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1 Introduction

The notion of frames for Hilbert spaces was first introduced by Duffin and Shaeffer [9] in
1952 for investigating some deep problems in non-harmonics Fourier series, and popular-
ized from then on. Frames were developed as a powerful tool in signal processing, coding
theory, communication theory, sampling theory and many other fields.

Fusion frames (frame of subspaces) arose naturally as a generalization of frames. They
are collections of closed subspaces and weights that allow the reconstruction of each ele-
ment of a Hilbert space from packets of coefficients. Fusion frames are very useful in areas
such as sensor networks, neurology, distributing sensing, parallel processing and packet
encoding, among others.

1.1 Background of research

In the study of application aspects of frame and fusion frame theory one of the most im-
portant concepts is the signal processing. However, the conditions to transmission signals
in “classical frame theory” are very restrictive—the long distance between transmitters
and receivers is possible. This makes it hard to transmit signals and this is the reason that
one might look for a more flexible tool.

In applications, an input signal is converted into the data vectors. In an ideal setting,
these data vectors can be transmitted directly to the data receiver and the signal can be
reconstructed by the receiver using frame and dual frame elements. However, in real im-
plementations, sometimes the data vectors cannot be received directly by the receiver,
such as relay communication [12, 20], distributed sensor relay system [23], cooperative
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communication [18], satellite communication [17], microwave communication [16], and
ultrashort wave communication [15].

When using microwave and ultrashort wave to transmit signals, if the distance between
two terminals exceeds the visual distance, the signals attenuate quickly and the quality
cannot be guaranteed. If a number of relay stations are set up between two terminals,
the relay stations will transmit the signals from the previous station after amplification,
shaping and carrier frequency conversion to the next station, which can extend the com-
munication distance and maintain good communication quality, and at the same time help
small power equipment to expand the signals, providing a new network mode. This mode
can realize the amplification and continuation of network signals and solve the problem
of distance for network construction.

In virtue of the role of relay stations, microwave communication transmits signals hun-
dreds or even thousands of kilometers away. They can be used to improve services in part
of the main coverage area where poor signals are received due to geographical constraints.
The receiving and transmitting radius of the relay stations covers a large area.

A company hopes to connect all the networks of its nearby production plants, work-
shops, management centers, so as to facilitate resource sharing, unified management and
maximize the use of information. In university campuses, independent intranets in teach-
ing buildings, student dormitories and computing centers also need to be set up together
to facilitate the access of students and teachers to campus networks, and so on. When the
local area networks need to be connected are too far apart and the signals are weak, we
need to use wireless relay technology to connect and build the network to achieve wireless
bridging between the local area networks.

Under these circumstances, the applications cannot be modeled naturally by the tra-
ditional frame systems. In order to deal with these applications of frame new methods
have to be developed. A relay fusion frame theory with local frame system is therefore in
demand.

Relay fusion frames are such tools. A relay fusion frame for a vector space equipped
with an inner product can also process signals, but the distance between transmitters and
receivers is not required. In this paper, we present relay fusion frames theory in Hilbert
spaces.

Relay fusion frame system is a device that can receive and transmit signals over a long
distance. It provides a mathematical model for applications requiring long distance trans-
mission of signals. From this point of view, the traditional frame theory can be regarded as
a system with “real-time communication” function without involving the relay technique,
while the relay fusion frame theory can be thought of as a system with “relay communica-
tion” function.

The advantage of the relay fusion frame system is that it utilizes relay technique to relay
signals from one relay point to the next relay point, and forming a new network cover-
age area, thus constituting multiple relay coverage modes, and ultimately achieving the
purpose of extending the coverage of the network. The relay mode networking method is
extremely versatile. Nowadays, the network has begun to be widely used. In many places,
because the site is large or has obstacles, the network coverage of the wireless device does
not reach the distance we need or is hindered in the middle. At this time, if we use the relay

mode to connect to the wireless network, we can meet the networking requirements.
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1.2 Related approaches

In view of the relationships between fusion frames and distributed processing proposed
by Cazassa, Kutyniok and Li in the fundamental paper [5], we can also establish the con-
nection between the relay fusion frames and the distributed sensor relay systems and the
cooperative communications in a similar way. But in our approaches, we hope to adopt a
more intuitive way to introduce the relay fusion frame based on frame and fusion frame
theory. We remark that besides applications, relay fusion frames for Hilbert spaces or Ba-
nach spaces are interesting and natural objects to study from both pure and applied math-
ematics of the theory point of view, so our work is not trivial.

1.3 Contents

The paper is organized as follows. In Sect. 2 we recall frames, fusion frames and their
operators. In Sect. 3 we introduce the definition of relay fusion frames. We will show that
a relay fusion frame behaves as a generalization of fusion frames or even g-frames, which
also provide an associated analysis and synthesis operator, a frame operator and a dual
object. Particularly, in addition to canonical dual, we give two new dualities of the relay
fusion frames. We end this section with the Q-dual relay fusion frames of relay fusion
frames. In Sect. 4 we study the relay fusion frame systems and we also get some useful
results about it. Finally, in Sect. 5 we prove that relay fusion frames are stable under small
perturbations.

2 Preliminaries

In this section we briefly recall the definitions of frames and fusion frames and their opera-
tors. For more information about the theory and applications of frames and fusion frames
we refer to [2, 6, 11] and [1, 4, 10, 19], respectively. First, let us introduce some notations.

2.1 Notation
Let H and K be separable complex Hilbert spaces and let B(H, K) be the space of all the
bounded linear operators from H to K (if H = K we write B(H)). I, J; and every K;; will
denote generic countable (or finite) index sets. We use Iy to denote the identity operator
on H.

If W C H and V C K are subspaces, then we let my € B(H) and ty € B(K) denote the
orthogonal projections onto the subspaces W and V, respectively.

2.2 Frames
Definition 1 A sequence F = {f;};c1 of elements in H is said to be a frame for H if there
exist constants «, 8 > 0 such that

alfI* < [0 < BIFI%  Vf eH. )

iel

The numbers «, B are called frame bounds. A frame F is tight if we can choose « = f as
frame bounds. Provided (1) holds with « = 8 = 1, we call F a Parseval frame.

Definition 2 Let F be a frame for H.

(i) The frame transform or analysis operator of F is

Tr:H— EZ(H): T]"(f) = {<f’ﬂ>}i€]1’
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(i) The adjoint of Tx is given by

Ty W) H, Tr(ledia) = Y cifi

iel

T% is called the pre-frame operator or the synthesis operator of F.
(iii) The frame operator of F is

Srp=TsTr:HwH, Sr(f)=) (f.fif.

iel

Definition 3 Let F = {f;};c; and F= {;’;}id be frames for H. Then F is said to be a dual
frame of F if the following reconstruction formula holds:

= " ff YfeH,

iel
or, equivalently,
T} Tr =1y.
We call {S}-1 -fi}ic1 the canonical dual frame of F.

2.3 Fusion frames

Definition 4 Let {W;};c1 be a sequence of closed subspaces of H, and let {v;};c1 € [°°(I)
such that v; > 0 for every i € I. The sequence {(W}, v;)};cr is said to be a fusion frame for H
if there exist numbers 0 < @ < 8 < 00 such that

allf 1> <Y v |aw)|* < BIFIP  ¥f eH.

iel

We call @ and B the fusion frame bounds. A fusion frame {(W;,v;)}ic1 is called a tight
fusion frame if the constants « and 8 can be chosen so that « = 8. If « = 8 = 1 we say that
it is a Parseval fusion frame.

Definition 5 Let {(W},;)}:c1 be a fusion frame for H and let

(Z@M) = {{ﬁ}ieulﬁ e Wi(viel), ) IIfill* < oo}.

iel e iel
(i) The analysis operator of {(W},v;)}ic1 is defined by

Tw:Hr (Z EBWl) with Tw (f) = {vimrw, ()} ;-
iel 2
(i) The synthesis operator of {(W}, vi)}icr is defined by

Ty (Z EBVV,) +— H with T{j\,({fi}ieﬂ) = Zvlﬁ

iel 2 iel

Page 4 of 23
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(iii) The operator

SwiHw—H, Sw(f)=Ty,Tw(f)= ZViZ”Wf(f)

iel

is called the fusion frame operator of {( W}, v)}ic1.

3 Relay fusion frames
In this section, we first introduce the definition of relay fusion frames and then we will
show that it also provide an associated analysis and synthesis operator, a frame operator

and a dual object.

3.1 Definition and basic properties of relay fusion frames and their operators

Definition 6 Let {K;};c1 be a sequence of separable Hilbert spaces and { W;};c be a family
of closed subspaces in H and let {Vj;};c7, be a family of closed subspaces in K; for each i € IL.
Let {v;}ie1jey; be a family of weights, i.e. v; > 0 foreach i € I j € J;, and let A; € B(H, K;) for
each i € Il. Then {(W}, Vi, Ai, vij)}ierjey, is said to be a relay fusion frame, or simply r-fusion

frame, if there exist constants 0 < @ < 8 < 0o such that

allfI2 <Y > v rv Amw (D] < BIFIZ,  ¥f €H. ©

i€l jel;

We call ¢ and B the r-fusion frame bounds.

The family {(W}, Vi, Ai, vi)}ienjey; is called an a-tight r-fusion frame, if the constants o
and B can be chosen so that @ = 8, a Parseval r-fusion frame provided that « = 8 = 1. If
{(W}, Vi, Aiy vip) }ienjey; satisfies the second inequality in Eq. (2), then it is said to be a Bessel
r-fusion sequence in H with Bessel r-fusion bound S.

If we take K; = H, Vjj = W, A; = Iy and v;; = w; for all i € [, j € J;, then we get from Def-
inition 6 the fusion frame {(W, w;)};c1 for H and thus r-fusion frame can be viewed as a
generalization of fusion frame.

Similarly, let W; = H,Vj; = K; and v;; = 1 for all i € Ij € J;, then inequality (2) can be
restated as the following form which is, as defined in [21], the g-frames:

alfI* < Y[ AdD|” < BIFIZ  ¥f eH.

iel

Consequently, g-frames can be thought of as a special class of r-fusion frames. The special
case, where K; = C, i € I, gives rise to the classical frames.

The representation space employed in classical frame theory and fusion frame theory
equal ¢*(I) and (), ; ®W,).2, respectively. However, in r-fusion frame theory an input
signal f € H is represented by the collection of vector coefficients that can be thought of
as to represent the projection onto each subspace of local relay spaces K;, i € I. Hence, the

representation space employed in this framework defined by

(ZZ@‘/u) {{ﬁi}ieweﬂilﬁy € Vyand Y ) " |fyll* < 00},

il jel; iel jeJ;
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with inner product given by

({fitievjen (gibienje,) = Z Z(ﬁ/,gg),

iel jel;

with respect to the pointwise operations is a Hilbert space.

We can give an intuitive explanation about r-fusion frames. Let us assume that we want
to transmit the wireless signal f belonging to a vector space W from a transmitter X to a
receiver ). If the distance between X" and ) is too far, the wireless signal f will come to
nothing before reaching the receiver ). However, in the case we set up a relay station Z
between & and ), this situation will clear away. By transmitting from the relay stations,
the restriction that the ordinary receiver and the transmitter cannot be connected due to
the distance can be solved.

In the sequel, we will denote {(W}, Vj;, Aj, vjj)}ic1jes; by R, simply. We abbreviate r-fusion
frame to RFFE.

Before define the analysis operator for an RFF, we state the following lemma, which is
analogous to Lemma 3.9 in [4].

Lemma 3.1 Let R be a Bessel r-fusion sequence in H with Bessel bound . Then, for each
sequence {fij}ierjes; with {fy} € Vi for all i € j € I;, the series 3, 3 iy, viymow; Alfyj con-
verges unconditionally.

Proof Let L and M be fixed finite subsets of I and JJ;, respectively. Let

S =iicrjes; € <ZZ€BVIJ> , and g= ZZVZ'/'”MA;T!’]"
t

iel jel; iell jeM

Then we have

DO vimw, Aify
iell jeM
<Z > v, Aty h>’

ielL jeM

Z Z(fw Vi/”\/,-,-Ai”Wi(h))‘

iell jeM

lgll =

= sup
heH,||h||=1

= sup
heH,||h|=1

< s (ZZV;”W,,Am(h)|\2)Z - (ZZ M,-nz)z

heH IMI=1 \jer, jem iel jel;
< VBIfI,

and it follows that ), ; Z/GJL, vymw, Alf;j converges unconditionally (see [8], page 44). [

Definition 7 Let R be an RFF for H. Then the analysis operator for R is defined by

Tr :H+— (ZZ@V[,‘)[Z with TR(f) = {Vijt‘/LiAin‘X/i(f)}ie]I,jeJi’Vf € H.

i€l jel;

We call the adjoint T, of the analysis operator the synthesis operator of R.
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Proposition 3.2 Let R be an RFF for H. Then

TR (f) = Z Z virtw, Aify, N = filicrjer; € (Z Z GBVU> )

iel jel; i€l jel;

Proof Let g € H and f = {fj}ictjes; € O ;g ZjeJi ®Vj)e2. Then we compute

(Tr(@).f) = {vitv; Aimw, @) i1 ey » Uiidietjen)
=Y g vimw ATf)) = (& TR())

iel jel; U

In an analogous way as in frame and fusion frame theory we can give the following well-

known relations between an RFF and the associated analysis and synthesis operator.

Theorem 3.3 The following assertions are equivalent:
(i) R is an RFF for H.
(i) The analysis operator Tr is injective and has closed range.

(iii) The synthesis operator T}, is bounded, linear and surjective.

Proof (i) = (ii) For all f € H, we have

’TR(f ZZVUHTVUAT[VVL ||2Za|lf||2;

iel jel;

which implies that T’z is injective and has closed range.
(ii) = (i) This is obvious.
(ii) < (iii) This follows immediately from the operator-theoretics results of Hilbert

spaces. g
By composing Tz and T7;, we obtain the frame operator for R.

Definition 8 Let R be an RFF for H. Then the frame operator S for R is defined by

SR =TRTR() = Y_ > vimw, Afty, Aimw,(f),  Vf € H.

iel jel;

To prove Proposition 3.5 we need the following theorem that gives the relation between

a Bessel r-fusion sequence and the synthesis operator T7,.

Theorem 3.4 R is a Bessel r-fusion sequence in H with bound B if and only if the map

{fj}tE]I/e.]Il Z Z VijTTw; A fz]

iel jel;

is a well-defined bounded operator from (3, Zje 1, ®Viy)ex to H and its norm is less than
or equal to \/B.

Page 7 of 23
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Proof Firstassume that R is a Bessel r-fusion sequence for H with bound 8. By Lemma 3.1,
the series ) ;.1 > ey, viytw; Aify is convergent. Thus T ({fij}ie1/es;) is well defined. A sim-
ple calculation as in Lemma 3.1 shows that T, is bounded and that || T% || < /8.

For the opposite implication, suppose that T is well defined and that || 7% || < +/B. Then

PRI LA &
iel jel;

=2 vilmw Aty Amw().f)

iel jel;
= <T7*3({vi,-rvi,/\i77\% () }z’e]l,jeﬂi)’f>

< (XXl amnl’) 172l

iel jel;

, 1
Now solving for (3,1 >jcy, Villtv, Aitw, (f)1I%)2 yields

1

(g amanl) < 72l < VB

il jel;

O

Given an RFF, Proposition 3.5 states some of the important properties of frame operator
SR.

Proposition 3.5 Let R be an REF with frame bounds o and . Then the frame operator
for R is a bounded, positive, self-adjoint, invertible operator on H with aly < Sr < BIy.

Proof Sg is bounded as a composition of two bounded operators. By Theorem 3.4,
* % ||2
ISrll =T Tr| = | TR |" < 8.

Since Sy = (T3 Tr)* = T}, Tr = Sr, the operator Sy is self-adjoint. The inequality (2)
means that

allfI? < (Sr(N.f) < BIFI, ¥f €H.
This shows that el < Sg < BIy and hence Sy is a positive, invertible operator on H. [

Proposition 3.6 Let R be an RFF for H with frame operator Sg, we have then, forallf € H,

=) viSrmwAlty A (f) = Y Y vimw, Aty Amw, SR ().

iel jel; iel jel;
Proof Since Sr is invertible, for all f € H we have
f=SRSr{) =D ) ViSrmw Aty At (f)
iel jel;

= SRS% (f) = Z Z VlrzjﬂWiA?T\/ijAﬂ[\x/l.Skl(f).

iel jeJ;

Page 8 of 23
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The following theorem gives a sufficient condition such that two Bessel r-fusion se-
quence become RFFs in terms of their analysis operators.

Theorem 3.7 Let Ry = {(W), Vij, Ai,vi)lietjes; and Ro = {(W], V}, A, vj)hierjes; be two

Bessel r-fusion sequence for H with bounds B, and B, respectively. Let Tr, and Tr, be
their analysis operators such that T7*€2 TR, =1Iy. Then both Ry and R, are RFFs.

Proof Forall f € H, we have

IFI1* = (TR, (), Try (1))
< | R O | TR0

- (Z Z vi| v, Arw, () Hz) (Z Z v T Ay (f) HZ)

iel jel; iel jel;
2
- (ZZV%wa,Am(f)H )/3z|lfII2-
iel jel;

This yields

énfn2 <3 e, A D]

iel jel;
Similarly we obtain a lower bound for R. O

3.2 Duality of relay fusion frames
To define the dual frames for RFFs, we need the following technical lemma.

Lemma 3.8 (see [10]) Let A € B(H) and V C H be a closed subspace. Then
nyA* =y Aty

3.2.1 Global relay dual of relay fusion frames

Let R = {(W;, Vij, Aj,vij)}icrje; be an RFF for H. We consider global relay space K =
(3 i1 ®Ki)p2 and let Fx be a frame for K, where every K; is local relay space. We use
S7y to denote the frame operator for K. Let V; = S}-l}c Vijand 4A; = S}-IK Ty, Ai. We now
prove that R = {(W, Vi A Vi) }ienjey, is an RFF for H and we call R the global relay dual
RFF of R.

Theorem 3.9 Let R be an RFF for H. Then R is an REF for H and, for all f € H,

=220 VisEmwAiAmw{) = ) ) vimw Al A SE ().

iel jel; iel jeJ;

Proof We first prove the upper bound. For each f € H, we have

2.2 vl T v, S7 T Arwi ()| =YY ovilsAw Amw O

iel jel; iel jel;
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< |sA P BIf1

Now we obtain a lower bound for R. We compute

ZZVU ” rS V,,SJ-';CT AiﬂWi(f) ”2 = ZZV$||S.;'—I]Cr‘/iin7TM(f)||2

il jel; il jel;
2
= Z Z Vij ||S ||2 i/‘AinWi(f) ”
iel jel;
> 1.
||5 FclI?
Further, since S5 is invertible, for all f € H we have
f=SESr(f) =SSR ()
=Y ) ViSpmwA] v, A, (f)
iel jel;
= Z Z V?]S_EIJTWiA ‘L'VUSI ‘L'Si—lvl,l,Si_ll'Vl.jAﬂTWi )
i€l jel;
=22 ViSrmw A Amwi(f)
iel jel;
=22 vimw A ATw SR ().
— - O
iel jel;

3.2.2 Local relay dual of relay fusion frames

Let 1~/ij = Si‘l\/,j and /T,' = Si‘erﬁAi, where S; denote the frame operators with respect to
K; for each i € I and we call every S; local relay frame operator. We now prove that R =
{(w;, \N/,«j, A, Vij)}ierjey; is also an RFF for H and we call R the local relay dual RFF of R.

Theorem 3.10 Let R be an RFF for H. Then R is an RFF for H and, for all f € H,

f = ZZV;S%]TMxTZ,ﬂm(f) = Z ZVﬁ?TWL/TTZlﬂWlS%(f)

iel jel; iel jel;

Proof It is easy to show that, for all f € H,

ZZ U || 'L'S lvl ‘L'Vl.}.Al'ﬂWi(f)”z = ZZV;“S{ITVZ.].AﬂTWi(f) “2

iel jel; il jel;

—1112 2
< max |78} 11
Now we obtain a lower bound for K. We compute

> Wil St Amw N = 303 v ls oy Amw (]

iel jel; il jel;

_ZZ l}||5||2||TVz; i Wt(f)”

iel jel;
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[ «@ )
anlelﬁl{ ||Sl~||2}”f” '

Further, since S5 is invertible, for all f € H we have

f=S3S%() =SxSE(F)

2 -1 CIY
=YY viSRmw ATy, A (f)

iel jel;

_ 2c-1 * —1 -1 )
= E E VijSﬁ TTw; Ai TV;',‘Si 'Csi—l VijSi tVijAanf (f)
iel jel;

=)D ViSemw AL Amw ()

iel jel;

= Z Z V?jnm/ﬁxin%S}; f)-

iel jel; O

Remark 3.11 Recall that there are always many different frames for global relay space K
and local relay space K;, respectively. For this reason, the global relay dual RFF R and local
relay dual RFF R are not unique.

3.2.3 Canonical dual of relay fusion frames
Now let W/l = S;zl W; and /Ti = Ainv(/iS;-c.l, where Si is the frame operator for R. We prove

that R = {(\7%, Vijs A, Vij)}ierjey; is also an RFF for H and we call R the canonical dual REF
of R for H.

Theorem 3.12 Let R be an RFF for H. Then R isan RFF for H.

Proof For all f € H, we have

Y Y vl amwSR s O = 3 Y ville amwSR (O]

iel jel; iel jel;
-112 2
=[sz I a1
Now we obtain a lower bound for R. We compute

2

F1* =

<Z vajﬂ\%/\ffw;/‘iﬂ%%(f)»f>

il jel;

2

3OS e Amw SR (), v At f)

iel jel;

< (Z ZV?/”.EVIYAin"ViS;énSEVVi(f”V) (Z ZV?/”T%inJTM(f) ||2)

iel jel; iel jel;

= (ZZV?j||fv,,Aims;énséw,,(f)||2)ﬁuf||2,

i€l jel;
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which implies that

1
B 11> < Z Z V?;||T%7Aiﬂvﬂ5521”s;gw,v(f) >

iel jel;

O

Theorem 3.13 Let R be an REF for H with frame operator Sg and let R be the canonical
dual RFF of R with frame operator Sz. Then Sp Sz = Iy and T3 T = Iy and, for all f € H,

_ 2 * Al N _ 2 Iy X
f= E E vimw, A; v A, (f) = E ZVij”W,-Ai v, Aitw, (f).
iel jel; il jel;

Proof For all f € H, we obtain

P — 2 -1 * -1
SrSR(f) =Sr Z Z ViTtsw, SRTOW A v AiTwi SR s 1w, ()
i€l jel;

= S'R Z ZV?]S%JTWLATTVUA,T[WLS;{I(}[)
iel jel;

Y e A SR

iel jel;
=SrSR(f)
=f

and

TRTR(N = T ({vitv, Amw SR 10,0} iy jes,)
- T;‘z({vi,rvi].AmWiS;Ql(f)}id’jEJi)
= T TRSR (f)
=f.
The last assertion of the theorem follows from the previous steps of the proof. d

Moreover, the canonical dual RFFs give rise to expansion coefficients with the minimal

norm.

Theorem 3.14 Let R be an RFF with canonical dual RFF R. Then, Sor any g € Vj; satis-
Syingf = Zie]l Zjeji Vt'zjﬂVViA;‘kgif’ we have

o3 gl =Y > ey Ama O+ DD g - virv, A ()]

iel jel; iel jeJ; iel jel;

Proof We compute

Y Y vl Amwm Ol = (S2().f)

iel jel;

.57 0)

Page 12 of 23
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=YD rw Algy SR )

iel jel;

ZZ z} gll’ er/A anS (f )

i€l jel;

=D viley v A, ()

iel jel;

= Z Z Vlz/<rvti[/1\in\)% (f)’gij>;

iel jeJ;

which finishes the proof. d

Example 3.15 In classical frame theory we can always construction a Parseval frame by

1
applying S, where Sz denote the frame operator of frame F. For the situation of RFFs
is similarly. In fact, for all f € H,

I = (S32 S S (F),f) = <ZZv,,S 7w, Af Ty At S 20 f>

iel jel;

1
=22 vl amwsg O

iel jel;
2-
-S Y v amsin g, OF
iel jel; t

_1
therefore, {(S Wl, i A[rrWl.SR2 » Vi) }ieljeg; is a Parseval REF for H.

Example 3.16 We introduce atomic resolutions of an operator R on H. Let R be an RFF

for H. Suppose that R is the canonical dual RFF of R. Then from Theorem 3.13, we have
forallf e H

) —~
f ZZVUTL'\VA ‘L'V A 7TW (f) = szijﬂ@iA?T\/leiﬂWi(f).
iel jel; iel jel;
This implies that
Iy = Virw Af Ty, At = Vs Afty. At
H= G?t Wi i PV it = Gt Wi PV LW

iel jel; iel jel;

and the series are convergent in the weak* sense. Let R € B(H). As can be seen from the
discussion above

R= ZZVUT[\VA v, A TR = ZZVUJTW!A:‘TWAmMR

iel jel; il jel;

_ 2 * Ao 2p . A% )
—E E VinjT‘Vl’AiTV[/Ale\/\’/L'_E E ViiRm g, A7 Ty, Aitw,.

il jel; iel jel;
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3.3 Q-dual relay fusion frames

The concept of Q-dual fusion frames for finite-dimensional Hilbert spaces and any separa-
ble Hilbert spaces were introduced in [13, 14], respectively. In this subsection we transfer
some definitions and results of Q-dual fusion frames to the situation of RFFs. For more
information about Q-dual fusion frames, we refer to [13, 14].

Throughout this subsection, the symbols Ky, Ky, Ry, Ry, and ETRV refer, respectively,
to the spaces (3, Z,»EJL. SVier, O i Zjeji ®Uj) 2, the families {(W, Vi, Ay, vip)Yietjer;s
{(M, Uy, T, uig)}ierjey; and the collection of bounded left inverses of Tz, .

In analogy with the fusion frame case (see [14], Definition 3.1, 3.3), we introduce the

following terminology.

Definition 9 Let Ry and Ry be two RFFs for H. If there exists Q € B(Ky, Ky;) such that
T’TQU QTRV = [H7
then R is said to be a Q-dual RFF of Ry.

Definition 10 Let P, ) : KCv = Ky, Ponmfijlicrjes; = 8(umm)ipyfijlietjes;» where 8im ),
is the Kronecker delta. If Q in Definition 9 satisfies

Qp(m,n)K:V = P(m,n)’CLI:

we say that Q is component preserving and R is a component preserving dual RFF of
Ry.

To simplify the exposition, we just formulate the following results which are analogous
to Lemma 3.4, 3.5 of [14] with the proofs carrying over with small changes, so we omit

them.

Lemma 3.17 Let Ry be an RFF for H. If Ry; is a component preserving dual RFF of Ry,
then Uy, ny = APuICv, for each i € 1,j € J;, where A € ’CTRV‘

Theorem 3.18 Let Ry be an RFF for H, A € ‘CTRV and Uy = APumKy, for each i €
Lj e J;. If Ry is a Bessel r-fusion sequence and

1
Qa: Ky = Ku, Qalfilierjer; = {_Ap(m,n) {fij}ie]l,jej,»}
Uij mel,nel;

is a well-defined bounded operator, then Ry is a Qa-component preserving the dual RFF
Ova.

Remark 3.19 As discussed in [14], Remark 3.6, 3.10, we can always find the conditions for
Ry being a Bessel r-fusion sequence and for Q4 being a well defined bounded operator. In
particular, the hypotheses R to be a Bessel r-fusion sequence and Q4 to be a well-defined

bounded operator cannot be avoided.
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4 Relay fusion frame systems
We begin this section by defining relay fusion frame systems. The use of RFFs permit
furthermore local processing in each of the subspaces of relay spaces. For this purpose, it

is useful to have a set of relay local frames for its subspaces.

Definition 11 Let R be a r-fusion frame for H, and let F; = {fjx} keK;; be a frame for Vj; for
each i € I,j € J;. Then we call Fj; the r-local frame with respect to H and {R, F = {F;}} a
r-fusion frame system for H. & and g are the associated r-fusion frame bounds if they are
the fusion frame bounds for R, and A and u are the r-local frame bounds if these are the
common frame bounds for the r-local frame ;. A collection of dual frames fii = {Z-jk}keKi/

for each i € I,j € J; associated with the r-local frames will be called r-local dual frames.

The next theorem generalizes a result of Cazassa and Kutyniok [4] to the situation of
RFFs.

Theorem 4.1 Let {ﬁjk}keKU be a r-local frame with frame bounds ,i and i and let
{esjitkek;; be an orthonormal basis for subspaces Vi for each i € 1,j € J;. Suppose that
O<A= infkeK,, A < SUPex; Mk = I < +0O. Then the following statements are equivalent:
(i) R be an RFF for H.

(ii) {vyjmw, A:‘eijk}ieﬂ,jeji,keKli is a frame for H.

(iil) {vymw, A;-kﬁjk}ie]lvjeq]]i,kEKlj is a frame for H.
In particular, if {R,F} is an RFF system for H with RFF bounds o and (8, then
{Vl‘l'T[W’.A?ﬁ‘jk}jeﬂ,}'eji’keﬂgﬁ is a frame for H with frame bounds ok and Bu. Also if
{Vi,'nW,.A;‘ﬁjk}iemjdi,/(eﬂgij is a frame for H with frame bounds a and B, then {R,F} is an
RFF system for H with RFF bounds % and %

Proof (i) < (ii) Note that

2

Z (Ain\x/i ), eijk>ezjk

kGKl‘j

> X il Al = £ 3

iel jel; iel jeJ;

=222 e

iel jel;  keKy

ZZ Z |(f viittw; A7 (i) )’2

iel jel; keK;

It follows that R is an RFF for H if and only if {v;mw, Afeiibieljel ke, 1s @ frame for H.
(i) « (iii) By hypothesis, we obtain

DI LT RED DY DA LT G]

iel jel; iel jel;

=22 Ll vmmait)l

i€l jel; keKyj

= MZZVz’Zj||TW/Ai”Wi(f)“2' ®)

iel jel;
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If R is an RFF for H with bounds « and 8, then from the above calculations we have

adllf 1% < Y23 S [ vimw, AR G0) | < Buellf 11>

i€l jel; keKy

Moreover, provided that {v;imw, Al fii}ie1 e Jikek;; i@ frame for H with frame bounds « and
B, again by applying (3) we have

PR D) A LA o1 =L

iel jel; 0

Corollary4.2 Let {fj} keK; be a Parseval r-local frame and let {e;i} keK; be an orthonormal
basis for subspaces Vj; for each i € 1,j € J;.. Then the following statements are equivalent:
(i) R is a Parseval RFF for H.
(i) Sr =1Iu
(iil) {vymw, Afeijk}ieﬂ,jejbkeK,.i is a Parseval frame for H.

(iv) {vimw, Affiiierje Jikeky IS a Parseval frame for H.

Proof By Theorem 4.1 it only remains to see (i) < (ii). Applying Proposition 3.5, (i) implies
(ii). Now suppose that Sz = ;. Then we have for all f € H

IFI? = (SR (f).f) = <ZZv,,nWA v, A, (f) f>

iel jel;

=Y Al amwd]. .

iel jel;

The following proposition will show the relation between the frame operator for R and
the frame operator for the frame {v;mw, Al fi}ierjes ikeKy

Proposition 4.3 Let R be an RFF for H and {fi;‘k}keK,-,- be a Parseval r-local frame. Then
the RFF operator Si equals the frame operator S, 5 for the frame {vimw, A fii }ie1je T keKyo
and, for all h € H,

h= Z Z Visz;éJTvyiA;k‘L'VlyAiﬂvyi(h)

iel jel;

=YD {mvimw, Afir)Som avitw Al

iel jel; keKy

Proof Since {fijk}keK,, is a Parseval frame for Vj; foreachiel,j € J;,

v Airw, (1) = Z (Tw,/\iﬂvai(h)yﬁ/k)ﬂjk = Z (Aimrw, (), fiie fie.

/(EK,‘/ keKL‘j

Therefore,

= Z vajnWlA v, A Al

il jel;
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=3 vimw AT Y (A (), filfie

iel jel; keKj;

= Z Z Z (B, vigow, AL fi)vimew, A fi

i€l jel; keK;

= SvnA (h)

and

h= Z Z V?/S;éﬂ\x/i/‘?fvlj/‘iﬂ\x/i(h)

iel jeJ;

=3 ViSRmw AT Y (Arw, (), fifie

i€l jel; kE]K,'/

= Z Z Z (, vijew, Aifie)Som avimew, Aifie.

iel jel; keKy; O
The following result gives another representation of the frame operator for R.

Proposition 4.4 Let {R, F} be an RFF system for H, and let ]?Lj = {z’/k}keKU be associated
r-local dual frames. Then the associated RFF operator Sg can be written as

2 2
Sr=Y_> Vimw A T3 Tr, A, = Y vimw AT, Tz, A,
iel jel; il jel;

Proof For each f € H, we have

SR(f) =D Y vimw Aty Airtw,(f)

iel jel;
2 ~
=22 vimw A Y (A ) il
iel jel; keK,'/
— 2 * vk )
= Z Z Vijnw/i Ai T]_N_ll T_FliAlﬂv(/i(f).
iel jel;

Similarly,

Sr(f) = Z Z vitw, Al vy At (f)

iel jeJ;
) ~
=D > vimw A Y (A, (). flf
i€l jel; keK;
_ 2 * vk ~
=2 Vimw ATy, Tx A, (). -
iel jel;

The following theorem will provide accurate estimates for the RFF operators of an RFF
of the form {(AW}, Vi, Ay, vij)}iejey; -

Theorem 4.5 Let R = {(W, Vij, A;,vij)}ie1jes; be an REF for H with REF operator S and
let A € B(H) be an invertible operator. Then R 4 = {(AW, Vij, Aj, vi)iel jey; is an RFF for H

Page 17 of 23
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with RFF operator S , satisfying

ASRA*
AP = Ra S

A~ 1|| ASRA*.

Proof For all f € H, we have

ASRA
(ARd) = s 2 X Al A A
1A AT & £
i 2 2 il Amw A T (0]
” ” iel jel;
A*
< LA S S 2 oy, A
|A|| iel jel;
= (Srff).

Applying Lemma 3.8 to A™! and AW yields
TAW; = TTAW; (Ail)*TL'WiA*.

Then

<SRAf’f> = ZZV;H tVl}AlnAW/,(f)Hz

iel jel;

=2 vilo Amaw (A7) mw A

iel jel;

< @) P32 Y vl amwar )’

i€l jel;
= (A7) [P (Sr AT, AYS)
= ([ (A7)’ ASr A f). 0

The following result can be regarded as a corollary of Theorem 4.5. Here we show it in
a different way.

Theorem 4.6 Let R = {(W;, Vij, Aj,Vij)}ieljel; be an RFF for H with RFF bounds o and B.
If A € B(H) is an invertible operator, then R o = {(AW}, Vi, Ai, vi)}iejey, is an RFF for H
with RFF bounds

o A 1211 ¢ Ay =112
EOERAL L G

Proof By applying Lemma 3.8, we obtain

|zvy Aimrw, A% (O] = |zv; Arw, A maw, ()| < A" || 7y Aiaw ()]

Page 18 of 23
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Since A*(f) € H and 'R is an RFF for H, we have

a|a*()* <303 vl Amwa (O < |4 323 vill v, Aaw (]

iel jel; iel jel;

Due to A* being an invertible operator, we have

|IA* ) ||(A*) 1||2”f|| —ZZ ||TW;Az’7TAWi(f)||2~

iel jel;

In order to show the upper bound, notice that applying Lemma 3.8 to A™! and AW; yields
TTAW; = TTAW; (A_l)*ﬂWiA*.
Therefore

[7v Aiaw O] = [ (A7) [ zv; AiewA* (]

Hence
S Y e Al = 147 X 302 vy A )|
il jel; iel jel;

<Bla* (") Puri O
Similarly, we have the following.

Theorem 4.7 Let R = {(W;, Vij, Aj, Vi) }ieljel; be an RFF for H with RFF bounds o and B.
If B; € B(K;) are invertible operators for each i € 1, then R = {(W;, B;Vyj, Aj, vip)Yierjey; is
an REF for H with RFF bounds

N RICONE
‘EEF{HBMB;W}’ mllEr e e

Proof For any f € H, by Lemma 3.8 we have

”Bif\/,,»/\iﬂm(f)“ = ”TB,'VL'/BitViinnWi(f) | < 1B ”TBf\/LinﬂW,(f) B

Then
#”r A (f)“<||1- A (f)”
BB Vi AT = vy Al
It follows that
,eu{nB 11211B;! ||2}Ilf|| _ZZ”B ||2||B ”2 v, A, ()]

iel jel;

<3S 2wy, Amw O]

i€l jel;
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As in Theorem 4.6, we have
_ —1\* *
TB; vy = TB;Vy (Bi ) TVi/Bi :
Thus

|t8,v; Arew, (D) = |8, (B) v, B Airw ()]

= [BI1B) [zvy Aw £

Hence
> il A O < 3 D IB B[P ev, A ()]
iel jel; iel jel;

<max{ |8 (B7)" | B} 171> -

Specializing to A and {B;};c1 being the inverse RFF operator S;-é and the inverse local
relay frame operators {Si_l}igﬁ, we obtain from Theorems 4.6 and 4.7 Corollaries 4.8 and
4.9, respectively.

Corollary 4.8 Let R = {(W}, Vij, Ai,vij)}icljes; be an REF for H with RFF bounds o and f
and RFF operator Si. Then {(Skl Wi, Vij Ais vip) Yietjey, is an REF for H with REF bounds %2

2
and &
o

Corollary 4.9 Let R = {(W, Vij, Aj,vij)}icljes; be an REF for H with RFF bounds o and p
and relay local frame operator S;. Then {(W, Si‘1 Vij» Ai Vij)Yiel jes; is an RFF for H with RFF
bounds

minf et b max(Is ) e

iel

The following results show that {S;z1 VyTTwW; A;-kj;jk}ie[[,l’e JykeK;; is a dual frame for the frame
{Vl‘l'ﬂWiA?ﬁ‘}'k}jeﬂ,}'ejiyke]](ij and a “dual” relation also holds.

Proposition 4.10 Let {R, F} be an RFF system for H with associated RFF operator Sg,
common relay local frame bounds and relay local dual frames {ﬁjk}keKﬁ, iel,jel; Then

{Sﬁl VT, Aj‘ﬁjk}ieﬂ,jejbkd(” is a dual frame for the frame {v;mw, A?ﬁ]’k}ie]]’jeji,ke]](lj.

Proof For all f € H, we have

2D D SR v Al At

iel jel; keKy

= Z Z Vl'Z/”WiA;‘ Z (T‘G/Ai”WiSkI (). fie fii

i€l jel; keK;

_ 2 * ) —1

= E , E viTew; A Ty Aitw; S ()
iel jel;

=f. O
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Proposition 4.11 Let {R,F} be an RFF system for H with associated RFF operator Sg,
common relay local frame bounds and relay local dual frames {ﬁjk}keKi}., iel,jel; Then

{vimw, Atfibietjer ke is a dual frame for the frame {S7vyw, A} fix}ictje, hex;-

Proof Employing Proposition 4.10, we have for all f € H

=20 D o vimw Alfir)SR vimw, Aifie

i€l jel; keKy

=S > D vimw AT Y (v A (). i

iel jel; keK;;
*7 —1 *
= Z Z Z (f’ ViiTtw; Aiﬁ7k>SR vytw; A fijk-
i€l jel; keKyj O

5 Perturbation of the relay fusion frames

The stability of frames is of great significance in practice, so many authors have carried out
extensive research on it, e.g., see [3, 6, 7, 22, 24]. In this section, we study the stability of
RFFs. Similar to ordinary frames, RFFs are stable under small perturbations. Specifically,

we have the following.

Theorem 5.1 Let R = {(W;, Vij, Ai, vij)}ic1jes; be an RFF for H with RFF bounds o and
B. Suppose that {Z;}jcy, is a family of closed subspaces in K; for each i € I and there exist
constants 81,85, & > 0 such that max{§;, + %,82} <landforallf e H

1

(EZ sl amn - ame )

iel jel;

1

2
<o Xl amnl)

iel jel;

+52(ZZV3”T&;AW\%WH2>2 +ellf1- )

iel jel;
Then Ry = (Wi, Zij, Ais vi) }ierjey; is an REF for H with RFF bounds
L8 — N2 £\ 2
u 1 51 7a IB 1+ 81 + 7B ‘
1+ 82 ’ 1- 82
Proof We first prove the lower bound. Since R; is an RFF for H with bounds « and 8,
then, for each f € H, we obtain

1 1
5 22 il amn N < WP = 3 303 ey A 0

iel jel; il jel;

By using (4) and the triangle inequality, we have

(ZZ sl ametl) - (S il amdl)

il jel; iel jeJ;
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1
2

< (Z Z V§||TVUAi7TV(G(f) - TZi/Ai”Wi(f) H2>

iel jeJ;

(e ) (ST vam ) 5 (STl amnl’)

iel jel; il jel;

Now solving for 7,1 >, vfj llez; Arw; ()| yields

1_81_% ’ 2 2 2
a(T&) 1> <)Y villez amw (N

iel jel;
Similarly we can prove that
1468 +%\2
P 2
ﬂ(l—is;/—) |V||2ZZZV?}“tZiinn"Vi(f)” ) .
i€l jel;

The following is another version of perturbation of RFFs.

Theorem 5.2 Let Ry = {(W;, Vij, Ai, vij) el je); be an RFF for H with RFF bounds o and B.
Suppose that {Z;j}jcy, is a family of closed subspaces in K; for each i € I and there exists a
constant 0 < § < o such that

ZZV%}'HT\@AﬂTWi(f)—TZi/-Aiﬂ\)Vi(f)||2§5|lf||2’ Vf €H. (5)

iel jel;

Then Ry = {(Wi, Zij, Ais viy)}ierjey; is an REF for H with RFF bounds
Vi-Va,  Vi+/B.

Proof By applying the triangle inequality, we obtain

[ {viez, Amw, (D} iy e, |
< [{vyrv; Aimrw, () = viyrz, Amtw, (O} e |+ I{virvy Aimrw (0}, |

<WVs+VBIfI,

for all f € H. Therefore
Z Z Vi ez, Aimw, () H2 < (Vs +/BRIfI%  Vf eH.
iel jel;

Similarly we have

SN Rz Amw, ()] = (Vo - V@PIfIR Yf eH.

il jel;

O

We remark that there also exist other forms of perturbation about the families of oper-
ators {A;};c1 and subspaces {W;};c1 of REFs. These results are analogous to Theorem 5.1
and Theorem 5.2 with the proofs following similar lines, therefore we omit them.
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