1, W) be such that min{ju,, s}p > ‘%1 and let T € (0, Trmax),
max{xi, x5

T < 0o. Then there is C = C(T) > 0 satisfying ||u(-t)||r(2) < C, lv(, O)lle2) < C for all

te(0, 7).
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Proof Let ry. be the constants as in Lemma 3.4, that is,

-1
risz(lzi:,/l—pr) (i=1,2).

1

Duetop< ——
P < il

, apparently we have 1 — px? > 0 and thus r_ < r,. Moreover, since

min{uy, ua}p > ‘%1, r_ < 1%1, it is ensured that r_ < min{u;, uo2}p. Accordingly, there is
some r € (r_,min{r,, min{u1, 12}p}). For such a number r by Lemma 3.4 there is ¢; > 0
satisfying

/ (w7 (,t)<c, forallte (0,T).
Q

For ¢ € (0, T) it now holds true that

1 1
» »
||M(, t) ||LP(.Q) = <\/;2 up()t)w_r(;t)wr(’t)> S </5‘2 up()t)w_r(’t) ”Wr”LOO(_Q))
1
r ? r 1
= ||W0||gw(g) (/ up(',t)w_r("t)) = ”WO”[I;O(Q)C{’ = Clr
2

because by Lemma 2.4, for every ¢ € (0, Tmax) we have [[w(-, )| 100(2) < W0l 1oo(52)-

Arguing similarly, we can obtain ||u(-,t)||1r() < C; forall £ € (0, T). a
We can now use this to show global existence.

Proof of Theorem 1.1 Because max{xi, X2} < \/g , the interval (7, W) is nonempty.
1’42

max

. %—] _ n=2 . iy e . n 1
Since moreover 2T = < min{u1, 42}, it is possible to find p € (7, 7maX(x12,x22)) such that
pz;pl <min{py, Ly}, i.e. min{py, wolp > 1%1. By Lemma 3.5 for every such p and every T €

(0, Tmax]), T < oo there is C(T) > 0 with
||u(', t) ”LP(Q) <C(T) forte(0,T).

If we suppose that T were finite, we could, herein, choose T' = Tp,,x and from Lemma 3.2
infer that

sup  ([Ju,2) ||L°°(S2) + ”U("t)“LOO(.Q) +[wC8) i) <00
t€(0, Tmax)

in blatant contradiction to Lemma 2.1. O

4 The one-dimensional case
Now we deal with the global solutions of (1.4) whenn=1, «, g >1.

Lemma 4.1 Fora,B>1,n=1and T € (0, Tpa], T < 00, there exists C > 0 such that

w > w(t) := [[wollre2)e MY, (x,£) € 2 x (0, 7). (4.1)
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Proof We know from (2.2) that

t t
z=ePzy— f T2\ Vz2 ds + / ey + ) ds
0 0
t
<ePzo+ / eIy + v)ds (4.2)
0

by the order preserving of the Neumann heat semigroup {¢"*};>¢. For o, 8 >1and n = 1,

we have from (4.2)

Izl zoo(2)

t t
<20l gy + [ 1930 gy [ e g s
0 0

t t
+/ ”e(H)A(U‘U)”Loo(:z)ds’r/ ”e(tfs)AU“Loo(Q)ds
0 0
t

my my LN e _
<lzolleo(y + —¢ + —t+k1/ (1 +(t—3s) 2)e At S)||u—u||L1(_q)ds
2] |£2] 0

t
1
+k1/ (1+(t—s)_?)e_w_s)ﬂv—U||L1(mds
0
my
|

t

my 1N at-s)

< ||ZO||LOQ(_Q)+_t+_t+2k1m1/ 1+(t—-s)"2)e ds
[£2] £2| 0 ( )

t
+ 2k1m2/ (1+ (t—s)‘%)e‘ (t=9) g
0

<C(1+y), (4.3)

where u := ﬁ [oudx, U= ﬁ Jo vdx, & denotes the first nonzero eigenvalue of —A in
£2 under the homogeneous Neumann boundary conditions. The estimates (4.3) with z :=
w .
—ln(m) yleld (4.1). O
There is just a more easy case of getting an L”-estimate of u, v with some p > 1 directly
by the L!-estimate.

Lemma4.2 Forany T < T, T <oo.Letn=1,a,8 >1andp > 1. Then there exists C > 0

such that
WENCIRINE =~
Il rr(2) < C(l +t+ f (7> ds) , te(0,7), (4.4)
o \lIwollze(2)
t £C1+s) 2%;?{” },
lvllze2) < C(l +t +[ (—) ds) , te(0,T). (4.5)
o \lwollzeo(2)

Proof Due to the variation-of-constants formula and the semigroup estimates of [26],

Lemma 1.3, we have the existence of k; > 0 and A > 0 such that

“ Vw(. 1) ”LP(Q)
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t 1
< [[Vwollrr() + kl/ (1 + (t—s)_“zp)e—)»(t—S) “(u + U)W”Ll(g) ds
0
= 14k "
= IVwollzr(a) +/<1||Wo||Loo(9)m1/ (1+(t-5)""2)e 9 ds
0

o 1
+ki ||W0||L°°(Q)m2/ (1+@- S)_“@)e‘“t‘s) ds
0

< (4.6)

holding forall t € (0, T), s <*¢.
By Young’s inequality with Lemma 4.1 and (4.6), we have

1d
——/u”dx
pdtJg
\Y
:/ uP‘l(Au—le- (u—w) +u1u—mu"‘> dx
Q w
Vu-v
=—(p- l)f W\ Vul?dx + x1(p - lfupl v de
w

+M1fupdx M1/ Pl dx
o) o)

-1 Vw|?
§p—/ u? p VY dx+,u1/ u”dx—ulf w1l dx
4 Jo w? 2 2

p- 1 / P 2 +a—1
< W\Vwltdx + 1 | dx—u | o dx
4llwollzoc(2)e72C0+0 g @ Q

2(pta-1)

1 T a1
50( lt) /|VW| dx+03
lwoll oo (@ye~“1*

2Apra-

(( 1 ) e 2pacy ) o)
<a\|\———F+—= ¢t +1), te(0, 1),
l[wol oo (ye=C1+0) !

then
/‘ » /‘ up 2(p+a1—1) t 1 %
udx < dx + capt + capcy ¢ / (—) ds
e 2 " ! o \Iwollzoc(2)eC1+)
‘ 1 2(p+111—l)
SC(1+t+/ (—C(l)) dS), te(O, T)
0 \IIWollzoe(2)e ¢+

In the same way, we can easily get (4.5). O

We can now use this to show global existence.

Proof of Theorem 1.2 When n = 1 with «, 8 > 1. We have from Lemma 4.1, Lemma 4.2
with p =2

VWl L)

t
< [IVwollr(2) + ki / (1+@- s)‘%)e_w‘s) [ (( + v)w) ||L2(Q) ds
0
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2(a+1) 1
- 2

t eC(1+s) 1
< IVwollree() + ki Cliwoll Loe (2 (1 +t+/ (|7) ds)
0

[wollzoo(2)

© 3
X f (L+ (- s)’i)e’w’s) ds
0

2(B+1) 1

t eC(1+s) BT 3
+/(1C||W0||Loo(g)(l+t+/ (7) dS>
o \Iwollo2)

o0 3
X / (L+(E-s)4)e ) ds
0

2(y+1) 1
t eC(1+s) y-1 3
= ”VWOHLOO(Q)+2k1C”WO||L°°(Q)<1+t+/ <7) ds>
o \lwollre2)
o 3
X / (1+ -9 %)™ ds
0
t eC(1+s) 28/:&1) %
Scs(l+t+/ (—) ds) , te(,1), .7)
o \lIwollze(2)

where y := min{a, 8}, A denotes the first nonzero eigenvalue of —A in £2 under the homo-
geneous Neumann boundary conditions. By the variation-of-constants formula for z and
the order preserving of the Neumann heat semigroup {e’*},~( with the positivity of u, we

know
M(,t)
L VW L
=e®uy— x1 / eIAy . (u—) ds + 1, / e(H)A(u - u®)ds
0 w 0
t VW t
<ePuy - Xl/ g9y . (u—) ds + / % yds, te(0,T). (4.8)
0 w 0

Furthermore, according to [26], Lemma 3.1, with (4.8), (2.1), Lemma 2.4, Lemma 4.1, (4.4)
and (4.7), we get for p = 2

llzt]| Lo (2)
t
3\ (. Vw
< luollLo(e2) +/<2X1/ (1+(@-s)1)e Me=s) gy~ — ds
0 12(£2)
t
1 . m
+ ,u1k2/ (L+(t-9)72)e ™ |lu—itl| 1) s + Ham,
0 [£2]
< lluollzoo(e2)
S — / t(l (=) 1) ull o o) | VWl () dis
ol Loy~ €19 Jo )
*© _LN a(t-s) H1my
+ 21 ko (1+(@-s5)2)e ds + Wt
0

2(y+1)

1 t eC(1+s) y—1
<c¢q 1+ ——C(lﬂ‘) 1+t+ _ ds ,
Iwollzoo(2)€ o \lwollre(2)

te(0,7), (4.9)
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where y := min{w, 8}, u := ﬁ /, o 4dx, A denotes the first nonzero eigenvalue of —A in 2
under the homogeneous Neumann boundary conditions.
In the same way, we see that

lvllzee2)
1 WACTIING =0
507(1+—C(1 r)>(1+t+] (—) ds),
[lwo |l oo (2ye~ 1+ o \lwollze (@)
te(0,7). (4.10)

Combining Lemma 2.4, (4.7), (4.9), (4.10) with Lemma 2.1, we complete the proof of The-
orem 1.2. O
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