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1 Introduction-preliminaries
Let H; and H; be Hilbert spaces, and let C and Q be nonempty convex closed sets in H;
and Ho, respectively. Let A : H; — Hj be a bounded linear mapping.

In 1994, Censor and Elfving [10] introduced the well-known split feasibility problem for

modeling inverse problems formulated as follows:

Find x* € C suchthat Ax* € Q. (1.1)
It can be formulated as the following convex feasibility problem:

Find x*eCNA™(Q.

Both split feasibility and convex feasibility problems are much related to a number of real-
world applications, for example, signal processing, intensity-modulated radiation therapy,
and image reconstruction; see [9, 11, 35] and the references therein. Recently, a number of
regularized iterative methods have been introduced and investigated for solutions of the
feasibility problems in either Banach or Hilbert spaces by many authors; see [1-5, 16, 17,
19, 28, 31] and the references therein.

Let H be a real Hilbert space endowed with inner product (-, -) and induced norm | - ||.
Let S be a mapping on H. Fix(S) stands for a fixed point set of S. Recall that S is said to be

nonexpansive if
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It is well known that every nonexpansive mapping satisfies the following property:

2
)

2(Sx— Sy, (y = Sy) - (x = Sx)) < || (x = Sx) - (y - S)

Vx,y € H.
The mapping S is said to be quasinonexpansive if
lx—Syll < llx—yl, VxeFix(S)# %,y € H.

It is obvious that quasinonexpansive mappings may not be continuous beyond their fixed-

point sets. Every quasinonexpansive mapping S satisfies the following property:

20x - Sy, (y-S)) < lly-SyI*>, Vx€Fix(S) #0,y € H. (12)
It is said to be firmly nonexpansive if

Sx - Syl|> < (Sx— Sy,x—y), Vx,yeH.
It is is said to be firmly quasinonexpansive if

llx = Syll> < (x - Sy,x—y), VxeFix(S) #0,y € H.
It is is said to be contractive if there exists a constant « € (0,1) such that

Sx—Syll> <klx—9yl, VxyeH.
Contractive mappings and their extensions are important classes of nonlinear mappings
since they are connected with differential equations and nonsmooth optimization; see [7,
8, 14, 21] and the references therein. Recently, they have been extensively analyzed via
projection-based iterative methods. It deserves mentioning that the methods based on

nearest-point projections are not efficient from the viewpoint of numerical computation.

Let Proj” be the nearest-point (metric) projection from H onto C, that is,
Proj¢t y:= {x € C:|lx -y = distc(y)},

where distc(y) := infyec ||x — y|| for y € H.
To avoid using nearest projections, Yamada [33] recently studied a descent method,

which is known as the Yamada descent algorithm. This algorithm is as follows:
Upe1 = ([ — oy uF)Tu,, VneN,

where {«,,} is a real sequence in (0, 1), u is some positive real number, T is a nonexpansive
mapping on H, and F is n-strongly monotone and £-Lipschitz continuous on H. Recently,
many authors studied the Yamada descent methods for nonexpansive nonlinear operators

in Banach or Hilbert spaces; see [13, 22, 23, 26] and the references therein.
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Now we recall some useful notions. Let F : C — H be a nonself single-valued operator.
It is called

(i) monotone if
(x* —x, Fx* —Fx> >0, Vx*,xeC;
(ii) strongly monotone if there exists a positive constant n > 0 such that
on* —x”2 < (x* —x, Fx* —Fx), Vx*,x e C.
(iii) L£-Lipschitz if there exists £ > 0 such that
HFx — Fx* H < L'Hx —x* H, Vx*,x e C.

Let M : H — 2/ be a set-valued monotone mapping. The zero-point set of M is de-
noted by M~1(0). Recall that M is said to be monotone if, for all x,y € H, u € Mx, and
veMy

(X—y,M—W ZO

It is said to be maximal if its graph Graph(M) is not properly contained in the graph of any
other monotone mapping. If M is maximally monotone, then Graph(M) is weakly strongly
closed; see [24] and the references therein. A well-known fact is that for (x,u) € H x H,
(x —y,u—v) >0 for all (y,v) € Graph(M) implies that u € M(x) iff M is maximal. Let N be
a maximal monotone operator with domain Dom(XN) and range H. Define the mapping
Res];[ : H — Dom(M) associated with index A by

Resi\[x =(AN +Id)'(»), VxeH,

where Id is the identity operator on H. If N is the subdifferential of proper convex
lower semicontinuous functions, then the resolvent operator is the known proximity op-
erator. The resolve operator plays a significant role in nonsmooth optimization prob-
lems. A variety of nonlinear problems, including variational inequalities and equilib-
rium problems, can be formulated as finding a zero of a maximal monotone opera-
tor. It is known that Fix(ResﬂV ) = N71(0); see [15, 18, 20, 27, 34] and the references
therein.

Let N be a set-valued maximal monotone operator on H;, and let M be a set-valued
maximal monotone operator on H,. We consider the following split inclusion problem:
find x* € H; such that

0eN(x"),y" =Ax" € H, solves 0eM(y"), (1.3)

where A is a linear bounded mapping from H; to H,. We denote by SIP(M, N) the solution
set of problem (1.3).

In this paper, we analyze iterative solutions of a split feasibility problem with common
fixed-point constraints of a family of nonexpansive mappings. We present solution theo-
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rems of the feasibility problem under some weak assumptions imposed on different map-
pings. For our main result, we also need the following tools.

Let S; be a nonexpansive mapping on C, and let »; be real numbers with 0 < »; < 1 for
each i > 1. Let W), be a mapping on C defined for each n > 1 by

Un,n+1 = Ir

Un,n = (1 - nn)l + nnSnun,er

un,n—l = (1 - nn—l)l + nn—lsn—lun,n;

Un,k = (1 - nk)l + nkSkun,lﬁ—l;
(1.4)

Upp-1 = (1= )] + ni_1 Sk Ui i

Upp = (1 =) + 082Uy 3,
un,l = (1 - 771)1 + nlSIUn,Z;

W,=U,.

It is clear that W), : C — C, governed by S3,S5,...,S, and 11,13, ..,1,, is a nonexpansive
mapping; see [29] and the references therein. We further assume that 0 < n; <7 <1 for
i > 1, where 7 is a constant in (0, 1).

Lemma 1.1 ([29]) Let C be a convex and closed set in a Hilbert space H, and let S; be
nonexpansive mappings on C with fixed points. If ;2 Fix(S;) # 8, then

(1) limy—oo Ui exists for each positive integer k and each x € C;

(2) the mapping W : C — C defined by

Wx:= lim Wyx = lim U,;x, x€C, (1.5)

n—00 n— 00
is a nonexpansive mapping with Fix(W) = (22, Fix(S;) = Fix(W,,).

Lemma 1.2 ([12]) Let C be a convex and closed set in a Hilbert space H, and let S;
be a nonexpansive mappings on C with fixed points. Assume that (o F(S;) # 0. Then
limy,—, o0 SUP,c g | Wix — Wx|| = O for any bounded set K C C.

Lemma 1.3 ([33]) Let H be a Hilbert space. Let F be an L-Lipschitz continuous and n-
strongly monotone mapping on the space H. Let T* be a mapping on the space H defined
by T%x = x — naFx for x € H, where a is a real number in (0,1). If 0 < L2 € (0,2n) and
t=1-/1-u@2n—-unL? e(0,1], then

|| T%x — T"‘y” <(Q-ta)lx—yl, VxyeH.

Lemma 1.4 ([32]) Let {a,}, {Bn}, and {y.} be sequences of real numbers such that o, €
[0,1], Y02, ay = 00, limsup,,_, o By <0, and Y -, yu < 00 Let {A,} be a sequence of non-
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negative real numbers such that
el (1 — )iy + P+ Va
Then lim,_, o A, = 0.
Lemma 1.5 ([25]) Let {x,} be a sequence in a real Hilbert space H. If x,, — x, then
liminf ||x, — x|| < liminf ||x, — y||
n—00 n—00
foranyy € X with y # x. This is also equivalent to

limsup ||x, — x| < limsup [|x, — y||.

n—0oQ0 n—00

Lemma 1.6 ([6, resolvent equality]) Let H be a Hilbert space. Let N be a set-valued max-

imal operator on H. For parameters A > 0 and p > 0, we have
ResV " N M N
es,((1- T Res; x + T =Res; x, VxeH. (1.6)

Lemma 1.7 ([30]) Let H be a Hilbert space. Let {x,} and {y,} be bounded sequences in H
with x,,1 = (1 = By)yn + Buxy for all n > 0 and

limsup(”ynﬂ = Inll = 1%ns1 _xn”) <0,
n—0oQ
where {B,} is a sequence in (0, 1) such that liminf,,_, «, B, > 0 and limsup,,_, ., B, < 1. Then

1imn—>oo "yn _xn” =0.

2 Main results

Theorem 2.1 Let Hy and H, be Hilbert spaces, and let N and M be set-valued maximal
monotone mappings on Hy and H,, respectively. Let S; be nonexpansive mappings on H; for
all integers i > 1. Let F : Hy — H be an L-Lipschitz continuous and t-strongly monotone
mapping. Let A be a linear bounded operator from H; to H,, and let A* be its adjoint
operator. Assume that ( ;5 Fix(S;) N SIP(M,N) # . Let {x,} be a vector sequence in Hy

generated by the iterative process

X1 € le
¥ = VnRes) (x, + yA*(Res) —1)Ax,) + (1 = ¥,)%
X1 = Bull — pa, F) Wiyn + 1-B)xy, n=1,

where y and | are two positive real numbers, {s,} and {r,} are two positive real number se-
quences, {a,}, {Bn}, and {y,} are real number sequences in (0, 1). Suppose that y € (0, W),
e (0, %), liminf,_, o s, > 0, lim,,_, o |, —Sys1| < 00, liminf,_, oo 7, > 0, 1im,,_, oo |7y, —Ts1| <
00, Y02, &y = 00, { By} is number sequence in (B, B'], where B and B’ are two real numbers
in (0,1), such that lim,, | Bus1 — Bul = 0, and {y,} is a sequence in [y, 1], where y € (0,1],
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such that 1im,_s oo |Yne1 — Vul| = 0. Then the sequence {x,,} converges strongly to X € Hy, which
is a unique solution of the variational inequality

(®-y,F%) <0, Vye[ |Fix(S)NSIP(M,N).
i=1

Proof The proof is split into four steps.

Step 1. We prove that {x,} is a bounded vector sequence in H;.

For any fixed p € (7, Fix(S;) N SIP(M, N), we conclude Ap = Resﬁ\;jAp, p= Resﬁ p,and
p =S;pforeachi> 1. Since Ap is a fixed point of Resff and Resﬁf isa (firmly) nonexpansive
mapping, we have

M
| Res)! Ax,, — Ax,||*

((Res¥ —I)Ax,, Resi! Ax, — Ap) < 5 (2.1)
Putting
2z, = Res)) (%, + yA* (Res —I)Ax,),
(2.1) sends us to
Iz - pII®
< |yA*(Res¥ ~1)Ax, + (x, - p)|°
< V2IAIR| (ResM ~1) Ay | + 2 (A" (ResM ~1) Ay, 26, — ) + 12 — pII®
=7 (7 IAI” - 2) | (Resy! ~1)Ax, |
+2y((Res™ —I)Ax,, Res)! Ax, — Ap) + |lx, — p|*
<y (7IAI? - 1) | (Res¥ 1) Ax, | + 1, - pII%, (2.2)
which leads to
Iyn = PII* < vullzu = pII* + (1 = yi) %, = plI?
< % =12 = vy (1 = Y IAIP) || (Res 1) Ax, ). (2.3)

The restriction imposed on parameter y tells us that ||y, — p|l < ||x, — p||. Since W, is a
nonexpansive mapping for each #, we find from Lemma 1.3 that
i1 =PIl < Bal| (4 = 1ot FYWo3n = (I = et F)p = petuFp|| + (1= B,) % = pll
<Bu “(1 — pay FYW,y, — (I - ManF)p|| + uBnan || Epll + (1 = B)llxn — pll
< Bu(l =7yl Wy — Waupll + uBuo || Fpll + (1= B)llx. - pll

< ,371(1 - Tan)”yn —pll + uBnay, |l Ep|l + (1= Bu)llxn -pl
|l Epll

<ta,p, + (1 —ta,By)llx, -pl

|Epll
Smax{ Ii % - pl L

from which we conclude that {x,} is a bounded vector sequence in H;.
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Step 2. We prove thatlim,,—,  [|%,+1 — %, || = 0. From resolvent equality (1.6) in Lemma 1.6
we see that

25 = Znarll < |Resy, pu —Resy  pul| + |Resy) | pn—Res | pui |

< |ResY pu —Resl  ou + o0 = pual
N Sn+1 Sn+l N N
= Ressml Pnt | 1= ReSsn Pn | — ReSsnﬂ Pn| + 100 = prall
Sy Sy
Sn+l S+l
= ( - Pn + <1_ - )Resﬁpn)_pn + 100 = Pnal
Sn Sn
Sn+l
= 1= = lon = Resg, pul| + llpuss = pull, (2.4)
n

where
Pn =%, +yA* (Resﬁ\:’[ —I)Ax,,.
It is easy to see that

H (Hne1 = xn) — YA (A%p41 _Axn)”

= \/”xn+1 — %% - ZV(an — %, A* (A1 _Axn)) + ”VA*(Aan _Axn)Hz

= (L= yIIAIP) 1%ns1 = %all,
which sends us to

| ons1 = oull

< v[|A*(Respl, | Axuir —Resyl Ax) | + || (e = %) — y A" (A1 — Ay |

+1

4%, - Res Ax, . (2.5)

Tnv1
< %ne1 =%l +V||A||‘1— p
n

Inequalities (2.4) and (2.5) yield

Sn+l
20 = Znar | < |1 - :+ | o0 = Resy pu | + ltne1 —
Tnsl M
+y|lA|l|1 - . |Ax, — Res)! Ax,||,
n

which further leads us to

Iyn = Yneill < Vullznw = zpirll + 1- yn)”xn = Xps1ll + Vi = Ve 1 Zne1 — X4 |l

< 1= 22 o, = Rest pu + s =
n
+vay Al '1 - 2 [, ~ Res) Ax, |
n

+ |Vn - Vn+1|||zn+1 - xz+1||-
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From Lemma 1.1 we arrive at

” Wn+1yn+l - Wnyn”
S NI WiitdVne1 = Wil + 1 Woynsr = Wyl

< sup[[| Wiz = Wl + [| Wt = W[l ] + (191 = il

xey
< sup[[| Wy = Wl + | W = W] + 7 1= o, —Res)
+ 11 = 2l + vy IA] ‘1 - r’;j || A%, — Res;l Ax, |
+ Vi = Va1l Zue1 = 2201 I, (2.6)

where ¥ is a bounded set containing {y,}. Inequality (2.6) ensures that

(I = 1ts1 F) Wrns 191 = (I = potn E) Wy |
= ”(1 — 1ty 1 F)Wis1yne1 — ([ = paty 1 F) Wiy, ”
+ [ = pana FYW,y, = (I - e, F) Wy, |
< (=12 D)IWis 1Y — Waynll + €1 — otal | LE Wy,
< (=t D)IWie1Yner — Wayall + € — cal | LE Wy,
<@1- ram)zlelqg[ll Wiiax — Wal| + || Wax — W]

Sn+l
+ (1= Teps1) V|1 - Z+ | on = ResY pu]|
n
Tnel
+ (1= Tatpn) %1 — %]l + (1= Tt v 1A |1 === |l[A%: — Res; A, |
n

+(1- Tarul)lyn — Ve 1Zns1 = g1 || + [0s1 — 0t ”/f’vFWnyn”'
This further leads to

H (I = pans1 F)Wy1yni — (I = pa, F) Wy, ” = %41 — %]

< Sup[ | W1 — Waell + [ Wae = Wiyll] + v | 1 = 22| | o = Res! |
xe¥ Sy
+vay Al }1 - 2] Ax, - Restt Ax, |
n

+ V0 = Vsl Zns1 — Xz1 Il + (|an+1| + |an|)”/‘LFWnyn”'

Using Lemma 1.2, the boundedness of operator A, and the restrictions on the parameter

sequences {a,}, {Yn}, {sx}, and {r,}, we obtain that

1imSUP(”(1 — 0ty 1 F) W1y — - nat, F)W,y, ” = %41 _xn”) <0.

n—0o0

Page 8 of 13
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With the aid of Lemma 1.7, we conclude that
Tim [[(7 = peraF) Winy =% | = 0. (2.7)
Since a,, — 0 as 1 — 00, we also have
lim || Wouyn — xull = 0. (2-8)
n—0o0
From (2.7) we see that
lim {|x,41 — %, = 0. (29)
n— o0

Since {x,} is a bounded vector sequence in H;, we find that there is a subsequence {x,,} of
{x,} that converges weakly to x.

Step 3. We prove that x € (), Fix(S;) N SIP(M, N).

Put

on=- ,u'anF)Wnyn'
For any p € (2} Fix(S;) N SIP(M, N), we conclude from (2.3) that
lgw—pI> < | = potuFY W,y — (I = pe, FYWop | - 2100, - p, Fp)
<@1- ran)zll Wuyn — Wnp||2 = 2ua, (pn — p, Fp)

< (1=t llyn - pII* = 2100y — p, Fp)
2
< (1-7a,)?llx, - pl* - )/(1 -y ||A||2)(1 - 7a,)* ||RES%Axn —Axy, ||

+2pay || Eplllli@n —plI.
This shows us that
2 2 2
%ne1 = PII" < Bullgn —pII* + (1 = Bu)llx, — Pl
2
< 1% =PI = Buy (1 =V IAIP) (1 = 7ers)? || Res)! A, — Ax, |
+ 21 BullEpI | @n — pLI.-
It follows that
2
v (1= v IAI*) (1 - te)’ Bu] Axy — Res)] Axy |
< 1w = %wer [ (160 = Pl + %001 = II) + 220, Bull Ep |l @0 — pII.
Limit (2.9) and the fact that «,, — 0 as # — oo lead us to
lim || Ax, — Res)! Ax, | =0. (2.10)
n—00 n
Next, we have

2z, - plI?
<2(yA*(Rest! ~I)Ax, + %4 — p, 20 — D)
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= y?|A*(ResM —1)Ax, |* + 2y (A" (Res™ 1) A, %, — p) + 12, — pI?
— [l + yA*(Res¥ ~1)Ax = 3, |* + ll2n = pII2
< vl AJ1*||Res)! Ax, — Az, |
+2y ([Res™ Ax, — Ap,Res™ Ax,, — Ax,) - |Res Ax,, — Ax, )
+ 1120 = pII* + 1120 = P11 = |20 = %ull* = 2y (A* (Respt —1) Ay, X,y — 2n)
~ [y A (Resy) ~1)Ax,|)

2 2 M 2
< Ilxx = 1% + 22 = pI* + 21lAlly 1%, — 2l |Res) Ax, — Ay | = Il — 2%,

that is,

N

2 2 2
2 = pII* < [l = pII* + 21 A1l |2 = %4l | Res]] Axy = A || = [0 = 24112

n

This sends us to

[l@n _P”2 <@1- Tan)zll Wnyn - Wnp||2 —2ua, (¢, — p, Fp)
< (1= 10)*Vullzn = plI* + (1 = 10)*(1 = y) l%n — pII* + 20t ll @y — pll I Epl
< (L=t [ln = pII* + 2(1 = T *VullAlly 1z — %]l | Res) Az, — A, ||

n

— (1 = ) Yulln — zull* + 20l @y — pll | Epll.

It follows that

%01 = PI* < Ballgn = pI? + (1= B) 1%, = pII®

< 1% = pII* + 284(1 = T *VullAlly 21 — %ull |Res) Ax,, — Ax, ||

n

2
l

— Bu(1 = 70, *Yulln — zall* + 21200, Bull0n — P | Ep.

Hence

Ba(1- TOln)ZVonn - Zn||2
< n = xpaall (”xn =Pl + 1% —17”) +2||Ally |1z — %l ||RGS§\£ Ax, — Axy, ”

+2ua,llon - plllEp|.
Using (2.9) and (2.10), we have that x,, — z, — 0 as n — 00, that is,

lim |x, — Res) (x, + yA*(Resy! -I)Ax,)|| = 0. (2.11)

n—00
Since x,, — z, — 0 as n — 00, we have that {z,} converges weakly to x. Further, {z,,} con-
verges weakly to X as i — oo. The graphs of maximal monotone mappings are weakly-
strongly closed. Observe that

M
Xy — 2 Resrni Axy, — Axy,

”
1 1 +,}/A*
Sn;

i

€ Nz,,.

S,
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So 0 € N(x). Fixing a positive real number p, Lemma 1.6 yields that ||Ax,, — Resﬁﬂw Axy |l —
as i — oo, which implies 0 € M(Ax).
We are now in a position to show that x € ()2, Fix(S;) = Fix(W). We have

”yl'li - Wi’liyni ” E ||J/ni - Wn,‘ym” + ” Wn,}’ni - W_ym”

< ||J/ni - Wn,‘ym ” + Sup ” Wnix - Wx”
xey

Relations (2.8) and (2.11) yield that lim;_ o [|y4; — Wi,y || = 0. If ¥ # WX, then the Opial
condition, Lemma 1.5, sends us to

limsup [|x — ¥, || < limsup ||[Wx —y,,||

I—> 00 I—> 00

< limsup{ | Wy, =y, Il + | WE = Wy, ||}
11— 00
< limsup ||x =y, |,

i—00

a contradiction. Thus x € Fix(W), that is, x € ()5, Fix(5,).

Step 4. We prove that the sequence {x,} is strongly convergent.

Since F is strongly monotone and Lipschitz continuous, we get that the following vari-
ational inequality has a unique solution:

(%-y,F%) <0, Vye( |Fix(S)NSIP(M,N).

i=1

Thus

limsup(x — ¢, FX) < 0. (2.12)

n—0o0

Lemma 1.1 and Lemma 1.3 send us to

%1 — X1
< Bullon = F* + (1= B) o — %>
< Bu(| U ~ nauF)Woy — (I — oty F)F|* = 200t % F@)) + (1 Bl ~ T
< Bu((1 = ) llyn = XII* = 2110, (FR), 0 = %)) + (1 = Bo) |, — FI|?

= (1 - 2‘L—IBnO‘n)”xn _35”2 + 2tﬂnannm

Tay

2
as n — o00. This completes the proof. O

where IT = £(Fx,% — ¢,) + 5% ||x, — %||*. In light of Lemma 1.4, we find that |x, —%|| — 0

From Theorem 2.1 we have the following subresult on split inclusion problem (1.3).

Corollary 2.1 Let H; and H, be Hilbert spaces, and let N and M be set-valued maximal
monotone mappings on Hy and H,, respectively. Let F : H — Hy be an L-Lipschitz con-
tinuous and t-strongly monotone mapping. Let A be a linear bounded operator from H; to
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H,, and let A* be its the adjoint operator. Assume that SIP(M, N) # (. Let {x,} be the vector
sequence in Hy generated by the iterative process

x1€Hy, %y =B - pa,F) Resﬁ (% + yA*(Resff ~1)Ax,) + (1= B)xn, n=>1,

where y and u are two positive real numbers, {s,} and {r,} are two positive real number

sequences, and {a,} and {B,,} are real number sequences in (0, 1). Suppose that y € (0, W),
1 € (0, 25), liminf,, o0 5, > 0, 1imy, s o0 |84 = Sue1| < 00, iminf, oo 7 > 0, 1imy, s 0 |7y =P | <
00, > 2y = 00, {B,} is a number sequence in (B, B'], where B and B’ are two real numbers
in (0,1), such that lim,,_, oo | Bus1 — Bul = 0. Then the sequence {x,} converges strongly to ¥ €

Hi, which is a unique solution of the variational inequality (x — y, Fx) < 0, Vy € SIP(M, N).

Remark 2.1 In this paper, we investigated the descent iterative methods for split inclusion
problem with a common fixed point constraint of an infinite family of nonexpansive map-
pings. It deserves mentioning that our method does not involve projections. A solution
theorem of the problem was established in the framework of Hilbert spaces under some
weak assumptions imposed on different mappings and control sequences.
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