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Abstract

In this study, we present the notions of f-asymptotically Z,-equivalence, strongly
f-asymptotically Z,-equivalence, f-asymptotically lacunary Z,-equivalence, and
strongly f-asymptotically lacunary Z,-equivalence of double sequences and
investigate some relationships between them. Also, we examine some relationships
between strongly f-asymptotically Z,-equivalence and asymptotically Z,-statistical
equivalence and between strongly f-asymptotically lacunary Z,-equivalence and
asymptotically lacunary Z-statistical equivalence of double sequences.
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1 Introduction and background

Throughout the paper, N is the set of all positive integers, and R is the set of all real num-
bers. The concept of convergence of a sequence of real numbers has been extended to
statistical convergence independently by Fast [14] and Schoenberg [39]. Fridy and Orhan
[15] studied lacunary statistical convergence. This concept was extended to the double
sequences by Mursaleen and Edely [28]. A lot of development have been made in this area
after the works of [1, 2, 13, 25-27].

The idea of Z-convergence was introduced by Kostyrko, Salat, and Wilczynski [20] as
a generalization of statistical convergence. Das et al. [4] introduced the concept of Z-
convergence of double sequences in a metric space and studied some properties of this
convergence. A lot of development have been made in this area after the works of [5-11,
29-32, 40, 44].

Marouf [24] presented definitions for asymptotically equivalent and asymptotic regu-
lar matrices. Patterson [35] presented asymptotically statistically equivalent sequences
for nonnegative summability matrices. Diindar et al. [12] defined asymptotically ZJ -
equivalent, asymptotically invariant equivalent, strongly asymptotically invariant equiv-
alent, and p-strongly asymptotically invariant equivalent for double sequences. Ulusu
and Diindar [42] introduced the concepts of asymptotically lacunary 7, -invariant equiva-
lence, asymptotically lacunary o,-equivalence, and asymptotically lacunary invariant S,-
equivalence of double sequences. Hazarika and Kumar [16] studied asymptotically double
lacunary statistically equivalent sequences in ideal context.
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The modulus function was introduced by Nakano [33]. Maddox [23], Pehlivan [37], and
many authors used the modulus function f to define some new concepts and inclusion
theorems. Kumar and Sharma [21] studied lacunary equivalent sequences by ideals and
the modulus function. Also, several authors define some new concepts and give inclusion
theorems using a modulus function f (see [17, 18]).

Now we recall the basic concepts and some definitions (see [3, 15, 19, 20, 22—24, 34-38,
41, 43)).

By alacunary sequence we mean an increasing integer sequence 6 = {k,} such that ko =0
and i, = k, — k,_; — 00 as r — oco. Throughout the paper, we let 6 = {k,} be a lacunary
sequence.

A double sequence 6, = {(k,j,)} is called a double lacunary sequence if there exist two
increasing sequences of integers such that ky = 0, 4, = k, — k,_; — oo and jo = 0, /1, =

Ju —Ju-1 — 00 as r,u — oo. We further use the following notations:

kru = rju: hru = hr]:lux Iru = {(k’/) : kr—l <k = kr andju—l <j Sju};

kr .M
= and ¢, = ‘] .
kr—l ]u—l

qr

Throughout the paper, we let 8, = {(k;,,)} be a double lacunary sequence.
A family of sets Z C 2" is called an ideal if and only if
(iy deZ,
(ii) forall A,BeZ,wehave AUB€Z,
(iii) for each A € 7 and each BC A, we have Be 7.
An ideal is called nontrivial if N ¢ 7, and a nontrivial ideal is called admissible if {n} € 7
for each n € N. Throughout the paper, we let Z be an admissible ideal.
A nontrivial ideal 7, of N x N is called a strongly admissible ideal if {i} x N and N x {7}
belong to Z, for each i € N.
Throughout the paper, we let 7, be a strongly admissible ideal in N x N.
It is evident that a strongly admissible ideal is admissible.
We denote Z9 = {A € NxN: (Im(A) € N) (i,j > m(A) = (i,j) ¢ A)}. Then I is a strongly
admissible ideal, and clearly an ideal Z, is strongly admissible if and only if Z C Z,.
Two nonnegative sequences x = (xx) and y = (yx) are said to be asymptotically equivalent
if limg oo ;‘—t =1 (denoted by x ~ y).
Two nonnegative sequences x = (i) and y = (y¢) are said to be asymptotically statistically

equivalent of multiple L if for every ¢ > 0,

1
lim — =0

n—-oo y

{kﬁn:

Jﬁ—L’ 28}
Yk

(denoted by x % y) and simply asymptotically statistically equivalent, if L = 1.
Two nonnegative sequences x = (xx) and y = (yx) are said to be strongly asymptotically

equivalent of multiple L with respect to the ideal Z if for every ¢ > 0,

1
{neN:ZZ

k=1

’ﬁ—L‘zs eT
Yk



Pancaroglu Akin Journal of Inequalities and Applications (2019) 2019:224 Page3of 11

(denoted by x £ yx) and simply strongly asymptotically equivalent with respect to the
ideal Zif L =1.

Two nonnegative sequences x = (xx) and y = (yx) are said to be strongly asymptotically
lacunary equivalent of multiple L with respect to the ideal Z if for every ¢ > 0,

{reN:hlZ

r kel

L

Yk

ze}eI

(denoted by xx o yx) and simply strongly asymptotically lacunary Z-equivalent with
respect to the ideal Zif L = 1.

Two nonnegative sequences x = () and y = (yx) are said to be asymptotically lacunary
statistically equivalent of multiple L with respect to the ideal Z if for all¢ >0 and y > 0,

1
{reN:— ZS}

I,
(denoted by x T yx) and simply asymptotically lacunary Z-statistically equivalent if
L=1.

A function f : [0,00) — [0, 00) is called a modulus if
fx)=0ifand ifonlyifx =0,
fla+y) <f@x)+f0),

f is increasing, and

L
Yk

{ke[,:

ZV}GI

BN =

f is continuous from the right at 0.
A modulus may be unbounded (for example, f(x) = #”, 0 < p < 1) or bounded (for example,
fx) = 25).

Let f be a modulus function. Two nonnegative sequences x = (x) and y = (y) are said to
be f-asymptotically equivalent of multiple L with respect to the ideal 7 if for every ¢ > 0,

o) ]

1z
(denoted by x 0 yx) and simply f-asymptotically Z-equivalent if L = 1.

Let f be a modulus function. Two nonnegative sequences x = (x¢) and y = (yx) are said
to be strongly f-asymptotically equivalent of multiple L with respect to the ideal Z if for
every € >0,

lrensd 3o

k=1

ﬁ—L‘)zs el
Yk

Z(wy)
(denoted by x ~ yx)) and simply strongly f-asymptotically Z-equivalent if L = 1.
Let f be a modulus function. Two nonnegative sequences x = (x¢) and y = (y¢) are said
to be strongly f-asymptotically lacunary equivalent of multiple L with respect to the ideal

fﬁ—4>zs}ez
Yk

7 if for every € > 0,

o 3

r kel,
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)
(denoted by xx ~ yx)) and simply strongly f-asymptotically lacunary Z-equivalent if

L=1.
Two nonnegative double sequences x = (x;) and y = (yy;) are said to be asymptotically
strongly 7,-equivalent of multiple L if for every ¢ > 0,

1 m,n )
:(m,n)eNxN:—Z X _ ‘zg}el'z

mn i
k1! W

(3]
(denoted by uxy; 2 ¥x) and simply asymptotically 7,-statistical equivalent if L = 1.

Two nonnegative double sequences x = (x;) and y = (yy;) are said to be asymptotically
1,-statistically equivalent of multiple L if for all ¢ > 0 and each y >0,

1
{(m,n)eNxN:—Hk,jfm,n:
mn

X
)
ykj

Z)/}sz

(denoted by uxy; €3 ¥i) and simply asymptotically Z,-statistically equivalent if L = 1.
Two nonnegative double sequences x = (x;) and y = (yy;) are said to be asymptotically

lacunary 7,-equivalent of multiple L if for every ¢ > 0,

xkj
Yij

1
{(r,u)eNxN:h— L

" k)l

28} €I2

(75,]
(denoted by uxy; 2 i) and simply strongly asymptotically lacunary Z,-equivalent if L = 1.

Two nonnegative double sequences x = (x;) and y = (yy;) are said to be asymptotically
lacunary Z,-statistically equivalent of multiple L if for all ¢ >0 and y > 0,

1
{(r,u)eNxN.h—

ru

{(k,n €l

@—L‘ze} ZV} el
Yk

T
(denoted by uxy; 25 i) and simply asymptotically 7-statistically equivalent if L = 1.

Lemma 1 ([37]) Letf be a modulus, and let 0 < § < 1. Then, for each x > §, we have f(x) <
21 (1)8~Lx.

2 Main results
Definition 2.1 Let f be a modulus function. Two nonnegative sequences x = (x;;) and
¥ = (yxj) are said to be f-asymptotically 7,-equivalent of multiple L if for every & > 0,

&—L‘) 28}612

{(k,j)eNxN:f(
Yk

L

¢
(denoted by xy; ™ ¥x) and simply f-asymptotically Z,-equivalent if L = 1.

Definition 2.2 Let f be a modulus function. The two nonnegative sequences x = (xy;) and

¥ = (yxj) are said to be strongly f-asymptotically 7,-equivalent of multiple L if for every
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e >0,

1 m,n
(m,n)eNxN:%Zf<

Xkj
= _ ‘) >er el
ki1 MYk

|
i) and simply strongly f-asymptotically Z,-equivalent if L = 1.

L

[Z3 (M
(denoted by xy; ~ v

(Z5) (Z5 ()]
Theorem 2.1 Letf be a modulus function. Then xy; 2 Vij = Xij ™ Vij-

e23)
Proof Suppose that xy; 2 ¥ and let & > 0 be given. Select 0 < § < 1 such that f(¢) < & for
0 <t < 4. We can write
Yij

a2 (1) o k,Zlf(

kj=1

*kj

|%—L|55

) Kii

j
tom 2 IS 1)

FEEG

g _

I5e-LI>s

and so by Lemma 1

‘ (1) 1 &y
! (- t]) <o+ (%) 1)
mn i Vij 1) mn s Vij

Thus, for any y >0,

1 m,n
:(m,n)eNxN:%Zf<

pic —LD >y
Yiji

kj-1

1 m,n . _ 5
c (m,n)eNxN;_Z’&_L’z(y g) ‘

mn a3 e 2f(1)

(73
Since xy; 2 ¥, it follows that the second set and thus the first set in the above expression
(Z3 ()
belong to Z,. This proves that x;; B Y- 0

. w10 (74]
Theorem 2.2 Iflim;_, o @ =a >0, then x Vij & Xij 2 Vij-
L IL

[Z; (Z3 (N
Proof We showed that x; ~ yi; = %y B> ¥ in Theorem 2.1. Now we must show that

(Z5 (] (Z5)
By N =g Y.
L

. [Z5(F
Let hmt_wo& =a > 0. Then we have f(f) > at for all £ > 0. Assume that xy v Yij-

-
Xii Xii
) el <)
Vi — | Vkj

( 1 m,n
mnkJ 1

Since

%Z(

kj=1

Xy 1 &L
X LI e
)= e

Yk kj=1
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it follows that for each ¢ > 0, we have

1 &g
:(m,n)eNxN:—Zﬁ— ‘ZE}
mnk’j=1 Vi
1 2 Xkj
C (m,n)eNxN:—Zf — —L|)>as}.
mnkJ=1 Vij

(Z5 ()]
Since xy; X ¥, it follows that the latter set and hence the former set in the above ex-
: . (Z3 () (Z3]
pression belong to Z,. This proves that xi; ~  yi; < x5 ~ vy 0

Definition 2.3 Let f be a modulus function. Two nonnegative sequences x = (x;;) and
¥ = (k) are said to be f-asymptotically lacunary Z,-equivalent of multiple L if for every

X
ﬁ—L‘) ZE} el
Yij

L (f

)
(denoted by uxy; % ¥x)) and simply f-asymptotically lacunary 7,-equivalent if L = 1.

>0,

{(k,j)elm :f(

Definition 2.4 Let f be a modulus function. Two nonnegative sequences x = (x;;) and
¥ = (yxj) are said to be strongly f-asymptotically lacunary 7,-equivalent of multiple L if for

@ - ‘) > 8} €I2
Yij
[Z5 ()

(denoted by xy % %)) and simply strongly f-asymptotically lacunary Z,-equivalent if
L=1.

every € >0,

{(r,u)eNxN:hi > f(

i (kj)elru

(7% ] [z (M)
Theorem 2.3 Let f be a modulus function. Then, xi; ~ Yij = Xij X Yij-

[z ]
Proof Letxy; 2 yxj>and let & > 0 be given. Choose 0 < § < 1 such thatf(f) <efor0 <t <.
We can write

1
e T
ru (kj)elru

)i 2

% " ol
|%—L|S5
1 X
s (1)),
ru (kj)elru yk]
M _
I5aL>s

and so by Lemma 1

1 , 27(1)\ 1
e () < (50
el MR T (kg
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Thus, for each any y > 0,

{(r,u)eNxN:hi > f(

1) =]
Vij -

VM (kj)elry
1 e s
S{(r,u)eNxN;_ ﬁ_L‘Z(V €) }
VM (kj)elru yk] Zf(l)

L
0
Since x ~ Yij» it follows that the latter set and hence the former set in the above expres-
(Z5, ()]
sion belong to Z,. This proves that x;; Yij- d

) 0 (T4, ()] (75,
Theorem 2.4 Iflim, .oo= =a >0, thenxy; ~ yy5& x5 ~ Y.

(Z5] (ZF ()
Proof We showed that x;; 2 Vij = Xij S Y% in Theorem 2.3. Now we must show that
(T4, ()] (Z5,]
Xij Y= XK ™ Vi
. 0 (Z5, )
Let lim;_, o=~ = a > 0. Then we have f(¢) > af for all £ > 0. Assume that x,; ~  yy;.

;
) )
Vi Yij

o)
Yiji

From

2

™ (k,j)€lry

v

w2

" (k)elu

1
(i ¥
hru (kj)elry

it follows that for each ¢ > 0, we have

xkj
Yij

1
{(r,u)eNxN:h— L

" (kj)elu

e

x,
% —LD zas}.
Yij

g{(r,u)eNxN:hi Z f<

™ (kj)elry

(Z5, ()
Since xy; £ Yk it follows that the latter set and hence the former set in the above ex-
(75, (Z5, ()]
pression belong to Z,. This proves that xy; ~ yy <Xy ~ Y. d

Theorem 2.5 Let f be a modulus function. If liminf, , q,,, > 1, then

E) [75,0]
X~ Yy = Xy~ Ve

Proof Suppose that liminf,,, q,, > 1. Then there exists n > 0 such that ¢,, > 1 + n for

sufficiently large r, u. Then we have

hm> n_
kiju — 147

Page 7 of 11
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(Z5(n]
Let xy A i For sufficiently large r, u, we have

krju
1 xig 1 Xy
2= o)
Keju Kjm11 Yij Kyjiu (k) €l Vi
hm) 1 xkj
() (2]
(k,u By k})X: Vij

xkj
Yij

-L

)

e 2
> — f
L+ " hru (kyj)elry

which gives, for any ¢ > 0,

i) =]
YVij -

1 S X en
S o 2y ) E T |
Y ki=1,1 J

(ZZ ()
Since xy; A Yk it follows that the latter set and hence the former set belong to Z;. This
(75, ()]
shows that x;;  ~  yy;. O

1
{(r,u)eNxN:h— > f(
(k)

. (Z5 ()] Iy(5)
Theorem 2.6 Letf be a modulus function. Then, xij ~  yij = X ~ Y-

(Z5()
Proof Assume that xy ™ Yij> and let & > 0 be given. From

),
yk/

1
zf(s)-%kam,jfn:

ﬁsz )= Zf(

yk/

ka -Lize

.
Wl
Yij

-

it follows that for any y > 0, we have

X
W_r
Yij

xk] ‘) >yt
yk/ -
L

, e . .
Since xy; X i it follows the latter set and hence the former set in the above expression

1
{(m,n)eNxN:—Hkim,jiVli
mn

{(m,n)eNxN —Zf(

kj=1

belong to Z,. Therefore x;; B Vg O

(s (T ()
Theorem 2.7 Letf be a modulus function. If f is bounded, then x;; 20 Vij & Xij A V-
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L

(Z5 ()]
Proof We showed that xy;

T,(9) (Z5 ()
Xig ™~ Vg =X~ Vige

Assume that f is bounded and let xy;
real number M such that |[f(x)| < M for all x > 0. We have

m,n
o)<k 8 ()
Yij mn Yk

(S
YVij = Xij 2 ¥ in Theorem 2.6. Now we must show that

TS
2 yi- Since f is bounded, there exists a positive

a2t

kyj=1 kj=1
5 LIz
1 & X
o 2 (5 +)
mn o Yij
|%—L|<s
< — {l<§m,]<n = L‘ ZS} +f(e).
mn i
(Z5()
This proves that xy; 2 Y- d
(Z5, ()] Z(Sgy)
Theorem 2.8 Let f be a modulus function. Then xi; ~  yij =% ~ Y.
(Z, 0
Proof Assume thatx; ~ 7y, and let € > 0 be given. From
i 2 /)25 Z A5
el N R " (& Vi
50 -Lize
1 ) Xkj
Zf(g)_ (k;])EIru: —-L >¢&
My Yij
it follows that for any y > 0,
1
{(r,u)eNxN:— {(k/)elm ——L >5} y}
hru yk]
1 X
g{(r,u)eNxN:h— Zf( o D>7/f(8)}
ki
(k)

(Z5, ()
Since xy; % ¥i» the last set belongs to Z,, and so by the definition of an ideal the first

Z(Sgy)
set belongs to Z,. Therefore xi; ~" yy;. O

Z(Sg,) (Zg, ()
Theorem 2.9 Letf bea modulus function. Iff is bounded, then x; = Vij & Xij 2 Yig-

(Z, ()
Proof We showed that x;; ~

Z(Sg,) (Z5, 1)
that xy; ~ Vg =X~ i

Z(Se,)

Yij = X ? ¥ in Theorem 2.8. Now we must show

Page9of 11
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Z(Sp,)
Assume that f is bounded and let xy; = ¥y Since f is bounded, there exists a positive
real number M such that |f(x)] < M for all x > 0. We have

1 Xkj 1 X
LEA L )
h 2. Vi ez (k,;ém ki

i (kj)elry

\’;—Z—L\zs
1 Xkj

& 2z
el MR

|%—L <€
M Kii
= {(k,j) €Ly |2 —L‘ 28} +f(e).
ru ykj
(Zg, ()
This proves that xi; ~ . g
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