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1 Motivations and main results
In recent years, since the Orlicz spaces are more general than the classical L, spaces, which
are composed of measurable functions f(x) such that |[f(x)|? are integrable, there is grow-
ing interest in problems of approximation in Orlicz spaces.

For proceeding smoothly, we recall from [22] some definitions and related results.

A continuous convex function @ (£) on [0, 00) is called a Young function if

lim ﬁt) =0 and lim ﬁt) =00
t—0t t—oo [
For a Young function & (t), its complementary Young function is denoted by ¥ (¢).
It is clear that the convexity of @ (t) leads to @ («t) < a@(¢) for a € [0,1]. In particular,
we have @ (at) < a®(t) for a € (0,1).
A Young function @(¢) is said to satisfy the A,-condition, denoted by @ € A,, if there
exist o > 0 and C > 1 such that @ (2¢) < CP(¢) for t > ty.
Let & (t) be a Young function. We define the Orlicz class Ly [0, 00) as the collection of

all Lebesgue-measurable functions u#(x) on [0, 00). Since the integral

o(u, D) :/o <D(|u(x)|)dx
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is finite, we define the Orlicz space L}, [0, 00) as the linear hull of L [0, 00) under the Lux-

embourg norm
—infla:p( 2 0) <1
||u||(q>)—}\130 o\ o <1i.
The Orlicz norm, which is equivalent to the Luxembourg norm on L} [0, 00), is given by

llulle = sup
p(r¥)<1

/ ” u(x)v(x) dx
0

and satisfies
lull@) < llulle <2|lulls). (1.1)

Throughout this paper, we use C to denote a constant independent of # and x, which
may be not necessarily the same in different cases.

Letf € L};[0,00) and r € N. Then the weighted K-functional K., (f,£")w,4, the weighted
modified K-functional K., (f, t")4,¢, and the weighted modulus of smoothness ,, (f, t)u.¢
are given respectively by

K1) =0 A7 )+ |07 18" € A,

Rog [20) 0 =17 -0+ 72", + 2 g, 2 < ACic),

and
o (f t) Sup0<h§[ ”WAZW(f)”q), a= 01
ro\»bw,ed = -
suPoen<t WAL, (Ml ot ,00) + SUPoep<x WAL ()l w0124, @ >0,
where
, - r ho(x)
Ap,(f,x) = Z(—l)k (/ )f(x + r[T] - khga(x)),
k=0 <
t" = 72t2, (p(x) = \/9_6! (/J(x) =V x(1 + x),
o(x) = x, w(x) = x*(1 + x)°

for a, b € R is the Jacobi weight function, and g"~V € ACj, means that g is 7 — 1 times dif-
ferentiable and gV is absolutely continuous in every closed finite interval [c,d] C [0, o0).

Between the weighted modulus of smoothness and the weighted modified K -functional,
there are the following equivalent theorems.

Theorem A ([13]) Let f € L};[0,00) and r € N. Then there exist constants C and ty such
that

T, ’ t w, -
D200 R (1,0) 00 = Coralf O (12)

forO<t<t.
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Theorem B ([12]) Let f € L};[0,00) and r € N. Then there exist constants C and ty such
that

, L
M <Ky (f) .0 = Conp(fs Do 3

for0<t<t.

For f € C([0, 00)), the classical Baskakov operators are defined in [3] as

o]

Vitfis) = (5 Jonato

k=0

k=1y ok
where v,,(x) = (" )W’

and Totik [5] defined the Kantorovich modifications

k,n € N. To approximate functions in the L,-norm, Ditzian

(k+1)/(n-1)

Vlfin) ==Y v [ fld (14)
k=0 k/

(n-1)

and obtained the direct inequality

1f ~Flp < C[wz,w (f, #) ; %ufnp]

p

and the week converse inequality
. 1 .,
I1Vif =fll, =0 —m) = w2, (f, 1)y = O(h*)

for o < 2, where f € L,[0,00), 1 < p < 00, and ¢(x) = v/*(1 + x).

There are many approximation results on operators of the Baskakov type in the space
C[0,00) or L,[0, 00). See [1-12, 14-21, 23, 24, 28, 29] and closely related references therein.
Gupta and Acu [10] discussed a uniform estimate and established a quantitative result
for the modified Baskakov—Szdsz—Mirakyan operators. Kumar and Acar [14] introduced
amodification of generalized Baskakov—Durrmeyer operators of the Stancu type and stud-
ied their approximation properties. Goyal and Agrawal [8] introduced the Bézier variant
of the generalized Baskakov—Kantorovich operators, established a direct approximation
theorem with the aid of the Ditzian—Totik modulus of smoothness, and studied the rate of
convergence for the functions having the derivatives of bounded variation for these oper-
ators. Zhang and Zhu [29] studied preservation properties, such as monotonicity, convex-
ity, and smoothness, as well as those under the average, of the Baskakov—Kantorovich op-
erators. Gadjev [7] studied the approximation of functions by the Baskakov—Kantorovich

operator in the space L,[0, 00) and obtained the double inequality

%n Vif =fllp sk(f, %) < cg(nw ~fllp + IVef =£1)

p
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for £ € N with £ > Cyn, where C; is a positive constant, and

kV¢b=hﬁhv—ﬂb+mﬁﬂpf—g€LAQ&%

- - d d
g€ Wp[o’ OO),D = al:(p2(x)ai|}

is a K-functional.
For n,r € N such that n > 2r, the linear combinations of the Baskakov—Kantorovich

operator are defined as

2r-1

Lur(f5) = Y ci(n, 1) Vi (f3), (1.5)

i=0
where the coefficients c;(n, r) only dependent of #, r and satisfy the following conditions:

2r-2
n<ng<m<---<ny_1=<Cy E ci(mr) =1,
=0

2r-2
Y letnn| < ¢, (1.6)
i=0
2r-1
> alm )V (€ -255) =0, k=1,2,...,2r- 1. (1.7)

i=0

There are few results on the linear combinations of the Baskakov—Kantorovich opera-
tors. In [11], we obtained approximation properties for linear combinations of modified
summation operators of integral type in the Orlicz space. Basing on these conclusions, we
discover in this paper approximation properties for linear combinations of the Baskakov—
Kantorovich operators.

Our main results in this paper can be stated as the following three theorems.

Theorem 1.1 (Direct theorem) Let f € L};,[0,00), ¥ € Ay, p(x) = /x(1 +x), n,a,b € N,
and 0 <a,b<n-1. Then

1
bitar =)l = Cow (1,15

w,d

Theorem 1.2 (Inverse theorem) Let f € L} [0,00), n > 2r, ¢(x) = o/x(1 + %), a,b €N, and
0<ab<n-1.Then

1 C <
vl = oK WD)
Wy k=1
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Theorem 1.3 (Equivalence theorem) Let f € L};[0,00), n > 2r, p(x) = /x(1 +x), ¥ € Ay,
a,beN,and0<a,b<n-1. Then

[w(Lnr () =) = O(!ﬁ(#)) n— 00

— w2r,w(f’ t)w,dﬁ = O(w(t)), t— 0+.

These main results are stronger than the results mentioned before.

2 Proof of the direct theorem

To prove the direct theorem, we need several lemmas.

Lemma 2.1 The operators V,(f; x) defined in (1.4) satisfy

_ B C52r
Vuix)=1 and V,(t-x";x) < —",(x),
n

where 52" (x) = max{p™ (x), %}, o) = Vx(1 +x), r €N, and C is a positive constant.
Proof This follows from simple calculation. O

Lemma 2.2 ([5]) Ift locates between x and u, then

(x —£)?-1 - v — 2|21 1< 1 1 >

- +
(@) T ¥ 2x) x\1l+x l+u

Lemma 2.3 ([5]) For w(x) = x*(1 + x)? and a,b € R, we have

w(x) #\* [x\°
=2 <ol (2} 4 (2) ).
w(u) u u
Lemma 2.4 Let f € L};[0,00), w(x) = x*(1 + x)°, a,beN,and0<a,b<n-1.Then

||WLn,r(f)||¢ = C”Wf”tb

Proof By Lemma 2.3 we can write

(k+1)/(

Z Vs @W@) (1 - 1) / ™ ) du

k/(n-1)

W) V,(f52)| =

> al (xmn=1)\*
gvnk(x) n-— 1 2‘17‘ 1|:(ﬁ)

_ b (k+1)/(n-1)
* <x(/:1+ 11)) ] /k/(n—l) W) [f(u)| du

éll +12.
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Using (1.1) and Jensen’s inequality gives

lle <2/l

00 )
=2inf{k:/ CD(
A>0 0 o

bl+1 x(n - 1)i|a
b2 [ k+1

(k+1)/(n-1)
X / M duy| |dx <1
ki(n-1) A

<2infii: /OOO (Z Vi aksa(@)(n— 1) k/(kn+11) " M )dxi 1}
ot [ e
~2infls [ (Z Vas@)(n - 1) / B w
+ fvn_a,k(x)(n -1) /ma;{(:_kj}ﬁ“} w du) dx < 1}
k=0 max{0,5,=¢

< 2inf
A>0

=2inf
A>0

k+1 a

m

. oo B max(0; M )
A fO g Viea k()@ <(n Y / ax{0, %4} g B 1}
. (ke 1=a)/(=1) Cyp(11) | ()| )
| - ) VI du ) dae <
A /0 ;V k()P <(n 1)/<ka>/(n1> ’ U

oo X (k+1-a)/(n-1)

<2inf{A: / Zvn_a,k(x)(n - 1)/ (M> dudx <1

2>0 0 i, (k-a)/(n-1) A

00 (k+1)/(n-1)

<2inf{x: Z / ¢<M>du§1

A>0 o n— k/(n-1) A
< 2inf A:/ ¢<M)du§1}

>0 0 A
= Clwfll@) = Cliwfllo.

Similarly, we have

I2lle = Clwfllo.

Consequently, we arrive at

W@ Valfs0)| , < Clwflo

(2.1)

Page 6 of 18
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Combining (1.5), (1.6), and (2.1), it follows that

2r-1

ch nr WVn,(f

2r-1

<> Jetmw¥i |,

) i=0

[wLnrDlls =

2r-1 2r-1

- Z|cl(n,r)| [Vl = €S letnn)|1wf o < Cllwflo.

= i=0

The proof of Lemma 2.4 is complete. d

Lemma 2.5 ([13]) Forf € L};[0,00) and ¥ € A,, we have

6@, < Cliflle,

where

O(f;x) = sup % f(u)du

0<t<oo

t#x

is the Hardy—Littlewood function of f (x).
We now in a position to prove Theorem 1.1.

Proof of Theorem 1.1 Let
U=WZ{g:g% Y e ACoe, ¢¥g? € L},[0,00)}.

Taylor’s formula with integral remainder of g € U gives

2r-1

Z (u— x +R2,(gux

where
Ro,(g; 1, %) = / (u—-0)?"1g? () dt, x€[0,00).
From (1.7) it follows that

w(x)[ Ly (g %) — g(x)] = W)Ly, (Roy(g; 4, %); %)

and

||W(L”vr(g) _g) || ® - H WLn,r (RZr(g; * x); x) ”¢ (22)
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We now estimate |w(x)V,, (Ror(gsu,x);x)|. Asx € [%, 00), we have 827 (x) = ¢*"(x). Applying

Lemma 2.2 leads to

|W(@) Vs (Ror (g5, %) %)

(k+1)/(n-1)

w(x)Zvnk(x)(n ) /k/ . o

X / (u—t)" g (t)dtdu
X

(k+1)/(n-1) a\2r
< w(x) Zvnk(x)(n 1)/ 1 M

ke 2r—1)! 2 2(x)

! 1 1 L 2r (2r),
% |:x(1 +X) ’ x(1 + u):| [W(u) * w(x)} d“‘Q(W(sn g x)|

2 (h+Ja+J5+Ja)|0 (w8 g® ;%))
From Cauchy’s integral inequality [25, 26] and Lemma 2.1 it follows that

(k+1)/(n-1) 1 (u _ x)Zr w(x)
K-y @r=1! ¢ (x) w(u)

1 (k+1)/( 2(x) 12
(2r— pe {Z Vg (%) (11 — 1)/k/(n : w2(u) ui|
0 (k+1)/(n-1) 12
X |:Z V() (n—1) / (u—x)" dui|
k=0 k

/(n—1)

Ji= Y v —1)
k=0

__ 1 1 C87(x) C
T @r-D'e¥x) o on

where

(k+1)/(n-1) Z(x

Zvnk(x)(n ) / ausc

k/(n—1)

Similarly, we can also obtain

w(x (k+1)/(n—-1) (L{ _x)2r
, -1 d
J2= (2r—1)' 9% (x) ZV w)n—1) k/(n-1) w(x) *
1 1

= V AV E
B (2r—1)! o2 (x V,,((u x) ,x) < —



Han et al. Journal of Inequalities and Applications (2019) 2019:223 Page 9 of 18

Now we estimate /3. By Cauchy’s integral inequality [25, 26] and Lemma 2.1 we derive
that

w(x)

(u_x)Zr
s mzvnkx)(n 1/

ki(n-1) (1 + w)w(u)

w(x)(1 + x) (ke DI0=1) () _ )27
T )Z Vukle)(n - 1/ T

ki(n=1) 1+ u)w(u)

w1 (x) (k+1)/(n-1) (u _x)Zr
1)l 2r ) Zvnk(x) n-1) / du

(k+1)/(n-1)

k/(n-1) wi(u)
172
(k+1)/(n-1) 2
Zvnk(x n-1) (x)
k/(n-1) (u)
(k+1)/(n-1) 12
ZV"" x)(n-1) / (1 —x)" du
ki(n-1)

C
< >
=

where wi (x) = x%(1 + x)>*1.
Finally, we estimate /4. Applying Cauchy’s integral inequality [25, 26] and Lemma 2.1
yields
w(x) o (k+1)/(n-1) (u x)Zr 1
n 1
(2r— ) Z”(x)(” )fm w@) x(1+ )
(k+1)/(n-1) 12
2 ZV"" x)(n-1) / (- %) du
-2 k/(n-1)
1/2
o0 (k+1)/(n-1) du
x| st |
[g K-y (1+u)?
1 C87(x) V2 _C
Tx0¥2(x) w l+x " n
where

(k+1)/(n-1)

Zvnk(x)m 1) / 2

ki(n=1) (1+u) (1 +x)2

From the previous inequalities and Lemma 2.5 it follows that
[V (Ror (@ )s0) [ 1 ||9( 522" o11.00

= ||w55rg(2r> o2 ooy (2.3)
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For x € [0, %), we have §%(x) = ni, Accordingly,
| W(x) f/n (RZr(g; u, x); x) i

() , 1 o
<Zvnk(x><n 1)/ IR, )2[ e W]dul@(mﬁg(“,xﬂ

ki(n=1) -1)!

(k+1)/(n-1)

£ (E; + E)|0(ws2g"; ).
Using Cauchy’s integral inequality [25, 26] and Lemma 2.1 yields

(k+1)/(n-1) (M _ x)Zr

du

w(x)n"
Ei= <2r—1)v2””k )

(k+1)/(n-1)

- 1/2
a 4r

E+D/(n-1) 172
[Zvnk(x)(n 1)/k/ B w2(u) u}

n}"

2r -
= Qr-1)tn ”( )_
and
B w(x)n (k+1)/(n-1) (u _x)2r
T Zv”k(’“)(” b /W_l) o M
_ n \/ AV g
aore 1)!Vy,((u x)75x) < o
Therefore we have
|w(x) \7,,(R2,(g; u,x);x)| < %|9(w83’g(2’);x)|
and
||W‘7n(R2r(g;~,x);x) ||q>[o,%) ||9(W82r (2r)||(b[0 Ly
C
Wy g™ a0 1 (24)
Hence, by virtue of (2.3) and (2.4), we derive
”WV" (RZr(g; -,x);x) ||q>[0,oo) = ||W52r e ||q> [0,00)’
and, consequently,
2r-1 .
|| WLn,r (RZr(g§ ',X);X) ”(p =< Z ||Ci(nr r)WVni (RZV(g; "x)$x) ||<P
i=0
C = 2r 2r (2r)
= 7 2 latnn[wsig® |, = —Hw5 e

i=0
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Combining this inequality with (1.2), (2.2), and Lemma 2.4 results in

[w(Znr ) =F)l = Iw(Lnsf -2 = F =) | + [W(Lnr@) - £) [ 5

1
< Cluf =@l + o w26, = Concg (£, 72)
w,®

The proof of the direct theorem is complete. O
3 Proofs of the inverse and equivalence theorems
We first prepare several lemmas for proving Theorems 1.2 and 1.3.
Lemma 3.1 Iff € L};[0,00),n>2r,a,beN,and 0 <a,b<n-1, then
[we L], < CHlIwfllo-
Proof From [7, Eq. (16)] it follows that
~ n+2r-1) &
) (f;) = ST Z A ap(n = 1)Vponi(%),
" k=0
where
(k+1)/(n-1)
arn-1)=(m-1) f(u)du, Aay = ag,1 — dag, Aay = A(Am_lak).
ki(n-1)
By Lemma 2.3 it follows that
w(x)e™ (x) VI (f; )
(n+2r—1) &
=T D AT a(n = 1)k (0% (1L + %) w(x)
n—1)! =
oo | 2r
<’y Z( ) ) s(r—iy( = 1) Vi jur () W()
k=0 i=0
2r 0
2% (k+1+2r—i)/(n-1) w(u) (u)|
cary )Z (- 1) PO
=0 k=0 Corriynry W)
2r e} a
2r (n—1)x
<Cn" v x)2P | [ ————
- ;( )X;"k”() k+2r—i+1
b (k+1+2r—i)/(n-1)
-1
+ <&) ](n - l)f w(u)[f(u)| du
k+2r—i+1 (k+2r—i)/(n-1)
(3.1)

_Z( )(F1+F2)
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where

Cn'w(u) [f(u)’ du

F —Zvnkw(x |:k+2r

n—1)x a (k+1+2r-i)/(n-1)
] e-n
(k+2r-i)/(n-1)
(k+1+2r—i)/(n-1)

o
= Z Vi-aksarr(®)(n = 1) Cr''w(u) lf(u)| du,
k=0 (k+2r=i)/(n-1)

IF1lle < 20F1ll@)

o0 o0
< 2}25{)\ : /0 ] (Z Vn—a,k+a+r(x)(n - 1)
k=0
(k+1+2r-i)/(n-1)
X / Cn'w(u) _[f(u)l du Jdx <1
(k+2r—i)/(n-1) A

:2}25!)\ f (Z Vi-a,k x) n-— 1)

k=a+r

(k+1+r—a-i)/(n-1
X / nw(u )lf( ulde<1
(k+r—a—i)/(n-1)

) (k+1+r—a—i)/(n-1) . lf(u)|
52;1:5!)» / (Z Vieai(® )/( Cn w(u)Td

k—atr k+r—a—i)/(n-1)

a+r-1 max{0, k+1;:u—i}
+ 3 V@)= 1) / " u) dx < 1}
k=0

max{0, =¢=t)

= Zirig{k : /0 rD(kX:(; Vi-ai(X)(n = 1)

k+l+r—a—i }

max{O,T
X / Cn’w(u)M du)dx <1
max{O,%} A

oo
= 2}25{)¥ : /(; g Vn—a,k(x)

k+l+r—a—i

max{0, === }
x @ ((n - 1)/ 1 Cn’w(u)M du) dv <1
max{O,/%} A

< Zigg{k : /0 Z Vn—ak(X)(n = 1)

k=a+i-r

(k+1+r—a—i)/(n-1)
O R oL P
(k+r—a—-i)/(n-1) A

(k+r—a—i)/(n-1)

00 .
) n—-1 (k+1+r—a—i)/(n-1) lf(u)|

k=a+i-r

(k+1)/
| )
szgg{ Z/Wl ( wie L )dufl}

< Cr'wfll@) < Cr'llwflls,

Page 12 0of 18
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and, similarly,
IF2lle < Ch"||wflle. (3.2)

Employing inequalities between (3.1) and (3.2) yields

2r

Z (2:) (F1 + F»)
i-0

[we™ V)], <

[
2r 2r
2r 2r
F
=l (i)l 3 (i)F2
i=0 [ i=0 [}

2r
2r
< E <l.)(”Fl”(D"'||F2||<D)§Cnrllwf”d>~
i=0

Combining this inequality with (1.5) and (1.6) results in

2r-1
”wgoerg:)(f) I, = Zci(n, r)w<p2'\~/,(3’)(f, x)| <CrH'l|wflle.
i=0 [}
The proof of Lemma 3.1 is complete. d

Lemma 3.2 Letf € L};[0,00), n>2r,a,b e N,and 0 <a,b<n-1. Then

[we L) = Clwe” ] -

Proof Since

@™ (x) V) (f;x)
C(m+2r=1Is ) )
B (I’l — 1)[ g A (lk(}’l - l)Vn+2r,k(x)x (1 + x)
(l’l +2r - 1)‘ - 2r : r\ opi
) W Z A7 ar(n — 1)V k(%) Z (l>x
k=0 pn
r 00 N o
= Z <r> A ar(n - 1)Vpyipsar—i(x) (k+2r = i +i - 1!
o \ = kl(n—1)!
X’: <r> f: (keor—ifnri-1t /mn-n /1/<n-1)
- n-
2\i) 2 K- 1)! \ i

1/(n-1) k
/ f(2r) (I’l 1 + tl + tZ +oet t2r> CItl dtZ e dt2rvn+i,k+2r—i(x)
0 —

S 1/(n-1) 1/(n-1)
§CZ(n—1)2’/ f
k=0 0 0

1/(n-1) T r k 2r—i
/ Z()( +t1+t2+---+t2,)
0 o \i/ \n— 1
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dt;dty - -- dtZrVn+i,k+2r—z’(x)

k
X P(M(— +t1+t2+~-~+t2,>
n-1
0 1/(n-1) 1/(n-1)
§C2(n—1)2’/ /
pary 0 0
1/(n-1) k
/ @2’( +t1+t2+-~+t2,>
0 n-1
k
x |f@) +h+bh+-+ty
n-1

r
dty dty - - - dio, Z Visigs2r—i (%)

we obtain
w(x)p™ (%) Vi (f;x)
r oo U(n-1)
SO Y iwani-¥ [
i=0 k=0 0

1/(n-1) k o k
w +t++ ity ) +t+-+ ity
0 n-1 n-1
k w(x
X Sg) —— +i1+ -+ by ( ) dtl"' dtzr
k
-1 w3+t + -+ by)

<CZZVn+tk+2r—z(x)(n 1)2r2b+1|:<k i) ’ (Z"'i)x]

i=0 k=0

1/(n-1) 1/(n-1) k k
2r
x/ / w +t++ it ) I+t Ly
0 0 n-1 n-1

k
X P(%)(n_l+t1+--~+t2r)‘dt1-“dt2r£G1+G2,

where

1\* 1/(n-1) 1/(n-1)
G = CZZ(M 1) Vn+tk+2r—z(x)2b+l< +1) x“/o /(.)

i=0 k=0

k ol Kk

X w +t+-+ iy | +ih 4+t
n-1 n-1
k

X p(zr)( +t1+~--+t2,)
n-1

1/(n-1)
=< CZZV}’I+l ak+2r+a— ix)(n— 1)2r/ cee

i=0 k=0

1/(n-1) k
/ w +i+--+ by
0 (”l—l )
k k
X@¥ | ——=+t1 4+t by J[f ——= b1+ + 1y, )| dEy - diyy,
n-1 n—1

dty - - - deyy
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and, by Jensen’s inequality,

1Gille <2||Gill(e)

) ro o 1/(n-1)
= 2}25 A /(; @ CZ Z Vn+i—a,k+a+2r—i(x)(n - 1)2}"\/() dty - -

i=0 k=0
1/(n-1) (k+1)/(n-1)
/ dtyr / Wt + -+ + by + r)
0 k/(n-1)

@ty + -+ by +
X(pzr(t1+---+t2,,1+t2,)lf (1 _ 2r-1 2r)|dt2r <1

00 r S 1/(n-1)
: . 2r
< 2}25{)\ : A 0] ( § |: E Vn+i—a,k(x)(n - 1) \/; dey---

i=0 Lk=2r+a—i

1/(n-1) (k—=2r—a+1+i)/(n-1)
/ dt2r—1/ w(ty + - + tyro1 + Loy)
0 (k=2r-a+i)/(n-1)

CIfP)Nty + -+ tyyg + 1
X @7ty + -+ tyr1 + by) A X a1 2r)|dt2r

2r+a—i-1

1/(n-1) 1/(n-1)
¢ Y @ [ e [ dt
k=0 0 0

max{0, k—2rn—_al+l+i}

2

X / w9 (L Eypy + Ey)
max{O,ik’i':f’“}

CIf® (@t + - + by + Loy
% If (t1+ )\+2 1t 2)|dt2r dx <1

o q r ’ e8] 1/(n-1)
<9; . - X _1)2r-1 .
=< 2}25 A ‘/0 o ; (l) kZO: Vnsicak(X)(n — 1) [) dy

1/(n-1) max{0, K=2r-d+lti
/. dtzr_l(p ((I’l - 1) Cer(tl + oo+ by + t2r)
0

max{0, k;i':f”i }

@ty + - 4ty +
X¢2r(t1+"'+t2r,1+t2,)lf (1 2r-1 2r)|dt2r)dx§1

A
o 1 r r S 1/(n-1)
1 M e . . —_— 2r ..
=< 2}25 A /0 or ; (l) gvn+z—a,k+2r+a—1(x)(n 1) /() dtl

1/(n-1) (k+1)/(n-1)
/ dty, 1 / @ <CW(t1 +ooe 4 byl + by)
0 k/(n-1)

@ty + -+ by +
Xfpzr(t1+~-'+tzr,1+t2,)[f (1 - 2r-1 2r)|)dt2,dx§1

1 r 0 1 1/(n-1) 1/(n-1)
. . -
<2infihis ) (i)cl 2 (1= / d“"'/o Ao

r
i=0

(k+1)/(n-1)
X / Loy <CW(t1 +oet by b)Y (b e+t + )
k/(n-1)
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@Ot 4+ by + 8
le (t1 . 2r-1 2r)|>dt2r§1

oo

1/(n-1) 1/(n-1)
<2infiA: —1)¥! de - - dty,_
= go Z(” ) /0 1 /0 2r-1

k=0

(k+1)/(n-1)
X / P <W(t1 +o by + )@Y (b o+ by + £,)C
ki(n—1)

Oty + -+ Ly + 8
XCILf (t1 . 2r-1 2r)|)dt2,§1

00 (2r)
521nf{k: / @(Cw(t)tpzr(t)lf i (t)|)dt§ 1}
0

350 o
= Clwe™ 5,
where C; > 1. Similarly, we have
IGalle < C|lwe®f®|,.
Consequently, it follows that

[we* Vi ()] 5 = Clwe™ ] -

Combining this inequality with (1.5) and (1.6) yields

2r-1
” W(DZVLEIZ,:) (f) ” 0= Z ci(n, r)w(er f/y(ll2r)(f) < C” W¢2rf(2r) ” o
i=0 @
The proof of Lemma 3.2 is complete. O

We now in a position to prove Theorems 1.2 and 1.3.
Proof of Theorem 1.2 From Lemmas 3.1 and 3.2 and [27, Theorem 2.2] we obtain

1 C
(S > D T
w, k=1

Application of inequality (1.3) concludes the inverse theorem. g

Proofof Theorem 1.3 Using the so-called order function ¥ (£) = t*|In¢|Pel™” for0 < a < 1,
B € R, and y <1 and combining Theorems 1.1 and 1.2 conclude the equivalence theo-

rem. .
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