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1 Introduction and main theorems
Bernstein’s inequality began with the problem of an estimate of an upper bound for deriva-
tives of functions on the real line in 1912 ([7]). A generalization for the classical Bernstein

inequality can be found in [8]: For any polynomial g of degree &,

I, < K™ lgll,» (1)

where 1 < p < co. The inequality is very useful in the field of approximation theory and
differential equations. Even though there are innumerably many splendid studies related
to Bernstein’s inequality after [7] appeared, we only introduce directly related research
results with this paper.

For example, the author in [1, p. 144, Theorem 3], derives that

|| (sina)f’ — o (cos a)f”p <olfll, (®=1),

for all real o, where f is an entire function of exponential type o belonging to L (R). As

another result of the same kind, for real valued functions the authors show that

()" + o), < 20C1f N
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where C;p = % 02” 1+ e?”Pd6 < 1 ([12]). As a consequence of (1), we see that
limsup,,_, o, |[f("‘)||;/’” <sup{l§|: & € suppf}, wheref is the Fourier transform of f. In
[2], the author proves that this inequality becomes the equality and also he derives a radial
spectral formula in the following: If 1 < p < oo and f 0m) e [P(R) (m = 0,1,2,...), then there

always exists the limit of ||f"| ;/ ™ and

lim £ " = sup{|&|: & € suppf}.

m— 00

In particular, suppf C [-0,0] if and only if limsup,, . . [[f"" ||[17/”’ <o.

The classical Paley—Wiener theorem gives a characterization of L2-functions with their
Fourier transforms compactly supported (the L? band-limited functions): Let o > 0 and
let f be an entire function of exponential type o. Then f € L%(R”) if and only if there exists
g € L*(R") vanishing a.e. outside [, 0] such that f = g ([11]). As the generalized results
for the Paley—Wiener theorem, we mention [13] and [9], in which the authors make an
extension to the distribution supported in the closed ball and in convex compact, respec-
tively.

In this paper, we focus on an extension of the inequality (1) to a differential operator for
0 < p < 1 as a generalization of [12]. First, we establish necessary and sufficient conditions
on the sequences of norm of derivatives of functions in L,(R") such that their spectrum are
contained in a fixed compact set in R”, refer to the main results of Theorems A, B, and C.
In Theorem B and C, we provide the behavior of sequence of higher order derivatives,
direction derivatives for the class of entire function of exponential type belong to L”(R")
spaces (0 < p < 1) and about three applications of Theorem A. This paper is organized as
follows: Sects. 2, 3, and 4 have the proof of each of the main theorems. In the last section,
we provide the Paley—Wiener theorem for some special compact sets.

For simplicity, we introduce some notations: We denote the support of f by suppf, the
set of nonnegative integers by Z, (also, R, means the collection of all nonnegative real
numbers) and a differential operator by P(D) induced from a polynomial P(x) in R”, where
D =-id/3x. For a multi-index o € Z”, put || = Z;’zl loj] (@ = (1,05 0)).

Let K C R” be compact and let § > 0. We write Kj, K(5) as the real §-neighborhood
of K, the complex §-neighborhood of K, respectively, i.e., K5 = {x € R" : dist(x,K) < §}
and Ks) = {z € C" : dist(z, K) < §}. In addition, throughout this paper, we assume that the
function f € L?(R") has the bounded spectral if there is no any comment, e.g., since this

condition implies differentiability properties of a function f.

Theorem A Let 0 < p <1 and let K C R" be compact. Then suppf C K if and only if for
any § > 0 there exists a constant C, ks independent of f, P such that

[PD)f ], = Cos (sup [P )11, @
zeK(s)

for any polynomial P.

TheoremB LetO<p<1,0<A<1,0 =(01,02...,0,) € R Then the following statements
are equivalent:

(i) suppf C [~01,01] X [~02,02] X -+ X [0y, 0.

(ii) Forany a € Zl, ID*fll, < o*|Ifll,-
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Let n € R” be on the unit sphere. Let us recall that the directional derivative of f at x
along 1 is defined by

D=3 n,g—j;m
j=1

and the higher order directional derivative is defined by
D'f(x) = D,D}'"'f,
where m € Z,.

Theorem C Let 0<p<1,0<Ai<1,andr>0.Put K,, ={£ € R": [n&| < r}. Then two
statements are equivalent:

(i) suppf C K.
(i) Forany m € Z,,

1Dy, <" If - 3)

If we consider the tempered distributions S'(R”), where S(R”) consists of Schwartz
functions on R”, then, for the space

&,(K) = {f e [P(R") N S'(R") :suppf C K} (0<p<1),
the operator norms of P(D) on &,(K)

P(D = P(D
|1P( )||8p(1<)~>€p(1<) fegp(zl;ﬁ)f||p§1|| ( )f“p

are also deduced from Theorems A, B, and C.

2 Proof of Theorem A

We start with the Nikolskii inequality. This is useful to prove the necessity of Theorem A.

Proposition 2.1 (Nikolskii inequality [10]) Let 0 < p < g < 0o and let K be compact. Then

"f”q =< Cp,q,K”_f”p;
SJorallf € &,(K).

Proof of necessity of Theorem A Fix 0 < § < 1 and consider the bump function ¢ in the class
of the test-functions, with compact support, defined by ¢(&) = 1 if & € Ky/4; and ¢p(§) = 0 if
§ & Kspp. Let f € €,(K). Since P(D)f = P(§)f (§), we have P(D)f = P(§)f(§) = p(§)P(E)f ().

By the inversion formula for a convolution,

P(D)f = F{(¢P) * £, (4)
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where F~1(¢P) means the inverse Fourier transform of ¢P. (In this proof, we write the
Fourier transform of f by F(f) instead of f .) Define f (%) =f(—x) and f,(x) = f(x + y) is the

translation of f by y, e.g.,fy(x) =f(y—x).
It follows that

supp F (F ! (¢P)f.) C supp(¢P) + supp F (f,)
= supp(¢P) — supp F(f)
C supp ¢ — supp F(f)
CKsp-KCK —K

for any x. By Proposition 2.1 withO<p <1,
|71 @PA], < Cox| F@P), (5)

for any x. By (4) and by (5),

POYOP =y [ |17 0ROl dy

for any x € R”. Consequently,

[ oyl ar=c [ ( [ 17 @reol - dy) dx.
Rn ]Rn ]Rn
By Fubini’s theorem, hence

PO, = Gl 7621, 1,
=)™ p,1<||]:(¢>P)||p|lf||p

= Q27) " Cox 1P lpIf Nl ps (6)

where @ (x) = F(¢P)(x).

Now by estimating @ properly, we will complete the proof. Put p’ = | I%J + 1, where | - |
denotes the floor function. Let 8 € Z”" such that 8 < (¢/,...,p’) = p’, say, here the inequality
means that every component of § is less than or equal to p’ and 8! means a multi-index

factorial. Since

suple @ ()] =sup) | DP[(6)P©)]e" d

< / IDP[p(&)PE)]|de =1, sy, @)
Ksa

Page 4 of 16
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the Leibniz rule yields

1
: /Ks/z Z

v=p

B! )
— DY D7 p d
T ) (s>'s

<Y sup [DF 7P| /K D7 (€) |
8/2

y<p xeKs/y

<2%C, s max sup |D“P(x)
as<p’ x€Ks)

; (8)

where Cpic5 = 3, < Jg , 1D7 $(E)] dE.

By regarding D P(x) as a complex holomorphic polynomial and using Cauchy’s integral
formula, we can estimate its maximum modulus in Kj, as the maximum modulus of P(z)
in K{5). Thus there exists a constant Cg s which depends only on K, § such that

sup|D"‘P(x)| < Ckygs sup|P(z)| 9)
K; K((g)

812

forany o € Z7 (¢ <p/).
Combining (7), (8) with (9), we have

sup|x’3¢>(x)| =< C;,Kyg SUPiP(Z) ’ (10)
X K(,g)

where C;J,K,IS = 22”Cp,1(,5 C](Y(g. From (10),

‘ D (x) ’p dx
RVI

/ / d
< sgp((l +aa ) (L fxal)” [ @ )])P /Rn T e, .%(1 TP

= Chsup((1+ |x1|)p/ (L |xn|)pl |@(x)|), (11)

/4 dx
where C, = — ¥ <00
P f]R" Lt g WP (L+ | )PP

Hence, by (11) and according to (10),

@1, <27 71"C,Cl 15 sup [P(2)]. (12)
ZGK((;)

By (6) with (12), the proof is complete. a
The following lemma is useful for the sufficiency of Theorem A.

Lemma 2.2 ([3]) Ifsupp f is compact, then

1/m

lim HP”’(D)f” = sup A‘P(x)}.

1
m—oo xesuppf

We prove the sufficiency of Theorem A by contradiction.

Page 5of 16
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Proof of sufficiency of Theorem A Assume that there exists xy € H with xy ¢ K, where
H= suppf. We consider a polynomial P(x) = ¢y — |x — xo|%, where £y = sup, x [ — x0|?> > 0
and apply (2) with P™ for a positive integer m. In addition, by Proposition 2.1,

| PO "™ < (CpuCorsliflly) "™ sup [P(2)].
zeK(s)

By applying the limsup on both sides, we have
. i 1/m
lim supHP (D)f” L =< sup |P(z)’.
m—>00 z€K(s)

Now letting § N\ 0, we obtain

limsup|| 2" (D)f ||, < sup|P@). (13)
m—>00 xeK

By Lemma 2.2 and by (13), we have the following contradiction:
to = | P(x0)| < sup|P(x)| = sup(to — |x — x0|*) < to,
xeK xeK

where the last inequality comes from the fact that xy ¢ K. Therefore, the proof is com-
plete. d

3 Proof of Theorem B
We recall the following lemma.

Lemma 3.1 ([6, Theorem 6]) Let 0 < p <1 and let f € L’(R"). Then lim;_~ ||f - ,fll, =0,
where ;f (x) = f(Ax) denotes the dilation of f by A.

Proof of Theorem B Suppose (ii). According to (ii) with Proposition 2.1,

limsup(”D“f”l/o“)mal <1 (14)
|la|—o0

By Lemma 2.2,

1/m

sup |$’3’ <lim sup”D"”SfH1 (15)
iy — 00

gesuppf "

forall B € Z1.
Combining (14) and (15), we have
sup |§ﬁ| < limsup”Dmﬂf” i/m <o?
gesuppf Mmoo

and this gives suppf C [-01,01] X [-09,02] X -+ X [0y, 0,].
Next, (i) implies (ii), which follows from the Bernstein inequality for 0 < p < 1 ([12]).
Therefore, the proof is complete. d
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Remark 1 (1) Theorem B shows an L”-boundedness of derivatives. In fact, we prove that

the L”-boundedness is equivalent to the following vanishing property:

lim | Df| /o =0. (16)

|o|—> 00

First, we prove that (i) of Theorem B implies (16). Indeed, from the definition of the
function ,f, we have supp ;]\’ = Asupp, f . Then

supp ;f C [~A01,A01] X [~A02,A05] X -+ X [-A0y, Aoy ). (17)
Since D*f(x) = A1*|D*f(1x), by a change of variables,
[Dfl, = 2| pf |, (18)

for all @ € Z". By (17), suppf/—v C [-01,01] X [-02,02] X -+ X [-0,,0,]. Thus by the
Bernstein inequality for 0 < p < 1 ([12]),

[D°¢F =N, < oIl =3l (19)
Also, by the triangle inequality,

|Al, 1o = 22 ([ =), + D% 1, ) 1o

<2"P(c*|If = afllp + )J‘”"”/p||D°‘f||p)/o°‘ (20)
for all @ € Z}, where the second inequality comes from (18). Hence,
”Daf”p/o,a < 21/p|lf _ )f”p/(l _ 2l/p)\\a|—n/p)

for all « € Z. In addition, from the inequalities

la|-n/p\ 1/p —-n/p\ 1/p 1/p
21/17)\\04*"/17 <(2(1- i < % 1- i < E
lo] e o 2e

for all |a| > max{n/(p(1 — (4/5)?"")),(1 — A#)~1}, we have

1/p
[Df ], o < 2221 =1 | (1 - (%) ) (21)

for all o« € Z" with |a| > max{n/(p(1 - (4/5)°'")),1/(1 — A¥)}.

Next, take limsup,|_,, on both sides of (21) and then the right hand side of (21) is
independent of . Thus taking lim, -1 in (21), by Lemma 3.1 we have (16).

Reversely, since (16) implies (14), we can derive that (16) implies (i) of Theorem B.

(2) With the hypothesis of suppf‘ C [~o01,01] X [-02,05] X -+ X [-0,,0,], the Bernstein
inequality for 0 < p < 1 ([12]) says that (||D*f||,/(c*|[fll5))xez is bounded by 1. On the
other hand, (1) of Remark 1 gives a stronger result: limyy | [|D*f|l,/(c*||fll,) = 0.
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(3)Let0<p<1,0 =(01,09,...,0,) € R If we define

Moy =1{f €S (R"):f e C(R"), suppf C [ [[~05. 051 ¢,

j=1

where £ = n(|1/p] +2), then the convergent ratio of {||[D*f||,/0*}4ezn is as follows:
| l‘im |a|“||D°‘f||p/o"‘ =0 (22)

forall0 <a <1 and for all f € M, ,,. Indeed, we justify (22): Consider a function G, (x) as
follows:

G.(x)=flx)—fOx), « GRH,% <A<l

Then, due to supp f CcK:= ]_[;'=1 [—o0j, 0], we have

Gi(x) = (2m)™" fK et (f(s) - %f(%)) dg.

So,

[5Gy (@) = (2) "

—ix: o7 1 a7 g
[ 5<Df($)—/\1+,a (D )(1))”’5’

where |a| = a1 + - - - + ;. Hence,

sup’x“ G, (x)’

xeR

1 N
< (2”)_n/1< T ATl (Daf)G)‘ds
S(zn)_n/]((<ﬁ—l)|Daf($)|+Alila Daf(f)—(D"f)(i)DdS

oo ()] ) o

1 A
=0 ( (57 1)1+ 5

Df (&)

By the mean value theorem,
sup|x® G, ()| < (27) 411 — k)(”D"‘f“oo + Z||D°‘*elf||oo> / 1d&
xeR =1 K

forall 1/2 < A < 1, where ¢; € R” is the unit vector whose jth coordinate is 1.
Now putting M = [1/p] + 1, we have

m m 1 1/p
IGxll, <sup[(1+ |x1]) -+ (1 + |x,] G(x)( d)
¢l < sup| 1+ ) Jemi [, L+ P (L ™ ¥

<|If -filly < Cp(1=2) > |D*f]

la|<(M+1,M+1,...,M+1)
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forall 1/2 < A < 1. By Theorem B for 1 = (1 - |71|)1/p’ we obtain
[D°f ]| < Coslal ™o

for all o« € Z”, || > n/(p(1 — (4/5)"'")), consequently,
Jim ||| D%f ||, o = 0

for all 0 < a < 1. Thus (22) holds.

4 Proof of Theorem C

Proof of Theorem C Suppose (i). We consider a real orthogonal matrix A = (o) that sat-
isfies

a1=m k=1,...,n
and put
8E)=flx) (x=A8).

By differentiation,

2 gy =y Y0

g .
0&; 1 Oxy 981
It follows from % =nr (k=1,2,...,n) that

e =3 LY s,

k
0&; pay 0xy
Similarly,
o™ .
—:8(E)=Dy'f(x) (m=0,2,..).
0&]
Thus,

am
|Dzf)], = H agpd  lele=r"1 b (23)

~

here " may be 1. Note that g(§) = f(A’€) and so |&; | < r for each & € suppg. By the Bern-
stein inequality for 0 < p < 1 ([12]) and by (23), we have

F1 am
I571, - | e®

=7r"lglly = Ifllp-
p

Page9of 16



Bang et al. Journal of Inequalities and Applications (2019) 2019:215 Page 10 of 16

Next, suppose (ii). By (ii), and by Proposition 2.1, we have

limsup|| D}'f | i/m/r <1 (24)
m—>00

By Lemma 2.2, we see that SUP¢ cquppf [n&| <r, consequently, supp f C K;,,r. Therefore, the
proof is complete. 0

Remark 2 (1) Theorem C also shows an L”-boundedness of derivatives. Similar to (1) of
Remark 1, we prove that the L”-boundedness is equivalent to the following vanishing prop-
erty:

lim HD;"pr/rm =0. (25)

m—> 00

First, we show (ii) of Theorem C implies (25). Since supp ;\7 C 1K, and so suppf/—-F C
K, U (AK,,) = K,, say. From (ii),

|23 =3, = (sup 1) "1 =31
Since SUPg i, n&l < max{supgeKm [n&l, SUP: 3 [n&|} <r, we have

|0 (F =D, <7 If =4 llp- (26)
Also, Dy o (x) = )J"Df]”f (Ax) gives

|Dysfl, = 2" [ Dyf ], (27)
for all m € Z,. Thus, by the triangle inequality, by (26), and by (27),

|7l = 2 (1D =D, + 1P7f 1, ) e

<2 =l 4 2D i

for all m € Z,. On the other hand, the constant has the upper bound

m—-n/p\ 1/p —-n/p\ 1/p 1/p
olipym-nip < (91— i < % 1— i < i
- m “\e m ~\2e

for all m > max{n/(p(1 — (4/5)*)), (1 — A?)~'}. Hence, we get the desired inequality,

1/p
[Df ], 1 <271 = 3£ 1 | (1 - (%) ) (28)

where m > max{n/(p(1 - (4/5)'")), (1 — A?)71}.

Now, take limsup, ., on both sides of (28), and then the right hand side of (28) is
independent of «. Thus taking lim, -1 in (28), by Lemma 3.1 we have (25).

Reversely, since (25) implies (24), we conclude the equivalence between Theorem C and
(25).
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(2) LetO<p<1,r>0.Put
N, =1f € S'(R") :f € C*(R"), suppf C Ky},

where £ = n(|1/p] + 2). Then from (1) of Remark 2, we have the following convergent ratio
of {”D;nf||p/rm}mez*3

tim i ], <0
forall 0 <a <1 and for all f € N,,.

5 Applications

In this section, we derive three results as applications of Theorem A: If the compact set
K is specified in detail, we can reduce K into Kj, as appears in Theorem A. Let o € Z
and let 0 < A, < 0o. We define the set generated by the number sequence {1y} as G{A,}
consisting of all points £ € R” such that

€| < Ao foralla € Z.
Now for any set £ C R”, put the g-hull of E by
g(E) = G{supls”[ |
E

Then E C g(E) readily. We say that E satisfies the g-property if E = g(E). We note two facts
that every set generated by a number sequence G{A,} has the g-property and vice versa
and every symmetric compact convex set also has the g-property. For more information,
refer to [4, 5].

Theorem 5.1 Let 0 < p < 1 and let K C R” be compact satisfying the g-property. Then

supp. f C K ifand only if for any § > O there exists a constant C, ks independent of f, o such
that

”Daf”p < Cpis (sup |« |) If1, (29)
xeks
forany a € Z1,.
For any polynomial P and for r > 0, define an r-neighborhood with respect to P by
Np(r) = {x eR": |P(x)| < r}.

Theorem 5.2 Let 0 < p <1 and let K = Np(r). Then suppf C K ifand only if for any § >0
there exists a constant Cy s independent of f, m such that

[P ||, < Coucs(r+8)"IIf Il (30)

forany m € Z.
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Theorem 5.3 Let 0 < p <1 and let K C R" be convex and compact. Then supp, f C K ifand
only if for any & > O there exists a constant Cy x5 independent of f, P, m such that

[P, = Cos (sup [P )11, (31)
xe€Ks

for any real polynomial P of degree 1 and for any m € Z,.

To prove Theorem 5.1, we need a lemma: The inclusion of K5 C K{s), implies

sup|z"‘| > sup|x°‘| forall o € Z.
Kis) Ks

Moreover, for z € K there exist £ € K and n € C” such that z=& + 1, || < § and so

lzjl < 1§+ Im| (1 <j < n). Put x = (&1 + [mlsign(€1),..., & + [nalsign(§,)). Clearly, x € K;
and |x;| = |&| + |nj| > |zj| for all 1 <j < n. Thus for each z € K{s), there exists x € K5 such
that

|2*| < |x¥| foralla e Z.
Therefore, we conclude the following.

Lemma 5.4 IfK is compact on R”, then, for any § > 0,

sup|z"‘| = sup|x"‘| foralla € Z.
Kis) Ks

Proof of Theorem 5.1 Fix § > 0. By Theorem A, there exists a constant C, x5 < oo such that
ID°f]l, < Cpuics sup [2*[If Il
ZEK(,;)

< Cpx5 sup|x|IIfl, (32)

xeKs

for all o € Z, where the second inequality follows from Lemma 5.4. This proves the ne-
cessity.

To see the sufficiency, on the contrary, assume that there exists x € supp f’ with xo ¢ K.
Since K has the g-property, we find o € Z” such that

|x§| > sup|«|. (33)
xeK
By the hypothesis of (29) with ma (m =1,2,...),
[D7f, = Cpues (supla™| ) 11
xeKs

According to Proposition 2.1, applying limsup, we have

1/m
1

limsup | D™ f |, < sup x|,
m—00 Ks
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and taking § \ 0, we get

1/m

lim sup ||D'”“f”p < sup}x"‘ | (34)
m— 00 xeK

Also, by Lemma 2.2 with P(x) = x*,

timinf || D"f |7 > |, (35)

m—> 00

Thus, the equations of (34) and (35) yield
|xg| < sup|x"‘|.
xeK
This contradicts (33). Therefore, the proof is complete. g

Since any symmetric convex compact set satisfies the g-property ([4, 5]), Theorem 5.1

produces the corollary:

Corollary 5.5 Assume K is a symmetric convex compact set in R”, 0 < p < 1. Then, for any

8 > 0, there exists a constant Cpx s < 00 such that
DA, < Cpm(sup \xa|> 1l
weKs

forallo € Z7.
Let us note that a symmetric convex compact set is a typical example for a compact set
that has the g-property. Since D* is simpler than P(D), in Corollary 5.5 the supremum runs

over Kj instead of Kis).

Proof of Theorem 5.2 We first prove the necessity. For any § > 0, by continuity, there is
8’ > 0 so that

sup{P(z)| <r+},
K((g/)

since supy |P(x)| = r. By Theorem A, there exists a constant Cy ks such that
|P"DY [, < Cpscsr (sup|P"@)]) 11,
K((S/>
< Coic (+8)"|If |l -

To prove the sufficiency, suppose that there exists xy € supp, f and xg ¢ K = Np(r). Then
|P(x0)| > r. From hypothesis (30) and by Proposition 2.1,

lim sup”P’”(D)f” ?m <r+8é. (36)

Page 13 0of 16
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Also, by Lemma 2.2,

1/m

liminf|P"(D)f |,

> |P(xo)]. (37)
Hence, by (36), by (37), and by assumption,
r<|Pxo)| <r+8

for any 8 > 0. Letting 6 \, 0, we reach a contradiction of the inequality. This gives the
proof. d

By Theorems 5.1 and 5.2, we have a corollary.

Corollary 5.6 Let r >0 and let P; be polynomial (1 <j<¢q). Put K =H ﬂ;’zl Np}.(r), where
H, Np,(r) are compact. Then supp f C K if and only if for any 6 > O there exists a constant

Cp.x,s such that

q
D[Py

Jj=1

< Cpacalr+8Y7" ((sup [2°] )1,

z€K(5)

p

forallm;je Z, (1 <j<q),forall o € Z.
We are ready to derive Theorem 5.3 with a lemma.

Lemma 5.7 Let P be a real polynomial of degree 1. If E C R” is any set, then

sup |P(z)| = sup|P(x)|.

Z€E(s) x€Es

Proof From E;s C Es), we have sup,.p . [P(2)| = sup,, |P(x)|. To complete the proof, we
need prove that sup,. Eo) |P(z)| < sup,cp, |P(x)|. Indeed, let z € E(5). Then there are x € E
and rp € C" (0 <r <§,|n| = 1) such that z = x + rn. Since we can replace P with —P, we
may assume that P(x) > 0. Taking y = x + r(sign(d, P)|n1l,...,sign(dx,P)|n.|) € E. C Es so
that

PG| = Pe) + 1) 10, PlIjl.

j=1

By the triangle inequality,

P@)] < P@)+7)_ |05, Pllnl.
j=1

The previous two inequalities show that for each z € E;), there is y € E; such that |P(z)|

<
|P(y)|. Therefore, taking supremums successively, we justify the lemma. O
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Proof of Theorem 5.3 The necessity follows readily. Indeed, let § > 0. By Theorem A, for
some C, ks, we have

[P, = Coics (0P [P@[" ) If1
zeK(s)

< Gpucs (sup [P@)[") 1,

zeKy

for a real polynomial P of degree 1 and for all m € Z,, where the second inequality comes
from Lemma 5.7.

It remains to prove the sufficiency. On the contrary, assume that there exists xy € H with
xo ¢ K, where H = supp, f . Since K is convex and compact, we easily find a linear P such
that

|P(xo)| > sulg‘P(x) | (38)

By (31) and Proposition 2.1,
P O) [, = ConCpucs(sup P60 ) 171,
XEK§

for all m € Z.. So,

1/m

lim sup”Pm(D)f”1 < sup|P(x)|. (39)
m— 00 xeKs
By (39) and by Lemma 2.2,
|P(x0)| < sup |P(%)],
xeKs
and, putting § \ 0, we get

’P(xo)‘ < sup’P(x)|.

xeK

This contradicts (38), therefore, the proof is complete. d
From Theorems 5.1 and 5.3, we have the following.

Corollary 5.8 Let K be convex compact in R", 0 < p < 1. Then, for every § > 0, there exists
a constant C, ks independent of f, P, m such that

[P ®)], = Coss (s P ") 1

for all P(x) having degree 1 and for all m € Z,.

Corollary 5.9 Let 0 < p < 1. Suppose that K is convex and compact and that K, compact
satisfying the g-property. Then supp f C K1 N K, =K, say, if and only if for any & > O there
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exists a constant C, ks such that
[P"(D)D7F |, = Cocs (sup [P ) )11
x€Ks

for any real polynomials P of degree 1 and for any m € Z,.

Remark 3 According to the Nikolskii inequality all L#—L” inequalities for differential op-
erators in this paper can be extended to the L7—L7 inequalities for 0 < p < g < c0.
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