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1 Introduction

The theory of fractional integral inequalities plays a vital role in the field of mathemati-
cal sciences. There is one of the most famous inequalities for convex functions known as
Hermite—Hadamard inequality. Many researchers studied this inequality and published
various generalizations and extensions by using fractional integral. We begin with the
Hermite—Hadamard inequality, which is defined as follows: Let f : I € R — R be a convex

function and a, b € I with a < b, then

a+b 1 b fla)+f(b)
f( ) )sméf(x)dxsf. (1)

Further generalizations and extensions can be found in, e.g., [3, 8, 10, 17]. In [15], the

Riemann—Liouville fractional integrals J7. and J}_ of order o > 0 are defined respectively

by

30 f(x) = ﬁ / (x— t)“_lf(t) dt (x > a, Ra) > O) 2)
and

~o 1 b a—1

J5-f(x) = m/ (t—x)*"f(t)dt (x<b,9t(ot)>0), (3)
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where I is the gamma function (see [18]). In [7], the left- and right-sided fractional con-

formable integral operators are respectively defined by

P S (x—a)“—(t—a)a>ﬂ1 £
J“+f(x)_F(ﬂ)/a( 5 o dt, x>a (4)
and
1 [Pb-x B0\ £
Bra _
= [ () gl <o ®

where 8 € C and :(B) > 0. Obviously, if we consider a = 0, » =0, and « = 1 in (4) and (5),
then we get the Riemann—-Liouville fractional integrals (2) and (3) respectively. In [16], Set

et al. defined the following one-sided conformable fractional integral operator:

e B 1 x(xa_ta)ﬂlf(r)
1@ = /0 - . ©)

Recently Rahman et al. [13, 14] established some new inequalities of the Griiss type and

certain Chebyshev-type inequalities for conformable fractional integrals. In [5, 9, 11, 12],
various researchers established generalized k-fractional conformable integral inequalities,
Minkowski and Chebyshev type integral inequalities involving generalized k-fractional
conformable integrals. The Hermite—Hadamard type inequalities for k-fractional con-
formable integrals are found in [6]. A significant contribution by Guessab and Schmeisser
[4] is an investigation of sharp integral inequalities of the Hermite—Hadamard type.

The paper is arranged as follows: In Sect. 2, the main results, which are reverse
Minkowski and related Hermite—Hadamard type integral inequalities, are established by
employing fractional conformable integral operators. The concluding remarks are given

in Sect. 3.

2 Main results
In this section, we use fractional conformable integral operator to develop reverse
Minkowski and Hermite—Hadamard integral inequalities. The reverse Minkowski frac-

tional integral inequality is presented in the following theorems.

Theorem 2.1 Let B,a >0, 0 > 1, and let @, ¥ be two positive functions on [0,00) such

that, for all x > 0, 3% @7 (x) < 00, PT*W (x) < 00. If 0 < m < % <M, t € [0,x], then the

following inequality holds:

1
o

1 1+M@m+2)

1
B3e® (x))o + (Poewe < Fy(® +w)° 7
( @) +( ) < (m+1)(M+1)( (P +¥)°(x)) (7)
Proof Using the condition % <M, te[0,x], x >0, we have

M+1)7P°(1) <M° (D +W)°(t). (8)
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Multiplying both sides of (8) by ﬁﬁ) (%)ﬂ‘lt"‘1 and integrating the resultant inequality
with respect to £ from 0 to x, we have

o x a _ ga\ B-1 . x o gan B-1
(N;J(rlgl)) /0 <x at ) @7 () dt < 11\/([,3)/0 (x at > Y@ + W) (2) dt,

which can be written as

P30 () < %ﬂﬁa(cp SV ().

Hence, it follows that

M
M+1)

(’%i‘”cb"(x))é < (P53 (® + lI/)"(x))é. 9)

Now, using the condition m¥ (t) < ®(t), we have

(1 . i)wm < L(ow+ww),
m m

which yields

(1 + l)H“’”(t) < (%)U(@@ +w ()’ (10)

m

x%—t*

o

Multiplying both sides of (10) by %ﬁ) ( )A~1¢*-1 and integrating the resultant inequality

with respect to ¢ from 0 to x, we get

1 1 1
Byewo (4))7 < By (D 4+ @) (x))7. 11
(F0TW)7 < g (3@ ) () (1)
Thus, adding inequalities (9) and (11) yields the desired inequality. O

Theorem 2.2 Let B,a >0, 8€C,0 >1,and let @, ¥ be two positive functions on [0, 00)
such that, for all x > 0, 3% ®° (x) < 00, PT*W7 (x) < 00. If0 < m < i—((g <M, t€[0,x], then
the following inequality holds:

2 2
o o

(F30° ()7 + (P30 (x)
> (7(1‘/“ 1;;"“ b —2) (P37 ()7 (P3° w7 ()7 (12)
Proof From the multiplication of inequalities (9) and (11), we have
<7‘M * 1;;’” i ”) (307 ()7 (F3°0° )7 < ([F3%(0() + W) ]7).  (13)

Now, applying the Minkowski inequality to the right-hand side of (13), we obtain

([P (@ () + ¥ ())]7)?
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< [(ﬂju(pfr(x))% (ﬁjallla(x))%]

1
o

(’SJ“CD‘T(x))% + (’Sjalp“(x))% +2(P3% 97 (x))

IA

(P3*we (%)) . (14)
Thus, from inequalities (13) and (14), we get the desired inequality (12). d

Lemma 2.3 ([2]) Let f be a concave function on [a, b), then the following inequalities hold:

fl@) +f(B) <f(b+a—x)+f(x) < Zf(“”’). (15)

Theorem 2.4 Let B,a0 >0, B €C, r,s>1, and let ® and ¥ be two positive functions on

[0,00). If ®" and ¥* are two concave functions on [0,00), then the following inequality
holds:

275(@(0) + D (x%)) ((0) + ¥ (x%))° (P (x*F~))?

< P (- 7 (x) )P (xPo s (x7)). (16)

Proof Since the functions @" and ¥* are concave on [0, c0), therefore for any x > 0, & > 0

and by Lemma 2.3, we have

P(0) + @7 (x7) < @7 (x" — ) + D' (¢ )<2<P’<x§> (17)
and
wP(0) + WP (x%) W (a® — 1) + 5(¢%) < 2WS(’C§>. (18)

Multiplying both sides of (17) and (18) by ﬁﬂ)(g)ﬂ‘lt‘xﬁ‘l, t € (0,x), and integrating
the resultant inequalities from 0 to x, we get

0) + D" (x%) af-1
F(ﬁ) / ( ) aa
1 i et aﬁ 1 *
< Tﬂ) ( ) (o} ( )dt
B af-1 g1 (0
F(ﬁ)/( > e () e
D' (

2 a -\ paB-1
=T /0< @ ) “ 1)

and

ws<o>+ws ) / ( )’3 P
F(ﬁ)/ (

> P (2 — ) dit
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x /0 ga\ B-1
+%ﬂ)/o (x at ) P () dt
2‘1/5(%) X[ gt p-1 wpo1
EF(ﬂ)/o<Ot>t a

Taking x* — t* = y*, we have

1 X xol_tot
il (5

p-1
) T (35— 1) = P (1B (3

and

1 / * (x"‘ —t*
re Jo o
Thus the use of (19) and (21) yields
(#7(0)+ #7(2) (3 ()
<22 (ewr () =207 ) (3¢ (0).
Similarly, the use of (20) and (22) yields
(#90) + () (3 (7)) = 207 (0w ()
< 2WS<%> (P (e )).
From inequalities (23) and (24), it follows that

(87(0) + " (x)) (¥°(0) + W (x*)) (P3¢ (xF))?

243 (0 () (7 (0w ()

p-1
) I (o — 1) di = P (P (7)),

(20)

(21)

(22)

(23)

(24)

(25)

Since @ and ¥ are positive functions, therefore for any x >0, « >0, r > 1, and s > 1, we

have

~1—

((D’(O) + <1§’(x"‘)>

> >27(P(0) + P (x))

and

=

(II/S(O) + lI/S(x‘”))

5 > 271 (W (0) + ¥ (x)).

Hence, it follows that

<4”(O) + ‘D’(x“)) (P32 (£P-)) = 27 (0(0) + @ (x)) (P73 (¢F-2))

2

(26)

(27)

(28)
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and

(L) ey = 20 ) (7)) @

From inequalities (28) and (29), we obtain

(D7(0) + D" (x))(¥*(0) + W5 (x®

D3 (i)

4
> 27 5(@(0) + & (x)) (W (0) + W (x))* (P3° () ). (30)
Thus, by combining (25) and (30), we get the desired result. O

Theorem 2.5 Let B, u,a0 >0, 8,u € C,r>1,s>1, and let &, ¥ be two positive functions
on [0,00). If " and ¥* are two concave functions on [0, 00), then we have the following
inequality:

22775(B(0) + D (%)) (W(0) + ¥ (%)’ (P (x*#))?

(
< [ e () + (a0 ()

| IS

x[’%wwwwwnﬁwwwwwﬂ. (31)

Proof Multiplying both sides of inequalities (17) and (18) by == r (" 2 )p-1gna=l ¢ < (0,x)
and then integrating the resultant inequalities with respect to ¢ from 0 to x, we have

®(0) + D' (x) [*(x* -1\
o Ca)
1 Tx*—t
=rw [ (%2
il (55 e

207 ( X _ o\ A1 ol
SIW)A(a )ﬁ “ 32

B-1
> T (x — %) dt

and

wmnw%/( yymﬁ
ua—l S0 _ 40
r@/( > Vi ) e
+—f (x _ta)ﬁ lt““"llI/s(t"‘)dt
re) Jo o

005 [(x =\
51%)/( >t a .
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Now, using x* — t* = y*, we have

1 % /0 g\ A1 el ol ~ F(/,L)u (bt it

mmﬂ<a )t e e L A ) (34)
and

L X g B-1 alis o B F(M)urva et s (it

mmﬁ(a )t W )t = I (T (1)), (35)

Thus, from (32) and (34), we can write

(¢r(0)+(pr(xa))ﬂja(xau—a) < %/Lja(xaﬁ—a(pr(xa)) +ﬁja(xau—a¢r(xa))

< 2¢'<%>ﬂ3a (), (36)
Similarly, from inequalities (33) and (35), we obtain

(lps(o) + lps(xu))ﬁja(xau_—a) < %uja(xaﬁ—aws(xa)) +ﬂja(xau—alps(xa))

< 2w5<%)ﬂ3‘* (x*#). (37)

From (36) and (37), it follows that

(87(0) + " (x)) (¥°(0) + ¥ (x*)) (P 7% (x~))”

< [%’;;Hja (xotﬂ—a@r(xa)) + ﬂja (xap,a®r(xa))i|
[re,

~ B —0 TS (O Bro (o= g8 (2
I e ) P w@»] 38)

Since @ and ¥ are positive functions, therefore for any x >0, @ >0, » > 1, s > 1, we have

PO P g e 2 27 (@(0) 7)) P2 () )

and

wﬂj& (xau_a) > 2—5(4,3(()) + ws(xa))sﬂja (xom—ot). (40)

Thus from (39) and (40) it follows that

(27(0) + @7 (x*))(¥*(0) + ¥*(x))
4
> 2775 (@7(0) + @ () (¥2(0) + ¥ () [P 7% (x+-) ]

[P ()

(41)
Combining inequalities (38) and (41), we get the desired proof. O

Remark 1 Letting B = u in Theorem 2.5, we obtain Theorem 2.4.
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3 Concluding remarks

In this paper, we established Minkowski and Hermite—Hadamard inequalities for con-
formable fractional integral operator. If we consider o = 1 throughout the paper, then the
obtained results will reduce to the said inequalities obtained by Dahmani [2]. Similarly, if
we consider o = B = 1, then all the results will lead to the classical inequalities obtained

by [1].
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