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Abstract
In this paper, we study the commutators generated by Lipschitz functions and
fractional type integral operators with kernels of the form

Kα (x, y) = κ1(x – A1y)κ2(x – A2y) · · ·κm(x – Amy),

where 0 ≤ α = α1 + · · · + αm < n, each κi satisfies the (n – αi)-order fractional size
condition and a generalized fractional Hörmander condition, Ai is invertible, and
Ai – Aj is invertible for i �= j, 1≤ i, j ≤ m. We establish the corresponding sharp maximal
function estimates and obtain the weighted Coifman type inequalities, weighted
Lp(wp) → Lq(wq) estimates, and the weighted endpoint estimates for such
commutators.
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1 Introduction and main results
Let n, m ∈N, 0 ≤ α < n. For any locally integrable bounded function f , define

Tα,mf (x) :=
∫
Rn

Kα(x, y)f (y) dy, (1)

where

Kα(x, y) = k1(x – A1y)k2(x – A2y) · · ·km(x – Amy),

α = α1 + · · ·+αm, and for each 1 ≤ i ≤ m, ki satisfies (n –αi)-order fractional size condition,
Ai is a matrix such that

(H) Ai is invertible and Ai – Aj is invertible for i �= j, 1 ≤ i, j ≤ m.
Clearly, Tα,1 = Iα , the Riesz potential, for m = 1, A1 is the n-order identity matrix, and
k1(x – A1y) = 1/|x – y|α . For general m and certain ki, T0,m behaves like a singular integral
operator and Tα,m has been studied in [1–10]. In particular, Riveros and Urciuolo [5, 6, 11]
considered each ki as a rough fractional kernel, and each ki satisfies an Lαi ,γi -Hörmander
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regular condition, or more general ki ∈ Hα,γi , that is, for all x ∈R
n and |x| < R,

∞∑
j=1

(
2jR

)n–α∥∥(
Kα(· – x) – Kα(·))χB(x,2j+1R)\B(x,2jR)

∥∥
γi ,B(x,2mR) < ∞.

They showed that these operators are bounded from Lp into Lq, for 1 < p ≤ q < ∞, 1/q =
1/p – α/n. In [12], Ibañez-Firnkorn and Riveros analyzed operators of the form (1) with
conditions of regularity more general than the Lα,γ -Hörmander condition and a fractional
size condition. Before giving the definitions of the fractional size condition Sn–αi ,Ψi and the
generalized fractional Hörmander condition Hn–αi ,Ψi ,k , we first recall the definitions and
properties for Young function.

A function Ψ : [0,∞) → [0,∞) is said to be a Young function if Ψ is continuous, con-
vex, nondecreasing and satisfies Ψ (0) = 0 and limt→∞ Ψ (t) = ∞. For f ∈ L1

loc(Rn) and each
Young function Ψ , we can induce an average of the Luxemburg norm of a function f in
the ball B defined by

‖f ‖Ψ ,B := inf

{
λ > 0 :

1
|B|

∫
B
Ψ

( |f (x)|
λ

)
dx ≤ 1

}
,

and a fractional maximal operator Mα,Ψ (0 ≤ α < n) defined by

Mα,Ψ f (x) := sup
B�x

|B|α/n‖f ‖Ψ ,B,

and we denote M0,Ψ by MΨ , the Orlicz maximal operator.
In particular, for Ψ (t) = t, ‖f ‖Ψ ,B := |B|–1 ∫

B |f (x)|dx and Mα,Ψ = Mα , the fractional max-
imal operator; for Ψ (t) = tr with 1 < r < ∞, ‖f ‖Ψ ,B = ‖f ‖r,B := (|B|–1 ∫

B |f (x)|r dx)1/r and
Mα,Ψ = Mα,r , and M0,rf := supB�x ‖f ‖r,B := M(f r)1/r .

Next, we recall the definitions of the fractional size condition and the generalized frac-
tional Hörmander condition. Normally, we use |x| ∼ s to represent s < |x| ≤ 2s. For the
Young function Ψ , we write

‖f ‖Ψ ,|x|∼s = ‖f χ|x|∼s‖Ψ ,B(0,2s).

For 0 ≤ α < n, the function Kα is said to satisfy the fractional size condition if there exists
a constant C > 0 such that

‖Kα‖Ψ ,|x|∼s ≤ Csα–n.

And we denote Kα ∈ Sα,Ψ in this case. When Ψ (t) = t, we write Sα,Ψ = Sα . Observe that if
Kα ∈ Sα , then there exists a constant C > 0 such that

∫
|x|∼s

∣∣Kα(x)
∣∣dx ≤ Csα .

We say that the function Kα satisfies the Lα,Ψ ,k-Hörmander condition denoted by Kα ∈
Hα,Ψ ,k if there exist constants cΨ > 1 and CΨ > 0 such that, for all x and R > cΨ |x|,

∞∑
j=1

(
2jR

)n–α jk∥∥Kα(· – x) – Kα(·)∥∥
Ψ ,|y|∼2jR ≤ CΨ .
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When Ψ (t) = tr , 1 ≤ r < ∞, we simply write Hα,r,k instead of Hα,Ψ ,k . See [13] or [14] for
more details.

In this paper, we consider the k-order commutators Tk
α,m,b generated by Lipschitz func-

tions and the operator Tα,m, where ki ∈ Sn–αi ,Ψi ∩ Hn–αi ,Ψi ,k , and for k ∈N∪ {0},

Tk
α,m,b(f )(x) =

∫
Rn

(
b(x) – b(y)

)kKα(x, y)f (y) dy.

Clearly, T0
α,m,b = Tα,m.

Also, we consider the following condition for the weights: there exists C > 0 such that

ω(Aix) ≤ Cω(x), a.e. x ∈R
n (2)

for all 1 ≤ i ≤ m. Let ω =
{ log 1|x| , |x| ≤ e–1,

1, |x| > e–1 . It is easy to check that ω ∈ A1 and satisfies (2) (see
[15]).

In [14], Gallo, Ibañez-Firnkorn, and Riveros obtained the weighted estimates for this
kind of operator and certain weights satisfying (2). Precisely as for the classical fractional
integral operator Iα with 0 < α < n, or the singular integral operator with α = 0, they proved
the Lp(Rn,ωp) → Lq(Rn,ωq) boundedness of Tα,m for weights ω ∈ A(p, q), 1 < p < n/α,
1/q = 1/p–α/n, and 0 ≤ α < n. In [15], for b ∈ BMO, Ibañez-Firnkorn and Riveros obtained
the weighted Coifman type estimates, weighted Lp(ωp) → Lq(ωq) estimates, and weighted
BMO estimates as well as two-weighted inequalities. Inspired by these results, we consider
the weighted boundedness of Tk

α,m,b for b ∈ Λ̇β and a weighted Λ̇β estimate for weights in
the class A(n/(α + kβ)r,∞). Our results can be formulated as follows.

Theorem 1.1 For 0 < β < 1, 0 ≤ α < n, k ∈ N∪{0}, m ∈ N, and 1 ≤ i ≤ m, let b ∈ Λ̇β , Ψi

be Young functions and 0 ≤ αi < n such that α1 + · · · + αn = n – α. Let Tα,m be the integral
operator defined by (1) and Tk

α,m,b be the k-order commutator of Tα,m. Suppose that the
matrices Ai satisfy hypothesis (H) and ki ∈ Sn–αi ,Ψi ∩ Hn–αi ,Ψi ,k . Moreover, for α = 0, suppose
that T0,m is strong type (q∗, q∗) for some 1 < q∗ < ∞. Let ϕk(t) = t log(e + t)k , φ be a Young
function satisfying Ψ –1

1 (t) · · ·Ψ –1
m (t)φ–1(t)ϕk

–1(t) � t for t ≥ t0, some t0 > 0. Then there ex-
ists 0 < C = C(n,α, A1, . . . , Am) such that, for 0 < δ ≤ 1 and f ∈ L∞

c (Rn),

M�
δ

(
Tk

α,m,bf
)
(x) ≤ C

k–1∑
l=0

‖b‖k–l
Λ̇β

M(k–l)β
(
Tl

α,m,bf
)
(x) + C‖b‖k

Λ̇β

m∑
i=0

Mα+kβ ,φ f
(
A–1

i x
)
.

Theorem 1.2 Under the assumptions of Theorem 1.1, for 1 ≤ r < p < pl ≤ q < ∞, k, l ∈ N,
1/q = 1/pl – (k – l)β/n, 1/q = 1/p – (α + kβ)/n, there exists 0 < C = C(n,α, A1, . . . , Am) such
that, for f ∈ L∞

c (Rn) and ωr ∈ A(p/r, q/r),

∥∥Tk
α,m,bf

∥∥
Lq(ωq) ≤ C‖b‖k

Λ̇β

m∑
i=1

k∑
l=0

(∫
Rn

∣∣Mα+lβ ,φ f (x)
∣∣plωpl (Aix) dx

)1/pl

. (3)

Furthermore, if ωr ∈ A(p/r, q/r) and satisfying (2), then

∥∥Tk
α,m,bf

∥∥
Lq(ωq) ≤ C‖b‖k

Λ̇β

k∑
l=0

‖Mα+lβ ,φ f ‖Lpl (ωpl ).
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Theorem 1.3 Let 0 ≤ α < n, 1 < p < n/(α + kβ), 1/q = 1/p – (α + kβ)/n and φ be a Young
function such that η–1(t)t

(α+kβ)
n � φ–1(t) for every t > 0, where φ

1+ sn
n–(α+kβ) ∈ B sn

n–(α+kβ)
for every

s > r(n – (α + kβ))/(n – (α + kβ)r). Then, under the hypotheses of Theorem 1.2, for ωr ∈
A(p/r, q/r),

∥∥Tk
α,m,bf

∥∥
Lq(ωq) ≤ C‖b‖k

Λ̇β
‖f ‖Lp(ωp).

Theorem 1.4 Under the hypotheses of Theorem 1.3, if ωr ∈ A(n/(α + kβ)r,∞) and satisfies
(2), then there exists C > 0 such that, for f ∈ L∞

c (Rn),

∣∣∣∣∣∣Tk
α,m,bf

∣∣∣∣∣∣
ω

≤ C‖b‖k
Λ̇β

‖f ω‖Ln/α+kβ ,

where

∣∣∣∣∣∣Tk
α,m,bf

∣∣∣∣∣∣
ω

= sup
B

‖ωχB‖∞
(

1
|B|

∫
B

∣∣∣∣Tk
α,m,bf (y) –

1
|B|

∫
B

Tk
α,m,bf (z) dz

∣∣∣∣dy
)

.

The rest of this paper is organized as follows. In Sect. 2 we recall some relevant def-
initions and previous results that are needed to state the other results, which appear in
Sect. 1. The proofs of sharp maximal functions estimates and Coifman type inequalities
are given in Sect. 3. Finally, the weighted Lp(wp) → Lq(wq) estimates and the weighted
endpoint estimates are presented in Sect. 4.

2 Preliminaries
In this section we present some relevant concepts and previous results, which will be used
in our proofs.

2.1 The generalized Hölder inequality and the fractional Bp condition
Now, we present some extra properties for Young functions. For more details of these
topics, see [16] or [17].

The function Ψ̄ is called the complementary of the function Ψ if the generalized Hölder
inequality holds:

‖fg‖L1,B ≤ 2‖f ‖Ψ ,B‖g‖Ψ̄ ,B.

If Ψ1, . . . ,Ψm,φ are Young functions satisfying Ψ –1
1 (t) · · ·Ψ –1

m (t)φ–1(t) � t for t ≥ t0, some
t0 > 0, then

‖f1 · · · fmg‖L1,B ≤ c‖f1‖Ψ1,B · · · ‖fm‖Ψm ,B‖g‖φ,B,

where the function φ is called the complementary of the functions Ψ1, . . . ,Ψm.
In 2013, Cruz-Uribe and Moen [18] introduced the fractional Bp condition: for 1 < p <

n/α and 1/q = 1/p – α/n, a Young function φ ∈ Bα
p if

∫ ∞

1

φ(t)q/p

tq
dt
t

< ∞.
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And they proved that if φ ∈ Bα
p , then Mα,φ : Lp(dx) → Lq(dx) and

‖Mα,φ‖Lp→Lq ≤
(∫ ∞

1

φ(t)q/p

tq
dt
t

)1/q

.

2.2 The Lipschitz function spaces
For a locally integrable function f defined in R

n, we say f belongs to the space Λ̇β (Rn),
0 < β < 1, if there exists a constant C > 0 such that

sup
B�x

1
|B|1+β/n

∫
B

∣∣f (x) – fB
∣∣dx < ∞.

The smallest bound C satisfying upper inequality is taken to be the norm of f denoted by
‖f ‖Λ̇β

. Here B is a ball in R
n, and

fB =
1

|B|
∫

B
f (x) dx.

Lemma 2.1 If f ∈ Λ̇β , then
(1) for every x, y ∈R

n,

∣∣f (x) – f (y)
∣∣ ≤ ‖f ‖Λ̇β

|x – y|β ;

(2) for any ball B,

sup
x∈B

∣∣f (x) – fB
∣∣ ≤ C‖f ‖Λ̇β

|B|β/n;

(3) for B ⊂ B∗,

|fB – fB∗ | ≤ ‖f ‖Λ̇β

∣∣B∗∣∣β/n.

In particular, if Ai are matrices satisfying (H), B̃ is a measurable set, and
B̃i = A–1

i B̃, 1 ≤ i ≤ m, then

|fB̃ – f(
⋃m

i=1 B̃i)∪B̃| ≤ C‖f ‖Λ̇β
|B̃|β/n,

and for B = B(cB, R), the ball centered at cB with radius R, and Bj := B(cB, 2jR), j ∈N,

|fB – fBj | ≤ Cj‖f ‖Λ̇β

∣∣Bj∣∣β/n.

2.3 Weights and maximal operators
A weight function ω is in the Muckenhoupt class Ap for 1 < p < ∞ if there exists C > 1
such that, for any ball B,

(
1

|B|
∫

B
ω(x) dx

)(
1

|B|
∫

B
ω(x)1–p′

dx
)p–1

≤ C,
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where 1/p + 1/p′ = 1 and the infimum of C satisfying the above inequality is denoted by
[ω]Ap . We define A∞ =

⋃
1≤p<∞ Ap. When p = 1, ω ∈ A1 if there exists C > 1 such that, for

almost every x,

Mω(x) ≤ Cω(x),

and the infimum of C satisfying the above inequality is denoted by [ω]A1 .
A weight function ω belongs to A(p, q) for 1 < p < q < ∞ if there exists C > 1 such that

(
1

|B|
∫

B
ω(x)q dx

)1/q( 1
|B|

∫
B
ω(x)–p′

dx
)1/p′

≤ C,

where 1/p + 1/p′ = 1 and the infimum of C satisfying the above inequality is denoted by
[ω]Ap,q . When p = 1, ω is in A(1, q) with 1 < q < ∞ if there exists C > 1 such that

(
1

|B|
∫

B
ω(x)q dx

)(
ess sup

x∈B

1
ω(x)

)
≤ C,

and the infimum of C satisfying the above inequality is denoted by [ω]A1,q .

Remark 2.1 For 1 ≤ r < p < p0 ≤ p, ω ∈ A(p, q), by Hölder’s inequality, we can know ω ∈
A(p0, q) and ω ∈ A(p, p0). For ωr ∈ A(p/r, q/r), we also can know ω ∈ A(p, q).

The sharp maximal function is defined by

M�f (x) = sup
B�x

1
|B|

∫
B

∣∣∣∣f (y) –
1

|B|
∫

B
f (z) dz

∣∣∣∣dy.

A locally integrable function f has bounded mean oscillation (f ∈ BMO) if M�f (x) ∈ L∞

and the norm ‖f ‖BMO = ‖M�f ‖∞. Observe that the BMO norm is equivalent to

‖f ‖BMO =
∥∥M�f

∥∥∞ ∼ sup
B

inf
a∈C

1
|B|

∫
B

∣∣f (y) – a
∣∣dy.

There is also a weighted version of BMO, which is denoted by BMO(ω), which is described
by the semi-norm

∣∣∣∣∣∣f ∣∣∣∣∣∣
ω

= sup
B

‖ωχB‖∞
(

1
|B|

∫
B

∣∣∣∣f (y) –
1

|B|
∫

B
f (z) dz

∣∣∣∣dy
)

.

It is easy to check that

∣∣∣∣∣∣f ∣∣∣∣∣∣
ω

� ∥∥ωM�f
∥∥∞.

Proposition 2.1 ([19]) Let Ψ be a Young function. Then, for all x ∈ R
n and r > 1, there

exists a constant Cr such that

MΨ f (x) = M0,Ψ f (x) ≤ CrM0,rf (x).
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Proposition 2.2 ([15]) Let Ψ be a Young function and A be an invertible matrix. Set
ωA(x) = ω(Ax). Then

Mα,Ψ (ωA)
(
A–1x

) ≤ cA,nMα,Ψ (ω)(x)

for almost every x ∈R
n.

2.4 Previous results
In this subsection, we illustrate some known results for the operator Tα,m, which will be
used below, see [12] for more details.

Theorem 2.1 ([12]) Let 0 ≤ α < n, m ∈ N, and Tα,m be the integral operator defined by (1).
For 1 ≤ i ≤ m, let Ψi be Young functions, 0 ≤ αi < n such that α1 + · · · + αm = n – α. Also
suppose ki ∈ Sn–αi ,Ψi ∩ Hn–αi ,Ψi and that matrices Ai satisfy hypothesis (H).

If α = 0, suppose T0,m is of strong type (q∗, q∗) for some 1 < q∗ < ∞.
If φ is the complementary of the functions Ψ1, . . . ,Ψm, then there exists C > 0 such that,

for 0 < δ ≤ 1 and f ∈ L∞
c (Rn),

M�
δ(Tα,mf )(x) := M�

(|Tα,mf |δ)(x)1/δ ≤ C
m∑

i=1

Mα,φ f
(
A–1

i x
)
.

Theorem 2.2 ([12]) Let 0 ≤ α < n, m ∈ N, and Tα,m be the integral operator defined by (1).
For 1 ≤ i ≤ m, let Ψi be Young functions, 0 ≤ αi < n such that α1 + · · · + αm = n – α. Also
suppose ki ∈ Sn–αi ,Ψi ∩ Hn–αi ,Ψi and that matrices Ai satisfy hypothesis (H).

When α = 0, suppose that T0,m is of strong type (q∗, q∗) for some 1 < q∗ < ∞.
Let 0 < p < ∞. If φ is the complementary of the functions Ψ1, . . . ,Ψm, then there exists

C > 0 such that, for ω ∈ A∞ and f ∈ L∞
c (Rn),

∫
Rn

∣∣Tα,mf (x)
∣∣p

ω(x) dx ≤ C
m∑

i=1

∫
Rn

∣∣Mα,φ f (x)
∣∣p

ω(Aix) dx,

whenever the left-hand side is finite.

3 Sharp maximal function estimates and Coifman type inequality
This section is devoted to the proofs of Theorems 1.1 and 1.2.

Proof of Theorem 1.1 We just consider the case m = 2 and k = 1, i.e., T1
α,2,b = [b, Tα,2], and

we will just write [b, Tα] for simplicity. The general case is proved in an analogous way.
Let f be a bounded function with compact support, 0 < δ ≤ 1. For x ∈R

n, let B = B(cB, R)
be a ball that contains x, centered at cB with radius R. We write B̃ = B(cB, 2R), and for
1 ≤ i ≤ 2, set B̃i = A–1

i B̃. Let f1 = f χ⋃2
i=1 B̃i

and f2 = f – f1. Suppose that a := Tα((bB̃∪B̃1∪B̃2
–

b)f )(cB) < ∞. For 0 < δ ≤ 1, we write

[b, Tα](f )(x) =
(
b(x) – bB̃∪B̃1∪B̃2

)
Tαf (x) + Tα

(
(bB̃∪B̃1∪B̃2

– b)f
)
(x).

And from the inequality |tδ – sδ|1/δ ≤ |t – s| and Jensen’s inequality, we get

(
1

|B|
∫

B

∣∣[b, Tα](f )δ(y) – aδ
∣∣dy

)1/δ



Hu et al. Journal of Inequalities and Applications        (2019) 2019:213 Page 8 of 18

≤
(

1
|B|

∫
B

∣∣[b, Tα](f )(y) – a
∣∣δ dy

)1/δ

≤ 1
|B|

∫
B

∣∣(b(y) – bB̃∪B̃1∪B̃2

)
Tαf (y)

∣∣dy

+
1

|B|
∫

B

∣∣Tα

(
(bB̃∪B̃1∪B̃2

– b)f1
)
(y)

∣∣dy

+
1

|B|
∫

B

∣∣Tα

(
(bB̃∪B̃1∪B̃2

– b)f2
)
(y) – Tα

(
(bB̃∪B̃1∪B̃2

– b)f2
)
(cB)

∣∣dy

=: I + II + III. (4)

For I , by Lemma 2.1, we have

I ≤ C‖b‖Λ̇β
|B|β/n

(
1

|B|
∫

B

∣∣Tαf (y)
∣∣dy

)

≤ C‖b‖Λ̇β
Mβ (Tαf )(x). (5)

For II , we know

II =
1

|B|
∫

B

∫
B̃1∪B̃2

∣∣Kα(y, z)
∣∣∣∣b(z) – bB̃∪B̃1∪B̃2

∣∣∣∣f1(z)
∣∣dz dy

≤
2∑

i=1

1
|B|

∫
B̃i

∣∣b(z) – bB̃∪B̃1∪B̃2

∣∣∣∣f1(z)
∣∣
∫

B

∣∣K(y, z)
∣∣dy dz.

We estimate only the first summand, that is, z ∈ B̃1, since the case z ∈ B̃2 is analogous.
Observe that

∫
B

∣∣Kα(y, z)
∣∣dy ≤

∫
{y∈B:|y–A1z|≤|y–A2z|}

∣∣Kα(y, z)
∣∣dy +

∫
{y∈B:|y–A2z|≤|y–A1z|}

∣∣Kα(y, z)
∣∣dy.

For j ∈N, let us consider the set

C1
j :=

{
y ∈ B : |y – A1z| ≤ |y – A2z|, |y – A1z| ∼ 2–j–1R

}
.

Notice that if y ∈ B and z ∈ B̃1, then |y – A1z| ≤ 3R < 4R. Thus,

∫
{y∈B:|y–A1z|≤|y–A2z|}

∣∣Kα(y, z)
∣∣dy

≤
∞∑

j=–2

∫
C1

j

∣∣Kα(y, z)
∣∣dy

≤
∞∑

j=–2

|B(A1z, 2–jR)|
|B(A1z, 2–jR)|

∫
B(A1z,2–jR)

∣∣Kα(y, z)
∣∣χ{y:|y–A1z|∼2–j–1R} dy

≤ C
∞∑

j=–2

∣∣B(
A1z, 2–jR

)∣∣∥∥k1(· – A1z)χ{y:|y–A1z|∼2–j–1R}
∥∥

Ψ1,B(A1z,2–jR)

× ∥∥k2(· – A2z)χ{y:|y–A1z|∼2–j–1R}
∥∥

Ψ2,B(A1z,2–jR)
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≤ C
∞∑

j=–2

∣∣B(
A1z, 2–jR

)∣∣∥∥k1(· – A1z)
∥∥

Ψ1,|y–A1z|∼2–j–1R

× ∥∥k2(· – A2z)
∥∥

Ψ2,|y–A1z|∼2–j–1R.

And for y ∈ C1
j , we have |y – A2z| ≥ |y – A1z| ≥ 2–j–1R. By k2 ∈ Sn–α2,Ψ2 and k1 ∈ Sn–α1,Ψ1 ,

we get

∥∥k2(· – A2z)
∥∥

Ψ2,|y–A1z|∼2–j–1R ≤
∑
k≥0

∥∥k2(· – A2z)
∥∥

Ψ2,|y–A2z|∼2–j+k–1R

≤
∑
k≥0

∥∥k2(·)∥∥
Ψ2,|y|∼2–j+k–1R

≤ C
∑
k≥0

(
2–j+k–1R

)–α2 ≤ C
(
2–jR

)–α2 ,

and

∥∥k1(· – A1z)
∥∥

Ψ1,|y–A1z|∼2–j–1R ≤ C
(
2–j–1R

)–α1 ≤ C
(
2–jR

)–α1 .

Consequently,

∫
{y∈B:|y–A1z|≤|y–A2z|}

∣∣Kα(y, z)
∣∣dy ≤ C

∞∑
j=–2

(
2–jR

)n–α1–α2 ≤ CRα .

Similarly,

∫
{y∈B:|y–A2z|≤|y–A1z|}

∣∣Kα(y, z)
∣∣dy ≤ CRα .

Then

II ≤ CRα

2∑
i=1

1
|B|

∫
B̃i

∣∣b(z) – bB̃∪B̃1∪B̃2

∣∣∣∣f1(z)
∣∣dz

≤ C‖b‖Λ̇β

2∑
i=1

Rα+β 1
|B̃i|

∫
B̃i

∣∣f (z)
∣∣dz

≤ C‖b‖Λ̇β

2∑
i=1

Rα+β‖f ‖φ,B̃i

≤ C‖b‖Λ̇β

2∑
i=1

Mα+β ,φ f
(
A–1

i x
)
. (6)

For III , we have

III =
1

|B|
∫

B

∫
(B̃1∪B̃2)c

∣∣Kα(y, z) – Kα(cB, z)
∣∣∣∣b(z) – bB̃∪B̃1∪B̃2

∣∣∣∣f (z)
∣∣dz dy

≤
2∑

l=1

1
|B|

∫
B

∫
Zl

∣∣Kα(y, z) – Kα(cB, z)
∣∣∣∣b(z) – bB̃∪B̃1∪B̃2

∣∣∣∣f (z)
∣∣dz dy,
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where

Zl = (B̃1 ∪ B̃2)c ∩ {
z : |cB – Alz| ≤ |cB – Arz|, r �= l, 1 ≤ r ≤ 2

}
.

Let us estimate |Kα(y, z) – Kα(cB, z)| for y ∈ B and z ∈ Zl :

∣∣Kα(y, z) – Kα(cB, z)
∣∣ ≤ ∣∣k1(y – A1z) – k1(cB – A1z)

∣∣∣∣k2(y – A2z)
∣∣

+
∣∣k2(y – A2z) – k2(cB – A2z)

∣∣∣∣k1(cB – A1z)
∣∣.

For simplicity we estimate the first summand of |Kα(y, z) – Kα(cB, z)|, the other one follows
in an analogous way. For j ∈N, let

Dl
j :=

{
z ∈ Zl : |cB – Alz| ∼ 2j+1R

}
.

Observe that Dl
j ⊂ {z : |cB – Alz| ∼ 2j+1R} ⊂ A–1

l B(cB, 2j+2R) =: B̃l,j. Using the generalized
Hölder inequality, we have

∫
Zl

∣∣k1(y – A1z) – k1(cB – A1z)
∣∣∣∣k2(y – A2z)

∣∣∣∣b(z) – bB̃∪B̃1∪B̃2

∣∣∣∣f (z)
∣∣dz

≤
∞∑
j=1

∫
Dl

j

∣∣k1(y – A1z) – k1(cB – A1z)
∣∣∣∣k2(y – A2z)

∣∣∣∣b(z) – bB̃∪B̃1∪B̃2

∣∣∣∣f (z)
∣∣dz

≤
∞∑
j=1

|B̃l,j|
|B̃l,j|

∫
B̃l,j

∣∣k1(y – A1z) – k1(cB – A1z)
∣∣∣∣k2(y – A2z)

∣∣χDl
j
χ{z:|cB–Alz|∼2j+1R}

× (∣∣b(z) – bB̃l,j

∣∣ + |bB̃l,j
– bB̃l

| + |bB̃l
– bB̃∪B̃1∪B̃2

|)∣∣f (z)
∣∣dz

≤
∞∑
j=1

|B̃l,j|
|B̃l,j|

∫
B̃l,j

∣∣k1(y – A1z) – k1(cB – A1z)
∣∣∣∣k2(y – A2z)

∣∣χDl
j
χ{z:|cB–Alz|∼2j+1R}

× (
C‖b‖Λ̇β

|B̃l,j|β/n + Cj‖b‖Λ̇β
|B̃l,j|β/n + C‖b‖Λ̇β

|B|β/n)∣∣f (z)
∣∣dz

≤ C‖b‖Λ̇β

∞∑
j=1

|B̃l,j|1+β/nj
1

|B̃l,j|
∫

B̃l,j

∣∣k1(y – A1z) – k1(cB – A1z)
∣∣

× ∣∣k2(y – A2z)
∣∣χDl

j
χ{z:|cB–Alz|∼2j+1R}

∣∣f (z)
∣∣dz

≤ C‖b‖Λ̇β

∞∑
j=1

|B̃l,j|1+β/nj
∥∥(

k1(y – A1·) – k1(cB – A1·)
)
χDl

j

∥∥
Ψ1,|cB–Alz|∼2j+1R

× ∥∥k2(y – A2·)χDl
j

∥∥
Ψ2,|cB–Alz|∼2j+1R‖f ‖φ,B̃l,j

.

Note that |cB – Alz|/2 ≤ |y – Alz| ≤ 2|cB – Alz|, and if |cB – Alz| ∼ 2j+1R, then 2jR ≤ |y –
Alz| ≤ 2j+2R. Thus,

∥∥kl(y – Al·)χDl
j

∥∥
Ψl ,|cB–Alz|∼2j+1R

≤ ∥∥kl(y – Al·)
∥∥

Ψl ,|y–Alz|∼2jR
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+
∥∥kl(y – Al·)

∥∥
Ψl ,|y–Alz|∼2j+1R

≤ ∥∥kl(·)
∥∥

Ψl ,|x|∼2jR +
∥∥kl(·)

∥∥
Ψl ,|x|∼2j+1R

≤ C
(
2jR

)–αl ,

where the last inequality holds since kl ∈ Sn–αl ,Ψl . Also, by the hypothesis,

∥∥kl(cB – Al·)χDl
j

∥∥
Ψl ,|cB–Alz|∼2j+1R ≤ C

(
2j+1R

)–αl .

For r �= l, observe that if z ∈ Dl
j , then |cB – Arz| ≥ |cB – Alz| ≥ 2j+1R. We decompose Dl

j =⋃
k≥j(Dl

j)k,r , where

(
Dl

j
)

k,r =
{

z ∈ Dl
j : |cB – Arz| ∼ 2k+1R

}
.

Since (Dl
j)k,r ⊂ {z : |cB – Arz| ∼ 2k+1R} and kr ∈ Sn–αr ,Ψr , we have

∥∥kr(y – Ar·)χDl
j

∥∥
Ψr ,|cB–Alz|∼2j+1R ≤

∑
k≥j

∥∥kr(y – Ar·)χ(Dl
j )k,r

∥∥
Ψr ,|cB–Alz|∼2j+1R

≤
∑
k≥j

∥∥kr(y – Ar·)χ(Dl
j )k,r

∥∥
Ψr ,|cB–Arz|∼2k+1R

≤
∑
k≥j

∥∥kr(y – Ar·)
∥∥

Ψr ,|cB–Arz|∼2k+1R

≤
∑
k≥j

∥∥kr(·)∥∥
Ψr ,|x|∼2kR +

∥∥kr(·)∥∥
Ψr ,|x|∼2k+1R

≤ C
∑
k≥j

(
2kR

)–αr ≤ C
(
2jR

)–αr .

By the same arguments, we can get

∥∥kr(cB – Ar·)χDl
j

∥∥
Ψr ,|cB–Alz|∼2j+1R ≤

∑
k≥j

∥∥kr(cB – Ar·)χ(Dl
j )k,r

∥∥
Ψr ,|cB–Arz|∼2k+1R

≤ C
∑
k≥j

(
2kR

)–αr ≤ C
(
2jR

)–αr .

As a result, no matter l = 1 or l = 2, we have

∥∥k2(y – A2·)χDl
j

∥∥
Ψ2,|cB–Alz|∼2j+1R ≤ C

(
2jR

)–α2 ,
∥∥k1(cB – A1·)χDl

j

∥∥
Ψ1,|cB–Alz|∼2j+1R ≤ C

(
2jR

)–α1 .

Hence,

∞∑
j=1

|B̃l,j|1+β/nj
∥∥(

k1(y – A1·) – k1(cB – A1·)
)
χDl

j

∥∥
Ψ1,|cB–Alz|∼2j+1R

× ∥∥k2(y – A2·)χDl
j

∥∥
Ψ2,|cB–Alz|∼2j+1R‖f2‖φ,B̃l,j
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≤ C
∞∑
j=1

(
2jR

)n+β–α2 j
∥∥(

k1(y – A1·) – k1(cB – A1·)
)
χDl

j

∥∥
Ψ1,|cB–Alz|∼2j+1R‖f ‖φ,B̃l,j

= C
∞∑
j=1

(
2jR

)α+β‖f ‖φ,B̃l,j

(
2jR

)n–α–α2 j
∥∥(

k1(y – A1·) – k1(cB – A1·)
)
χDl

j

∥∥
Ψ1,|cB–Alz|∼2j+1R

= C
∞∑
j=1

(
2jR

)α+β‖f ‖φ,B̃l,j

(
2jR

)α1 j
∥∥(

k1(y – A1·) – k1(cB – A1·)
)
χDl

j

∥∥
Ψ1,|cB–Alz|∼2j+1R.

So, when l = 1, from k1 ∈ Hn–α1,Ψ1,1, we can get

∞∑
j=1

(
2jR

)α+β‖f ‖φ,B̃l,j

(
2jR

)α1 j
∥∥(

k1(y – A1·) – k1(cB – A1·)
)
χDl

j

∥∥
Ψ1,|cB–Alz|∼2j+1R

× ∥∥k2(y – A2·)χDl
j

∥∥
Ψ2,|cB–Alz|∼2j+1R

≤ CMα+β ,φ f
(
A–1

1 x
) ∞∑

j=1

(
2jR

)α1 j
∥∥(

k1(y – A1·) – k1(cB – A1·)
)
χDl

j

∥∥
Ψ1,|cB–Alz|∼2j+1R

≤ CMα+β ,φ f
(
A–1

1 x
)
.

For l = 2, note that

∥∥(
k1(y – A1·) – k1(cB – A1·)

)
χD2

j

∥∥
Ψ1,|cB–A2z|∼2j+1R

≤
∑
k≥j

∥∥(
k1(y – A1·) – k1(cB – A1·)

)
χ(D2

j )k,1

∥∥
Ψ1,|cB–A1z|∼2k+1R,

we have

∞∑
j=1

(
2jR

)α1 j
∥∥(

k1(y – A1·) – k1(cB – A1·)
)
χD2

j

∥∥
Ψ1,|cB–A2z|∼2j+1R

≤
∞∑
j=1

(
2jR

)α1 j
∑
k≥j

∥∥(
k1(y – A1·) – k1(cB – A1·)

)
χ(D2

j )k,1

∥∥
Ψ1,|cB–A1z|∼2k+1R

≤
∞∑
j=1

(
2jR

)α1
∑
k≥j

(2kR)α1

(2kR)α1
k
∥∥(

k1(y – A1·) – k1(cB – A1·)
)
χ(D2

j )k,1

∥∥
Ψ1,|cB–A1z|∼2k+1R

≤
∞∑
j=1

∑
k≥j

(2jR)α1

(2kR)α1

(
2kR

)α1 k
∥∥(

k1(y – A1·) – k1(cB – A1·)
)
χ(D2

j )k,1

∥∥
Ψ1,|cB–A1z|∼2k+1R

≤
∞∑

k=1

( k∑
j=1

(
2–α1

)k–j
)(

2kR
)α1 k

∥∥(
k1(y – A1·) – k1(cB – A1·)

)
χ(D2

j )k,1

∥∥
Ψ1,|cB–A1z|∼2k+1R

≤
∞∑

k=1

(
2kR

)α1 k
∥∥(

k1(y – A1·) – k1(cB – A1·)
)
χ(D2

j )k,1

∥∥
Ψ1,|cB–A1z|∼2k+1R < ∞,
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where the last inequality follows from that k1 ∈ Hn–α1,Ψ1,1. Hence,

∞∑
j=1

(
2jR

)α+β‖f ‖φ,B̃l,j

(
2jR

)α1 j
∥∥(

k1(y – A1·) – k1(cB – A1·)
)
χD2

j

∥∥
Ψ1,|cB–Alz|∼2j+1R

≤ CMα+β ,φ f
(
A–1

2 x
) ∞∑

j=1

(
2jR

)α1 j
∥∥(

k1(y – A1·) – k1(cB – A1·)
)
χD2

j

∥∥
Ψ1,|cB–Alz|∼2j+1R

≤ CMα+β ,φ f
(
A–1

2 x
)
.

Then

III ≤ C‖b‖Λ̇β

2∑
i=1

Mα+β ,φ f
(
A–1

i x
)
. (7)

Summing up (4)–(7), we know that

M�
δ

(
T1

α,m,bf
)
(x) ≤ C‖b‖Λ̇β

Mβ (Tαf )(x) + C‖b‖Λ̇β

2∑
i=0

Mα+β ,φ f
(
A–1

i x
)
.

For the case α = 0, we repeat the same argument to inequality (4) and get the desired
conclusion.

For the general case, from the definition of Tk
α,m,b, we know that, for any λ,

Tk
α,m,b(f )(y)

=
∫
Rn

(
b(y) – b(z)

)kKα(y, z)f (z) dz

=
∫
Rn

(
b(y) – λ + λ – b(z)

)kKα(y, z)f (z) dz

=
k∑

i=0

∫
Rn

cki
(
b(y) – λ

)i(
λ – b(z)

)k–iKα(y, z)f (z) dz

=
k∑

i=0

(
b(y) – λ

)i
∫
Rn

cki
(
λ – b(z)

)k–iKα(y, z)f (z) dz

=
∫
Rn

(
λ – b(z)

)kKα(y, z)f (z) dz

+
k∑

i=1

cki
(
b(y) – λ

)i
∫
Rn

(
λ – b(y) + b(y) – b(z)

)k–iKα(y, z)f (z) dz

=
k∑

i=1

cki
(
b(y) – λ

)i
k–i∑
j=0

ckj
(
λ – b(y)

)j
∫
Rn

(
b(y) – b(z)

)k–i–jKα(y, z)f (z) dz

+ Tα,m
((

λ – b(·))kf
)
(y)

=
k∑

i=1

k–i∑
j=0

ckij
(
b(y) – λ

)i+j
∫
Rn

(
b(y) – b(z)

)k–i–jKα(y, z)f (z) dz
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+ Tα,m
((

λ – b(·))kf
)
(y)

= Tα,m
((

λ – b(·))kf
)
(y) +

k–1∑
l=0

ckl
(
b(y) – λ

)k–lTl
α,m,bf (y).

Let λ := bB̃∪B̃1∪B̃2∪···∪B̃m , a := Tα((b – bB̃∪B̃1∪B̃2∪···∪B̃m )f2)(cB). We write

(
1

|B|
∫

B

∣∣Tk
α,m,b(f )(y) – a

∣∣δ
)

dy)1/δ

≤
(

1
|B|

∫
B

∣∣∣∣∣
k–1∑
i=0

(
b(y) – λ

)k–iTi
α,m,bf (y)

∣∣∣∣∣
δ

dy

)1/δ

+
(

1
|B|

∫
B

∣∣Tα

(
λ – b(·))kf1)(y)

∣∣δ dy
)1/δ

+
(

1
|B|

∫
B

∣∣Tα

(
λ – b(·))kf2)(y) – Tα

(
λ – b(·))kf2)(cB)

∣∣δ dy
)1/δ

=: IV + V + VI.

To estimate IV , by Hölder’s inequality and Lemma 2.1, we obtain

IV ≤
k–1∑
l=0

(
1

|B|
∫

B

∣∣(b(y) – λ
)k–lTl

α,m,bf (y)
∣∣δ dy

)1/δ

≤
k–1∑
l=0

C‖b‖k–l
Λ̇β

|B|(k–l)β/n
(

1
|B|

∫
B

∣∣Tl
α,m,bf (y)

∣∣δ dy
)1/δ

≤
k–1∑
l=0

C‖b‖k–l
Λ̇β

|B|(k–l)β/n 1
|B|

∫
B

∣∣Tl
α,m,bf (y)

∣∣dy

≤ C
k–1∑
l=0

‖b‖k–l
Λ̇β

M(k–l)β
(
Tl

α,m,bf
)
(x).

The terms V and VI are analogous to the ones in the case m = 2 and k = 1, we can get

V ≤ C‖b‖k
Λ̇β

m∑
i=1

Mα+kβ ,φ f
(
A–1

i x
)
,

VI ≤ C‖b‖k
Λ̇β

m∑
i=1

Mα+kβ ,φ f
(
A–1

i x
)
.

Then we conclude

M�
δ

∣∣Tk
α,m,bf

∣∣(x) ≤ C
k–1∑
l=0

‖b‖k–l
Λ̇β

M(k–l)β
(
Tl

α,m,bf
)
(x) + C‖b‖k

Λ̇β

m∑
i=1

Mα+kβ ,φ f
(
A–1

i x
)
.

Theorem 1.1 is proved. �

Next, we prove Theorem 1.2.
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Proof of Theorem 1.2 By the extrapolation result Theorem 1.1 in [20], we need only to
show that (3) is true for some 0 < q∗ < ∞ and all ωr ∈ A(p/r, q∗/r) with (n – α)/n < q∗ < ∞.
Without loss of generality, we may assume ‖b‖Λ̇β

= 1. We will prove the desired conclusion
by induction.

When k = 0, T0
α,m,b = Tα,m. As ki ∈ Hn–αi ,Ψi ,0 = Hn–αi ,Ψi , Theorem 3.3 in [15] tells us that

∫
Rn

∣∣Tα,mf (x)
∣∣q∗

ωq∗ (x) dx ≤ C
m∑

i=1

∫
Rn

∣∣Mα,φ f (x)
∣∣q∗

ωq∗ (Aix) dx.

Now, for any k ∈ N, we assume that the results hold for all 0 ≤ j ≤ k –1, and let us see how
to derive the case k. For ωr ∈ A(p/r, q∗/r), by Remark 2.1, we know that ω ∈ A(p, q∗). Then
ωq∗ ∈ Aq∗ . By Lemma 5.1 in [12], we have ‖Tα,mf ‖Lq∗ (ωq∗ ) < ∞. Therefore ωr ∈ A(p/r, q∗/r)
and b ∈ L∞, we have

∥∥Tk
α,m,bf

∥∥
Lq∗ (ωq∗ ) =

∥∥∥∥∥
k∑

j=0

ck,jbk–jTα,m
(
bjf

)∥∥∥∥∥
Lq∗ (ωq∗ )

< ∞.

Besides, for p < pl ≤ q∗, ω ∈ A(p, q∗) implies ω ∈ A(pl, q∗), and 1/q∗ = 1/pl – (k – l)β/n
implies q∗ = pk when l = k. Then there exists C > 0 such that

∥∥M(k–l)β
(
Tl

α,m,bf
)∥∥

Lq∗ (ωq∗ ) ≤ C
∥∥Tl

α,m,bf
∥∥

Lpl (ωpl ).

By the induction hypothesis, for 0 ≤ l ≤ k – 1 and 1/pl = 1/qj – (l – j)β/n, we get

∥∥Tl
α,m,bf

∥∥
Lpl (ωpl ) ≤ C‖b‖l

Λ̇β

m∑
i=1

l∑
j=0

(∫
Rn

∣∣Mα+jβ ,φ f (x)
∣∣qjωqj (Aix) dx

)1/qj

.

Since 1/q∗ = 1/pl – (k – l)β/n and 1/pl = 1/qj – (l – j)β/n, which implies pl = qj when l = j,
we have

∥∥Tk
α,m,bf

∥∥
Lq∗ (ωq∗ )

≤
(∫

Rn

∣∣M(
Tk

α,m,bf
)δ(x)

∣∣q∗/δ
ωq∗ (x) dx

)1/q∗

≤
(∫

Rn

∣∣M�
δ

(
Tk

α,m,bf
)
(x)

∣∣q∗
ωq∗ (x) dx

)1/q∗

≤ C
k–1∑
l=0

‖b‖k–l
Λ̇β

∥∥M(k–l)β
(
Tl

α,m,bf
)
(x)

∥∥
Lq∗ (ωq∗ )

+ C‖b‖k
Λ̇β

m∑
i=1

(∫
Rn

(
Mα+kβ ,φ f

(
A–1

i x
))q∗

ωq∗ (x) dx
)1/q∗

≤ C‖b‖k
Λ̇β

m∑
i=1

k–1∑
l=0

l∑
j=0

(∫
Rn

∣∣Mα+jβ ,φ f (x)
∣∣qjωqj (Aix) dx

)1/qj

+ C‖b‖k
Λ̇β

m∑
i=1

(∫
Rn

(
Mα+kβ ,φ f

(
A–1

i x
))q∗

ωq∗ (x) dx
)1/q∗
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≤ C‖b‖k
Λ̇β

m∑
i=1

k–1∑
j=0

(∫
Rn

∣∣Mα+jβ ,φ f (x)
∣∣qjωqj (Aix) dx

)1/qj

+ C‖b‖k
Λ̇β

m∑
i=1

(∫
Rn

(
Mα+kβ ,φ f (x)

)q∗
ωq∗ (Aix) dx

)1/q∗

≤ C‖b‖k
Λ̇β

m∑
i=1

k–1∑
l=0

(∫
Rn

∣∣Mα+lβ ,φ f (x)
∣∣plωpl (Aix) dx

)1/pl

+ C‖b‖k
Λ̇β

m∑
i=1

(∫
Rn

(
Mα+kβ ,φ f (x)

)pk ωpk (Aix) dx
)1/pk

≤ C‖b‖k
Λ̇β

m∑
i=1

k∑
l=0

(∫
Rn

(
Mα+lβ ,φ f (x)

)plωpl (Aix) dx
)1/pl

.

Namely,

∥∥Tk
α,m,bf

∥∥
Lq∗ (ωq∗ ) ≤ C‖b‖k

Λ̇β

m∑
i=1

k∑
l=0

(∫
Rn

(
Mα+lβ ,φ f (x)

)plωpl (Aix) dx
)1/pl

. (8)

For the general case, if b ∈ Λ̇β , for any N ∈ N, we define bN = bχ{x:–N<b(x)<N} +
Nχ{x:b(x)≥N} – Nχ{x:b(x)≤–N}, then ‖bN‖Λ̇β

≤ c‖b‖Λ̇β
. Using convergence theorems, for de-

tails see [21], we conclude that (8) holds for any b ∈ Λ̇β and ωr ∈ A(p/r, q∗/r). Thus, as
mentioned, using the extrapolation results obtained in [20], (3) holds for all 0 < q < ∞,
b ∈ Λ̇β , and ωr ∈ A(p/r, q/r).

If ω satisfies (2), we have

∥∥Tk
α,m,bf

∥∥
Lq(ωq) ≤ C‖b‖k

Λ̇β

m∑
i=1

k∑
l=0

(∫
Rn

(
Mα+lβ ,φ f (x)

)plωpl (Aix) dx
)1/pl

≤ C‖b‖k
Λ̇β

k∑
l=0

‖Mα+lβ ,φ f ‖Lpl (ωpl ),

which completes the proof of Theorem 1.2. �

4 The weighted inequalities of commutators
This section is concerned with the proofs of Theorems 1.3 and 1.4. For the proof of Theo-
rem 1.3, we need the Coifman inequality (3) and the boundedness of the maximal operator,
given in [22] (see Theorem 2.6). Let us begin with the following previous result.

Theorem 4.1 ([22]) Let 0 ≤ α < n, ω be a weight, 1 ≤ r < p < n/(α + kβ), and 1/q = 1/p –
(α + kβ)/n. Let φ be a Young function such that φ

1+ ρ(α+kβ)
n–(α+kβ) ∈ B ρn

n–(α+kβ)
for every ρ > r(n –

(α + kβ))/(n – (α + kβ)r), and let η be a Young function such that η–1(t)t(α+kβ)/n � φ–1(t) for
every t > 0. If ωr ∈ A(p/r, q/r), then Mα+kβ ,φ is bounded from Lp(ωp) to Lq(ωq).

Now we are in a position to prove Theorem 1.3.

Proof of Theorem 1.3 For 1/q = 1/pl – (k – l)β/n and 1/q = 1/p – (α + kβ)/n, we can know
p < pl < q. Then, for ωr ∈ A(p/r, q/r), by Remark 2.1, we can get ωr ∈ A(p/r, pl/r) and
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ω ∈ A(p, q); moreover, ω ∈ A(pl, q). Therefore, from Theorem 4.1, we know that Mα+lβ ,φ is
bounded from Lp(ωp) into Lpl (ωpl ). Then, by Theorem 1.2 and ω satisfies (2), we have

∥∥Tk
α,m,bf

∥∥
Lq(ωq) ≤ C‖b‖k

Λ̇β

k∑
l=0

‖Mα+lβ ,φ f ‖Lpl (ωpl ) ≤ C‖b‖k
Λ̇β

‖f ‖Lp(ωp).

This proves the conclusion of Theorem 1.3. �

Finally, we give the proof of Theorem 1.4.

Proof of Theorem 1.4 Following the ideas in [21], for ωr ∈ A( n
(α+kβ)r ,∞), we know

‖ωMα+kβ ,rf ‖∞ ≤ ‖f ω‖n/(α+kβ). (9)

Note that ωr ∈ A( n
(α+kβ)r ,∞) implies ωr ∈ A( n

(k–l)βr ,∞), we have

∥∥ωM(k–l)β ,rTl
α,m,bf

∥∥∞ ≤ ∥∥Tl
α,m,bf ω

∥∥
n/(k–l)β . (10)

Now, by (9), (10), (2), Proposition 2.1, Theorems 1.1 and 1.3, we get

∣∣∣∣∣∣Tk
α,m,bf

∣∣∣∣∣∣
ω

� ∥∥ωM�Tk
α,m,bf

∥∥∞

≤ C
k–1∑
l=0

‖b‖k–l
Λ̇β

∥∥ωM(k–l)β
(
Tl

α,m,bf
)∥∥∞

+ C‖b‖k
Λ̇β

m∑
i=1

∥∥ωMα+kβ ,φ f
(
A–1

i ·)∥∥∞

≤ Cκr1

k–1∑
l=0

‖b‖k–l
Λ̇β

∥∥ωM(k–l)β ,r
(
Tl

α,m,bf
)∥∥∞

+ Cκr2‖b‖k
Λ̇β

m∑
i=1

∥∥ωMα+kβ ,rf
(
A–1

i ·)∥∥∞

≤ Cκr1

k–1∑
l=0

‖b‖k–l
Λ̇β

∥∥ωTl
α,m,bf

∥∥
n/(k–l)β

+ Cκr2‖b‖k
Λ̇β

m∑
i=1

∥∥ωf
(
A–1

i ·)∥∥n/(α+kβ)

≤ Cκr1

k–1∑
l=0

‖b‖k–l
Λ̇β

‖b‖l
Λ̇β

‖ωf ‖n/(α+kβ)

+ Cκr2‖b‖k
Λ̇β

m∑
i=1

∥∥ωf
(
A–1

i ·)∥∥n/(α+kβ)

≤ Cκr1‖b‖k
Λ̇β

‖ωf ‖n/(α+kβ)

+ Cκr2‖b‖k
Λ̇β

m∑
i=1

∥∥ω(Ai·)f
∥∥

n/(α+kβ)
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≤ C‖b‖k
Λ̇β

‖f ω‖Ln/α+kβ .

This completes the proof of Theorem 1.4. �
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