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1 Introduction
In this paper, we are investigating the following singular nonlinear higher order fractional
boundary value problem (BVP for short):

D}, z(t) + Af(t,2(£), Do 2(8), ..., Dy"~*z(¢), Dy 22(£)) =0, 0<t<1,

2(0) = D 2(0) = - - - = DI"?2(0) = 0, (1.1)
o B

DYz(1)=Y7% a fIi wi(s)Dy z(s) dA;(s) + Z]Ofl b;Dy,z(&)),

where D}y, is the Riemann-Liouville fractional derivative of y order, A > 0 is a parameter,
n-1l<y<mm=3),k-1l<v,qx<k(k=12,....n-2),vy0—qr<n-2-k (k=
1,2,...,n=2), 1<y —-v,0<2,v,0<yp=<n-1L,y-y>La;>0((=12,...,p), V2 <
a; <y (i=12,..,p),b;>20(G=12,..0, v, < B <y (=12..)0<E<&H< <
§<---<L;;<[0,1] (i =1,2,...,p) is measurable; w; : (0,1) — R, = [0, +00) is continuous
with w; € L1(0,1), and fol w;(s)z(s) dA;(s) denotes the Riemann-—Stieltjes integral, in which
A;:I; - R (i=1,2,...,p) is a function of bounded variation. f : (0,1) x (0, +00)" ! — R,
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(R, = [0, +00)) is continuous. A function z € C[0,1] is called a positive solution of BVP
(1.1) if it satisfies (1.1) and z(¢) > 0 for t € (0, 1).

In recent years, the fractional differential equations have drawn the attention of many
famous researchers, readers can refer to [1-41] and the references therein. It is caused by
the applications of fractional differential equations in a proposed framework for describing
significant phenomena, for example, the deflection of an elastic beam, the non-Newtonian
fluid theory, the degrading of polymer materials, etc. Some interesting results can be found
in [1-5].

In (7], the authors considered the following nonlinear fractional differential equation:

D§.z(t) + f(t,2(t), Tz(¢), Sz(t)) =0, O<t<1,
20)=2(0) = --- =2"2(0) = 0,
D§+Z(1) = ZZI aiDg+Z($i))

where Dj, isthe Riemann-Liouville fractional derivative,n—1<a <n(n>3),1 < <n-
2,0<y<B,0<& < <---<&,<1,Tz(t) = fotl((t,s)z(s) ds, and Sz(t) = fol H(t,s)z(s) ds.
By using the Banach contraction mapping principle and the Krasnosel’skii fixed point the-
orem, they obtained the existence of nonnegative solutions for this problem.

By using the Banach contraction map principle and the theory of u,-positive linear op-
erator, Zhang and Zhong in [8] studied the following fractional differential equation:

D§.z(t) + f(t,2(t)) =0, O0<t<]1,
2(0)=2/(0) = --- =2"2(0) = 0,
D}.z(1) = & [ h(s)D}}.2(s) ds,

where Dj, is the Riemann—Liouville derivative, n -1 <a <n (n>3),>1, a - >1,
0<n<1,A>0isaparameter, # € L'[0,1], f : [0,1] x R — R is continuous. They got the
existence and uniqueness of solutions for this problem.

Based on the reducing method of fractional orders, the Schauder fixed point theorem,
and the upper and lower solutions method, Zhang, Liu, and Wu in [9] obtained an eigen-
value interval for the existence of positive solutions of the following fractional differential

equation:

~D%, u(t) = M (u(t), Dy u(t), Dy ult),...,Dyrtu(t)), 0<t<l,
w(0)=0,  Dhiu(0)=0,  Dhu(l)=Y' aDfu@), 1<i<n-2,

where D, is the Riemann-Liouville fractional derivative, n—1<a <n(n>3),n—i-1<
a-wi<n—i(i=1,2...,n-2), b—pu-1>0, 00 —ply_1 <2, 0 —p>1,a>0(G=12,...,p—
2),0<& <E < << f:(0,400)" — R, is continuous and is nonincreasing in
x;>0fori=1,2,...,n.

Inspired by the above-mentioned papers, we investigate BVP (1.1). As far as we know,
BVP (1.1) has seldom been researched up to now, and the novelty of this paper lies in three
aspects. Firstly, the boundary conditions are the combination of sum of Riemann—Stieltjes
integral type boundary conditions and nonlocal infinite-point discrete type boundary con-
ditions, which involves fractional derivative of different orders. This fact suggests BVP
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(1.1) is more general than the above-mentioned literature. For instance, let [; = (0,1),1; =0
(i=2,3,...,p),and b; =0 (j = 1,2,...), then the boundary condition of BVP (1.1) reduces
to the boundary condition in [16];if b; =0 (j=1,2,...), 0, =0 w; =1 (i =2,3,...,p), then
the boundary condition is equal to [37]; and if ; = (0,7) (n € (0,1)), ; =0 (i =2,3,...,p),
the boundary condition of BVP (1.1) is the same as [18]. Meanwhile the work to check
the properties of the corresponding Green’s function is too hard. Secondly, the non-
linearity f contains different orders of fractional derivative of the unknown function.
In general, many papers consider these kinds of boundary value problem in the space
E={u€C[0,1]: Dy.u € C[0,1],i = 1,2,...,n — 2}, which makes the study extremely dif-
ficult. In this paper, we use the reducing method to transform BVP (1.1) into a relatively
low-order equivalent problem, which could be considered in the space C[0,1], and is a
good way to do this. Some interesting results of the reducing method can be found in
[9, 17, 23, 25, 27, 29, 31] and the references therein. Thirdly, there is much to be learned
about the theory and applications of mixed monotone operator, recently. Especially, many
papers have taken it into the research for fractional boundary value problems. Some inter-
esting results can be found in [10, 11, 15, 21-23, 25, 27] and the references therein. Thus,
in this paper, by using the fixed point theorem of mixed monotone operator, we obtain
the uniqueness of positive solution under the assumption that f may be singular with re-
spect to both the time and space variables. It is worth mentioning that some important
properties of the unique solution rely on the parameter A.

The paper is organized as follows. In Sect. 2, we present some preliminary setting, derive
the corresponding Green’s function, and transform BVP (1.1) into a relatively low-order
equivalent problem, in which the nonlinear term has no fractional derivatives. In Sect. 3,
we pay particular attention to establishing the uniqueness of positive solutions and con-
sider some relative properties of the unique positive solution. In Sect. 4, two examples are

devoted to our main results.

2 Preliminaries and lemmas

Let E be a Banach space and P be a cone in E. P is said to be normal if there exists a
constant N > 0 such that, for any u,v € E, 6 < u < v implies ||u|| < N||v||, the smallest
constant, which satisfies this inequality, is called the normality constant of P. Then E is
partially ordered by P, i.e., u < vifand only if v—u € P. For any u, v € E, the notation u ~ v
means that there exist constants A > 0 and p > 0 such that Au < v < pu. Obviously, ~ is
an equivalence relation. For fixede € P, and e >0, we denote P, ={u € E:u~e}={uek:
we<u< ie,O <w < 1}. It is easy to see that P, C P is a component of P.

Definition 2.1 ([11]) Let E be a Banach space and D C E. The operator A: D x D — E is
called a mixed monotone operator if A(x, v) is increasing in € D and decreasing in v € D,
ie, u, vieD(i=1,2), us <uy, vi > vy imply A(u1,v1) < A(u, v2). An element u € D is
called a fixed point of A if A(u, u) = u.

Lemma 2.2 ([10, 12]) Let P be a normal cone in the Banach space E,and A,B : P, x P, — P,
be two mixed monotone operators which satisfy the following conditions:
(i) Forany p €(0,1), there exists ¢(u) € (1, 1] such that

A(pu, 17'v) > o(W)A(,v), Vu,veP,.
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(i) Forany p€(0,1),u,veP,
B(,uu, /flv) > uB(u,v).

(iii) There exists a constant k > 0 such that A(u,v) > kB(u,v), Vu,v € P,.
Then there exists a unique fixed point u* € P, such that A(u*,u*) + B(u*,u*) = u*. And

for any initial values uy, vy € P,, by constructing successively the sequences as follows:

Uy :A(Mn—l’vn—l) +B(un—1’ Vn—l)’ Vn :A(Vn—lr un—l) +B(Vn—lr Mn—l); n= 1,2¢-

vey

we have u,, — u* and v,, — u* in E, as n — oo.

Lemma 2.3 ([10, 12]) Suppose that operators A and B satisfy all the conditions of
Lemma 2.2. Then the equation

M, u) + AB(u,u) = u
has a unique solution u, in P, for all A > 0, which satisfies:

(i) Ifthere exists r € (0,1) such that

r_
”K“HH, Vi e (0,1),

o) >
then u;_is continuous with respect to A € (0,+00). That is, for any Ay € (0, +00),
llets, — ol = O, as A — Aq.

(ii) 1

1
+u2, Yue(01),

then 0 < Ay < Ay implies u,, < uy,.
(iii) Ifthere exists r € (0, %) such that

W=
P(p) > t w, Yue(o,1),
then
lim |lu,] =0, lim ||u,] = +o0.
A—>0F A—>+00

Definition 2.4 ([5]) Let o > 0. The Riemann-Liouville fractional integral of order « of a
function z: (0,00) — R is given by

Igz(t) = ﬁ /0 (¢t —8)%'z(s) ds

provided that the right-hand side is pointwise defined on (0, co).

Page 4 of 26
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Definition 2.5 ([5]) Let @ > 0. The Riemann-Liouville fractional derivative of order « of
a continuous function z: (0, 00) — R is given by

o= (Y gy o — L (AN [
D0+Z(t)— (dt) 10+ Z(t)— F(I’I—Ol)( t) /0‘ (t_s)a—wrl dS’

where n =[] + 1, [«] denotes the integer part of «, provided that the right-hand side is
pointwise defined on (0, 00).

Lemma 2.6 ([6]) Letz < C(0,1) NLY(0,1). Then the fractional differential equation
DG z(t)=0

has a unique solution

t()[*}’l

2B =t Vot tay, , ¢eRi=12,...,n,

where n is the smallest integer greater than or equal to o.
Lemma 2.7 ([6]) Letz € C(0,1) N L'(0,1) and D¢z € C(0,1) NL'(0,1). Then
I5. Dy 2(t) = z(2) + At T ot Tyt ™, g eRi=1,2,...,n,

where n is the smallest integer greater than or equal to «.

Lemma 2.8 ([5]) Suppose that z € C(0,1) N L(0,1), then
(i) 18‘+Ig+z(t) = Igfﬁz(t)for o, B>0;
(ii) Dng,,z(t) = Igfﬂz(t)fora >B>0.

Lemma 2.9 Suppose that BVP (1.1) has a solution z € C[0, 1], then u = D;ﬁ’zz is a solution
of the following boundary value problem:

Dy u(t) + M @& Ly u(t), 12 ut), .. 1y u(e), ul(t) = 0,
DIy (0)=0, 0<t<1,
DY u(1) =Y a4 'fli wi($)Dy """ u(s) dA(s)

+ 3055 bR, u(g),

(2.1)

where 1 <y —v,_5 < 2. On the other hand, if we assume BVP (2.1) has a solution u € C[0,1],
then BVP (1.1) has a solution z = I)" > u.

Proof Suppose that z € C[0, 1] and satisfies BVP (1.1). Let
u(t) = Dy *z(t), te[0,1]. (2:2)
It follows from Lemma 2.7 that

L0 u(t) = 122Dy z(t) = z(8) + et ™27 4 4 gy o277
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wherec; e R (i=1,2,...,n —2). Hence,

2(t) = I 2u(t) — et — s — gt 20,
Since z(0) =0, ..., DI:~z(0) = 0, we immediately obtain that ¢; = - - - = ¢, = 0. Thus,
z(t) = 17 2u(t), tel0,1]. (2.3)

By using (ii) in Lemma 2.8, we have
Dyiz(t) = Dy It u(t) = Ii> " u(t), i=1,2,...,n-3, (2.4)

and

n

v d n v d" n—(y—vu_2)
Dy z(t) = DY L2 u(t) = — I 10 2u(t) = —1s 7" u(e)

den " den "
d2 d” > n-2 72—y —vu-2)

= 42 a2 I ut)

=Dy " u(t). (2.5)
Similar to (2.5), we have

DY z(t) = D" u(t), (2.6)
Dgi2(t) = D" ule), (2.7)
Diiz(t) = Dot " 2ult), i=1,2,...,p, (2.8)
Dlz(t) =D "), j=1,2,.... (2.9)

It follows from (2.2)—(2.5) that
Dy u(t) + Af (6122 u(e), Lo > u(e), . Iy P (), u(e))
=Dy, z(t) + Af (t,2(2), Dgi 2(0), . .., Dyt 32(t), Dyt 22(t))
- 0. (2.10)
On the basis of (2.6), (2.8), and (2.9), we have

D" u(1) = DYt z(1)

p [e9)
= Zui/I wi(s)Dy' z(s) dA;(s) + ijDgiz(éj)
i-1 i

J=1

Za, / wi(s)DL 2 u(s) dA; (s)+ZbD’3' (). 2.11)

j=1

From (2.7), we have
DI 2u(0) = D§2(0) = 0. (212)

Combining (2.10)—(2.12), we deduce that u = D(”)'i‘zz is a solution of BVP (2.1).
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On the other hand, we consider the case that BVP (2.1) has a solution u# € C[0,1]. Let
2(t) = 1) u(¢), t € [0,1]. Then z = I, *u is a solution of BVP (1.1). The proof is similar to

Lemma 3 in [31]. So, we omit details. O
Remark2.10 With the analysis of Lemma 2.9, it is enough to show that the work on search-
ing solutions of BVP (1.1) is equivalent to finding solutions of BVP (2.1). Accordingly, we

will focus on seeking the solutions of BVP (2.1) in the rest of this paper.

Lemma 2.11 Letx € C(0,1) N LY(0,1). Then the boundary value problem

Dy u®) +x(t) =0, O<t<ll<y-v,5<2,
D2 u(0) = 0, (2.13)
D2 y(1) = Y8 1a,f1 wi(s)Dyy " uls) dAi(s) + 37 bDﬁ’ " u(&)),

is equivalent to

1
u(t) = / K(t,s)x(s) ds, (2.14)
0
where
»
K(¢,5) = Ko(t,s) + ¢/ ~Vn-2"1 Z( Ki(z,s)w;(t) dAi(T)>
i=1 i
(e @]
4 Vvl ZH],@].,S), (2.15)
j=1
in which
1 gl (1 — gyt (g2l 0<s<t<]1,
I(o(t, S) = —— ( ) ( )
Iy —vp2) | gr-—vm2-1(1 = 5)r—10-1, 0<t<s<l,
, reil(] — gyl _(pogyrail g<s<t<l,
Kis) - a; (1-s) (t-s) =s<t=
ol (y —vp2)I'(y — i) | pr-ei=1(1 = g)r—n0-1, 0<t<s<l,

(i=1,2,...,p),

—Bj-1 —yo-1 —gj-1
b; B — syl (g - s)r P

Hj(t.s) = al'(y =va2) Uy = B)) |71 (1 571071,

o O
IA
%}
IA
o~
IA
=

IA
o~
IA
“n
IA

(i=1,2..)

o]

p
r=ily(s)d )
r(y 7o) Zr(y a»/s W) dALS) - Zr G-p7 70

= j=

Obviously, K(t,s) is continuous on [0,1] x [0, 1].
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Proof By using Lemma 2.7, we may express (2.13) as

(t S)V Vp-2-1
u(t) = / x(s) ds + 772 g gV T2 (2.16)
— Vp— 2
where ¢y, ¢; € R. Since DI:>7"1(0) = 0, we get ¢, = 0 and rewrite (2.16) as
(2.17)

_Vn2

t—g§)Vn-2- 1
u(t) = / (t-s) x(S)dS+C1tV*Un72—1‘

With the help of (ii) in Lemma 2.8, we have

¢
I'(y —v,_

/ (t —5)7 " x(s) ds + CIMtV—Vo—l,
I'(y =)

Dy u(t) = -

= 0)
_ I'(y —v,- ,
Do u(t) = /t s)7 it )ds+clwt7’_“l’l, i=1,2,...,p,
- Ol) Iy —o;)
and

r n
/ (6 =5 H x5 ds + ¢y L VD popr g
F( _/3/)

Bi—vn-2
D, u(t) =
* - ﬁ,)

which combined with the boundary condition

)4
DY u() =) a; /1 WD uls) dA(s) + Zb D" u()

j=1

yields
1 1 1 o
0T (y —vuma) { I'(y = v) /0 (1-9)"7" x(s) ds
12 A .
_Zﬁ/IW(s(/‘o (S—t)y—at—lx(t)dt> ALs)
i=1 12 f]
(&-1)~ B~ x(f)dr}, 2.18)
21: —/3) / /
where
1 )4 4 o , -
= _ i y-a;-1 ; dAl _ R/ Vﬂ]
I'(y = w) 2 Ty —a) /Il_s wi(s) dA(s) ; o _ﬁj)gj
#O' (2.19)

Applying (2.18) into (2.17), we can obtain

_ 1 ' _ —vp—2-1
u(t) = _F(y . /(; (t—s) x(s) ds

i L [a-grmiasa
+ 1-5)""""x(s)ds
ol (y —vu2) F(V—Vo)/o
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p

_Z (yaia,)/]_(/o (s—r)y“"1x(r)dr>wi(s)dAi(s)

14

Zry 5) / (§—7) " x(f)dt}

~

L [T
et [ as

1 1 14 a o
' { Ty =vi) ol =) (21: Iy — o) Lwi(s)sy 4Ai)
o0 bj y-pj-1 a1 1 o .
LT )}t [ - tag as

tV_Vn—Z_l

» a; s
ol - v {Z G —a) f, ( /0 (s f>””x<r>dr)wi(s) dA(s)

=1

- - P— j d
; I'(y - ﬁ/) /0 (El 2 x(r)de

J

tV_Vn—Z—l

= 7/0 §)Y V2 1x(s)ds+7

1
_o\V—v-1
I'(y —ve2) / (1-5) x(s) ds

I'(y —vu2) Jo
L4 aitV_Vn—Z_l

1
—oi=1¢1 _ —y-1 ) A
* z=Zl ol (y —vu) ' (y —a) V/I:(/O sV (1 =)V x(r)dr)w,(S) dA;(s)

p

Y =Vp—2-1 s
- Z ol(y iﬂ; )Ty —a) J;, (/0 (s— T)yyolx(f)df)wt(s) dA(s)

i=1

[e¢]

ti Vp—2-1 o pi
* g " (1 - )7 1x(s) ds
,Zl oIy —va2) (7 — B) /
i b]t)”"n—Z*l

§
B . _ o\VBi-1 d
; ol (y v, ) (y - B) /0 -9 x(s) ds
1 r )
:/0 ot etdss ;/nt““l ( /0 Ki(&ﬂx(r)dr)w,»(s) dA;(s)
o0 1 X
y=vn-2-lpy. y d
+/Xl:/(; £ 1(5} S)x(s) s
1
=L I(O(tﬁs)x(s)ds‘l'\/o tY~Vn-2- 12([ I( r S)Wl t)dA( )) (S)dS
1 I~
* f £y Hi(E,5)a(s) ds

j=1

1
= f K(t,s)x(s) ds.
0

The proof is complete.

Page 9 of 26
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Lemma 2.12 Let o > O (defined in (2.19) of Lemma 2.11), fl,' Y%Ly (s)dA;(s) > 0

(i=12,...,p), and 0 < 37 %Sjyfﬁfl < 00. Then the functions Ko(t,s), Ki(t,s) (i =
]

1,2,...,p) and Hi(t,s) (j = 1,2,...) given in Lemma 2.11 have the following properties:

(i) 7m2lko(s) < Ko(t,s) < L gr=va2-1 yhere

I'(y-vn-2)
ko(s) = 71 (1-g)y 1t (1 -1 —s)VO*V”*Z).
F(V - Vn—2)
(ll) ty_ui_lki(s) = [(i(t»s) = Wmty_ai_l (l =1,2,.. .,p), where
ai —yo-1 —a;
ki(s) = (1 -7 7L (1 = (1 - s)07%),

oI'(y —vy2) M (y — o)

b g7 hj-1 (j=1,2,...), where

—Bi-17,. :
(i) 707 y(s) = Hi(6,) = rg=ortrpp

b
Iy —vu2)(y - B)

hy(s) = . (1- S)V*Vofl(l -1 _S)VO*,B;‘).

Proof (i) Fors <t,

1
Ko(t9) = o=y — (727 (1= )7 07— (¢ — )2
- Vn-2

tV—Vn—Z—l

Z e —
F(V - vn—2)

gy —vn2=1(1 — g)v-ro-1
- F(V - Vn—2)

= )

(1 =5yt — (1 —5)r~n27L)

(1 _ (1 _ S)VO_VH—Z)

tV*Vn—2*1

Ko(t,s) < ——.
0 I'(y —vu2)

Fort <s,

T
Ko(t,s) = ——(1 —s)V 770"
0 F(V — Vy_2)
ty—vn271(1 — g)r-ro-l
F(V — Vy_2)

= ty_vn72_1k0 (S),

(1 _ (1 _ S)VO—VVI—Z)

tV_Vn—Z_l

Kolt,s) < —————.
° F(V - 1)n—2)

Using the same argument again, it is straightforward to infer (ii) and (iii). The proof is
complete. O

Lemma 2.13 Let 6 > 0 (defined in (2.19) of Lemma 2.11), fIi %Ly (s)dA;(s) > 0 (i =
bj y=Bj-1

1,2,...,p), and 0 < Z]"fl F(V/—ﬂ,v)gj j

Lemma 2.11 satisfies:

< 00. Then the Green’s function K(t,s) defined in

Page 10 of 26
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(i) K(t,s) < Qielt) fort,s € [0,1], where e(t) = t¥ V271,

1 u ai —a;—1
Q1= o) + Z ST )T —a /h TV wi(t) dAi(T)

i=1

bj E?/—,Bi—l

+/=210F(y—vn_z)1“(y—ﬁ/) /

(i) K(t,5) > Qa(s)e(t) for t,s € [0,1], where

)4

Qul9) = hols) + D) [ 7 ue)dAe) + 3 H 5)

i=1 Ii -1

~

(iii) K(t,s) >0 fort,se(0,1).

Proof The conclusion can be easily given by Lemma 2.12. So we omit it.

O

In this paper, we equip E = C[0, 1] with the norm ||u|| = supy,; |(£)|. Then (E, | - ||) isa

Banach space. Let P = {u € E: u(t) > 0,¢ € [0,1]} be a cone in E. Let us define a nonlinear

operator T, : P — P by

1
(Tou)(t) = A/ K(&,8)f (8, 2o u(s), 12> ua(s), .., Iy~ " uils), uls) ) ds,
0

te[0,1].

(2.20)

It is easy to check that BVP (2.1) has a solution if and only if the operator T3 has a fixed

point.

3 Main results
Theorem 3.1 Suppose that f € C((0,1) x (0, +00)""L,R,) satisfies:
(Hy) There exist two functions fi, f» € C((0,1) x (0, +00)2""V,R,) such that

f(t)xl:xb .. ~»xn—1) :fl(t)xl)xZ: cesXp-1,%1,%2, .. ';xn—l)

+f2(t1x11x21 ey Xp-1,%X1,%2, . . 'rxn—l)'

(Hy) For all t € (0,1) and (y1,¥2,...,¥n-1) € (0,+00)" L, fi(t,%1,%2, .., %01, V1, V2,
cer¥n-1)s St X1, %0, 00 Xu_1,91, Y25+, Yn—1) are increasing in (x1,%2,...,%,-1) €
(0, +00)"L; forall t € (0,1) and (x1,%3,...,%,1) € (0, +00)" L, fi(t, %1, %2, .., %n_1, Y1,

y2;'H;_yn—l)r_fZ(t;xl;xZ;'ern—lryl)waH)yn—l) are decreaSing in (yl!wa-nyn—l) €

(0, +00)" 1.

(Hs) For all u € (0,1), there exists ¢(1t) € (i, 1] such that, for all t € (0,1) and (x1,x,,

.. »1xn—1): 011,3’2, v )ynfl) € (0, +Oo)ﬂ—l,

fl (t’ MX15 UKD« ooy UXp—1, M_lyl’ M_l.yZ’ ceey M_lyn—l)

= (p(“')fl(t,xl,xb ey Xn-1Y1,Y25 4+ ,yn—l)r

Page 11 of 26
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f2(t’ MX1, X5 e vy UXp_1, /‘L_lyl: /'L_lyZ’ s M_lyn—l)

> /JL_fZ(t)xl’xZ, o3 Xn-1Y1,Y25 -+ wyn—l)'

(Ha) There exists a constant k > 0 such that, for all t € (0,1) and (x1,%2,...,%4-1),
()’hyz, .. 'ryn—l) € (07 +Oo)n71’

_fl(t;xl;xZ; e Xn-1,Y1,Y25 - - ~;yn—1) > K_ﬁ(t!xhx%o o Xn-1,Y1,Y25 -+ 'ryn—l)'

(Hs) The functions fi and f, satisfy

1
0 </ fils, 1,1,...,l,sy_l,sy_l,...,s”_l)ds < +00,
0

1
0 </ fz(s, 1,1,...,l,sy’l,sy’l,...,sy’l)ds < +00.
0

Then BVP (1.1) has a unique solution z; in P, and there exists a constant n, € (0,1) such
that

m I (y - anz)ty_l

I'(y —vy2) -1
I'(y)

=z = mI(y)

, te]l0,1].

And at the same time, z} satisfies:
(i) Ifthere exists r € (0,1) such that

Kol Ve ©1),

then z§ is continuous with respect to A € (0,+00), i.e., for V Aq € (0, +00),
lzs -z, =0, asx— .

(i) 1f

1
+u2, Yue(1),

then 0 < Ay < Ay implies z;, <zj,.
(iii) If there exists r € (O, %) such that

—K +u, Yue(o,1),

tim ] =0, tim [2] =00,
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Moreover, for any initial values zo, zZo € P., by constructing successively the sequences as
follows:

zn(t)=152‘2{ / K(&8)fi (8,152 2n-1(8), 1y 2021 (8), -, 201 (8),
192 2,1(8), I 201 (8), s Znea (9)) ds
1
A / K6, 8)fo (5,15t 2 20-1(8), Iyt " 2021 (), ., 201 (5),
0

BB A6 L 215, ,énl(s»ds},

Zu(t) = 151“‘2{ / K(&8)fi (8,152 Zn-1(8), 1o 201 (8), -0 201 (9),
B2, 19,12 20 1(5) o 2na(9) s
A /0 K5, L1 (61, L B s O Fra ()
B0 (I 2 (520 (9) ds},
n=12,...,
we have z,, — z} and z,, — z in E, as n — o0.

Proof Let P, = {u € E: u~ e}, where e(t) = t™"»2"1, Then P, is a component of P. Now,
we define two operators A,, B, : P, x P, — P by

As(,v)(2) = 4 / Kt s)f (5 1222 uls), 10227 a(s), .. (),
LE2(S), 12" W(s), .., v(s)) ds,

By (1,9)(t) = / K (5 LU L () )
Lr2v(s), L2 7"u(s), .., v(s)) ds

Combining the definition of 7; in (2.20) and (H;), we have
1
(Thu)(t) = )»/ K (&, 9)f (s, u(s), I > uls), ..., 1" 2" uls), u(s)) dis

0

1
= / K(&8)fy (s, 2y 2 u(s), It u(s), ..., us),
0
L2 u(s), 1o uls), ... uls)) ds

1
/ K (& s)fa (s, It uls), 12" u(s), ..., uls),

12 u(s), 1> uls), ... uls)) ds

= A, (u,u)(t) + B, (u,u)(t), te[0,1]. (3.1)

Then we can conclude that u is the solution of BVP (2.1) if u satisfies u = A; (u, u) + By (1, ut).
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We prove that A;, By, : P, x P, — P are well defined at first. For any u, v € P,, there exists a
constant w € (0, 1) such that we(t) < u(t) < %e(t), we(t) <v(t) < ﬁe(t), t € [0,1]. Moreover,
by the definition of fractional integral and e(¢) <1, for all ¢ € [0, 1],

I %e(t) = / (¢ — 5)Vm27Lgrvn2-1 g
F( Vp— 2)

_F()/ Vn2)ty1

) <1 (3.2)

and

. 1 ¢
I e(t) = —f t— )2Vl gy vn-aml g
0 © (v =) Jo (=9

_ F(J/ - vn—Z) FYvis

<1, i=1,2,...,n-3. (3.3)
'y —v)

Thus, by (H1), (H2), (H3), (Hs), (3.2), and (3.3), we know that, for all £ € [0, 1],

A, v)(t) = A / K@ 8)fi (s, 2 u(s), I us), ..., uls),
I72(s), 127 u(s), ..., v(s)) dis
/0 X (& )fi (s Iyt 0 els), I w7 els), ..., w7 els),
Iy we(s), 1" wes), ..., we(s)) ds

1
)»/ K(¢,s)fi (s, o Lol ol
0

F(V - Vn—2) y-1 F(V - Vn—2)

, ws'™ 7 a)s”"“l) ds
r'(y) r'(y-w)

1
A / K69 (5 (p0)™ (o)™ .., (o)™
0

pws’ L pws’ ™, ws”_””‘3'1) ds

< / fl s,l 1,...,1,s"" L s ..,s”_l)ds
pw)
< +00, (3.4)
where
. { F(V ) F()/ —Vy2) F()/ —Vu_2) }
p =min , eees ,1¢ >0.
r(y) r'(y-w) I'(y =vus)

Similarly, for all ¢ € [0, 1],
Q1 ! y-1 y-1 y-1
By (u,v)(t) < A—e(t) fg(s,l,l,...,l,s ,87 T8 )ds<+oo. (3.5)
pw 0

So, A;,B; : P, x P, — P are well defined.
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Now, we prove that A;, B; : P, x P, — P,. Taking a constant W > 1 such that

1
W > max{ / ﬁ(s, 1L1..., l,sV—l,sV—l,...,sV-l) ds,

p(pw)

A
A f fz s,l 1,...,1,s" L st ...,SV’I)dS,
-1
<Ag0(pw)/ Qz(s)fl(s,sy’l,sy’l,...,sV’l,1,1,...,1) ds> ,
0

1 -1
(pr/ Qz(s)fz(s,s”’l,s”’l,...,s”’l,1, L...,1) ds) } (3.6)
0

Then from (H;), (H»), and (H3), for all £ € [0, 1],

A; (u,v)(2) = A /: K(t,9)f1 (s 4o uls), 1" u(s), ..., u(s),
12 (8), 1o (s), ..., v(s)) ds
/:K(t )i (s, Iy we(s), Iy wes), ..., we(s),
o e(s), [ o e(s), ..., 0 e(s)) ds
A /01 K(t,s)fi(s, pws” ™, pos? ™71, 08" ™7,
(po)™, (pw) ..., (pw) ") ds
> Ap(pw)e(t) /01 Qx()f1 (s,sy_l,s”_l, o8R0, 1) ds
> Wle(t) (3.7)
and
1
By (u,v)(t) > )\pa)e(t)/o Qz(s)fz(s, 'L s, 1) ds
> Wle(z). (3.8)

On the other hand, from (3.4) and (3.5), we know, for all u, v € P,, t € [0, 1],

Ay (u,v)(8) < =5

< We(t) (3.9)
and
B (u,v)(¢) < —e(t / f2 s,1,1,...,1,s"7 L 71 .“,Sy—l) ds

< We(t). (3.10)

So, A;,B; : P, x P, — P,.
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In fact, from (H,), it is easy to check that A,, B, are mixed monotone operators. Fur-
thermore, it follows from (Hj3) that, for all u € (0, 1), there exists ¢(u) € (u, 1] such that,
for any u,ve P, t € [0,1],

Ay (i, 7 'v) (8) = A /1 K(t, )i (s, v~ paads), It~ paa(s), ..., jua(s),
0
1572 it w(s), Ivf‘z_vlu_lv(s),...,,u‘lv(s)) ds
=X /01 Kt 8)fi (s, wyruls), ulgt =" us), ..., puls),
WL u(s), W T (s), L T V(s)) dis

1
zk(p(u)/o K(t,8)fi (s, It uls), 1" u(s), ..., uls),

12 0(8), 1> u(s), ..., v(s)) ds

= o)A (u,v)(¢) (3.11)

and

By (1, 1) (8) = A /01 K (t,8)fs (s, 2o puaa(), 122" paa(s), ..., wua(s),
L2 (), 2 7 (s), . T (s)) dis
> AM/IK (&, $)fa (s, Lt 2u(s), L™ uls), ..., u(s),
I2(8), 1" (s), ..., v(s)) ds

= By (u,v)(2). (3.12)

By (Ha), we infer that there exists « > 0 such that, for all 4, ve P,, ¢ € [0,1],

1
A, (u,v)(t) = /0 K(&8)fi (s, 22 u(s), 12 u(s), ..., uls),
192v(s), 12 u(s), ..., v(s)) dis
1
EK)\/ K(&,8)fa (s, gt > uls), It > 2(s), ..., uls),
0

I2(8), 1> (s), ..., v(s)) ds

= kB, (1, v)(2). (3.13)

Combining (3.11)—(3.13) and using Lemma 2.2, we infer that there exists a unique fixed
point u} € P, such that

A; (u, u) + By (u, 1) = u.
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That is, BVP (2.1) has a unique solution u; € P.. Since u; € P., there exists a constant
. € (0,1) such that

1
e w0 < 0 telol) (3.14)
A

Moreover, for any A > 0, let A=("14,) and B = (A"1B,). Obviously, A and B satisfy all
the conditions of Lemma 2.3. With the preceding proof, we can infer that u; is the unique

positive solution of the following equation:
A, u) + AB(u, u) = A(u, ) + B(u, u) = u.

By means of Lemma 2.3, we know that 4] satisfies:
(1) If there exists r € (0, 1) such that

r_
WZR w0, Yueo,1),

@) >

then u is continuous with respect to A € (0, +00). That is, for V 44 € (0, +00),
(= uy, | =0, asi— 2.

) If

1
+un2, Yue(o,1),

then 0 < A1 < A, implies ujl < ujz.
(3) If there exists r € (0, %) such that

r —
o) =R, e o),
then
)\lig)1+ “, ” =0, )LEIEIOOHM; ” = *oo

Furthermore, by Lemma 2.2, we can infer that, for any initial values ug, v € P, by con-

structing successively the sequences as follows:

1
u,(t) = A/ K& 8)fi (8, 1022 un1(8), 1y thno1 (), - tna (),
0
12V, (), 15 1 (8), -, Vi (5)) dis
1
+A / K(&,8)fo (8, 1y 2 tn1(8), 1o thne1 (), -y o (),
0

L)1 1 (8), s Ve (9) s,
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vn(t) = 1/11<(t,5y1 (8,102 2Vt (8), 1t V1 (), s Vina (8),
0
192 U 1(8), 0y U (5),s - thna (5)) dis
+ A /01 K& 8)fo (8,152 Vi1 (), 4o 01 (8), o, Via (),
L (), 10 1 (8), - a1 (5)) s,

tel0,1], n=12,...,

we have
Uy — u}, vy — u;, inkE, asn— oo.

Finally, by what we have proved in Lemma 2.9, we know z} = I"*-2y} is the unique posi-
tive solution of BVP (1.1). From (3.14), we know that z* satisfies

m I (y - U”‘*Z)ty—l

I'(y —vy2) -1
I'(y)

() , telo,1]. (3.15)

<z(t) <

And from the monotonicity and continuity of fractional integral, we get:
(i) If there exists r € (0, 1) such that

r_
“K“Hﬂ, Ve (0,1),

p(u) =
then for V A¢ € (0, +00),
|z -z, =0, asi— Ao
(i) If

wi-p
K

1
o(u) > +u2, Yue(o1),

then 0 <1 <A, implies 2j, <zj,.
(iii) If there exists r € (0, %) such that

r_
e p M+/ﬂ, Yu € (0,1),

o(u) >

then

Jim [ =0, tim [5] = +00.
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Furthermore, for any initial values zy, zy € P,, by constructing successively the sequences
as follows:

1
zu(8) = 112 {A/ K(t, )1 (815" 20-1(8), 1t 201 (8); - -, 201 (),
0
122 1(8), L2 21 (), - .5 Zpn (8)) s
1
+ A / K(t,8)fo (8,15t 2 20-1(8), Iy > " 20-1(5), ., 201 (),
0
1122 1(8), 12 201 (8), -2 201 (5)) ds},
1
Zu(8) =112 {A / K(&8)fi (8,152 2 Zn-1(8), 1y 201 (8), 0 201 (9),
0
122201 (8), 1002 201 (5), . 20a (5)) dis
1
+A / I((t, S)ﬁ (S: [(‘)}:1—22;1_1(3)’ ](‘)11172—‘)12”_1 (S); veey 2}1—1 (S)x
0

20 (1 2 Sy 20a (9) ds},

tel0,1], n=12,...,

we have

Zn — 23, Zy— 2y, InE, asn— oo.
The proof of Theorem 3.1 is completed. d
4 Examples

Example 4.1 We consider the following problem:

DE.2t) + Mot (DG 2(0) 4 + 5ub(1 -2 + (142!
x ((6D§+z(t))% + (D§+z(t))% 1)+ () 57+ (u+1)73) =0, O<t<l,
2(0) = D3.2(0) = 0, 1)
Diz(l) =2/, si(1- s)zDéz(s) dAi(s) + 3 fo% s8(1+ sz)’lD(ﬁz(s) dAy(s)
1

3_ ~
+ 2% (57 -4 (55 + 1) Dy, X7 u((28 +2))7),

where A > 0 is a parameter, and

1 1 1 1
=, tel0,5), 5> tel0,3),
Ait)=1" 0,2 Ayt)=4" 0.2
8 t 1 1] 10 t [1 1]
?y S Ey ) ?y €15 .
Let

ft,u,v) = 6t 3 uSv8 4 5us (1- tz)% + (61/% +vi g 1)(1+ t2)71

F(t)75 (74 (w+1)79),
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}723»)/ 2ry0 2,111—%,(]:%,a1:2a2:%,a1=%a 1[1:[01] 12:[02]
b= -G+ D) (=120, 8=5- 505 (=12..,§=028+2)" (j=1,2,...),
wi(t) = ti (1 -1)%, wy(t) = %( 1+2)L Then problem (4.1) can be transformed into BVP

(1.1) for A > 0.

By simple computation, we have a rough estimate

0

1
f Ty (1) dA (1) = / 7(1-1)*dA;(z) = 0.125> 0,
I

2

/ 772 by (2) dAs(T) = /3 T(1+ 12)_1 dA>(1)=04>0,
I 0

iﬁgﬁﬂ i i%m@ 47 (57 + 1) (28 + 2)) 17
fi( 5-4)7"(5+1)" =02
j=1
and
1 L a; ~ bj

= - r=eily, () dA; y=Fj-1
=) ;m—ai)/,f wils) dALs) - Zr( N

2 ! 3
~1- / s%s%(l—s)zds— / sé38(1+s) ' ds
0 0

rQ 2I'(3)

8

E (57 -4)7" (5 + 1)1 (28 + 2j) 2 7
7
j=1 r+2 I(1+2777) ﬂ

>1-025-02-0.2=0.35>0,

which means the properties of Green’s function in Lemma 2.13 are achieved. Let

.

filt, u,v,w,2) = 563828 + 4ud (1-£)7+ (6V% +1)(1+ tz)_1 +7(¢w)"5

and

1 1

falt,u,v,w,2) = t_%ugz_s + u% (1 —tz)_

Nl

%(1 +t )_1 + (tw)_%(w+ 1)_%.

Then

ft,u,v) =filt,u,v,u,v) + fo(t, u,v,u,v).

It is easy to check the following conditions:
(1) Forall € (0,1) and (w,2) € (0, +00)2, fi(t, u, v, w,2), fo(t, u, v, w,2) are increasing in
(u,v) € (0,+00)%; for all £ € (0,1) and (u,v) € (0, +00)%, fi(t, u, v, w,2), fo(t, u,v,w,2)
are decreasing in (w, z) € (0, +00).
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(2) Let () = 3. Then, for € (0,1), £ € (0, 1), and (s, v, w, 2) € (0, +00)*,

_1
Sits sy v, w, w7 2) = 5t 3 uBZ S + audus (1-¢)2
11 -1 1,1
+ (6pL3V3 + 1)(1 +t ) +7u5 (tw)75
> W fill v, w,2),
_1
fg(t,uu, wv, 1w, /L_lz) = /ﬁt_%u%z_é + u%u%(l - tz) 2
+pivi (1+ tz)_1 T (Ew) 3w )
> ufo(t, u, v, w, z).
(3) Let k = 4. Then, for all (&, v, w,z) € (0, +00)%,

St w,v,w,2) > kfo(t, u,v,w,2).

(4) The functions f; and f; satisfy
1
0< / fils 1, l,sV’l,sV’l) ds
0
1 25 _1 -1 1
= / (5s°% +4(1-5*)"2 +7(1+5%)" +752) < +o0,
0
1 1 25 Y -1 1
0 <f £(s 11,8718 ) ds < / (s +(1-8*) 2+ (1+5°) +52)<+00.
0 0

Let r = Z < L. It is easy to check that

15 2
(i)
r— 5 1
w(u)=u%z'u M+/ﬂ=—u%——u, Yu € (0,1).
K 4 4
(ii)
2 5 1
1 bt 1 1
<P(M)=M§Z'u M+/ﬂ=—/ﬂ——u, Yu € (0,1).
K 4 4

Therefore, the assumptions of Theorem 3.1 are satisfied. Then BVP (4.1) has a unique
solution z} in P, and there exists a constant 7, € (0,1) such that

6T (55)m:
5I(3)

6I (=
t3 <Z(0) < #t%, te[o,1].
5F(§)’7A

And at the same time, z] satisfies:

(i) z} is continuous with respect to A € (0, +00), i.e,, for ¥ A € (0, +00),
lzs =25, | = 0, asx— o

(i) 0 <Ay <Ay implies 2 <zj,.
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(iii)
Jim |z =0, tim [z} = +oc.

Moreover, for any initial values zy, zg € P,, by constructing successively the sequences as

follows:

3 1 3
Zn(t) =I()§+{ f I((t S)fl(sr +Zn l(s) Zn— 1(5) +Zn 1(5) Zn— 1(5))
0
1 3 3
A / K (5L 2t (9, 20 (50, 21 (51,20 s () ds},
0
3 1 3
2(0) :1(;1{x / K (5L (51, Zrt 50 2019, 20n (5)) s
0

! 3 . 3
+ /\f K(t,)f5((8, 15+ Zn-1(5), Zu-1(5), L5+ 2n-1(8), Zu-1(5)) ds},
0
n=12,...,
we have z, — z} and z, — 2} in E, as n — oo.

Example 4.2 We consider the following problem:

D 2(0) + 25 ()(DE.20) (75 + %) + @2DE2(e) 3 (1 - 2)}
+ ()T (1 + (2() +1)3) =0, 0<t<l,
(0) D 2(0)= 0,
Dg+ 2[0 si( —s)2D§+ ()dAl(s 2f0 s8(1+ %) 1D(ﬁz(s)dAz(s)
+2 551 =471 (5 + 1)—11)0+ - u((28+2])‘1),

1 1 1
171 € _)y 137 te [0, _);
ACE SRICRE b :

1
’ 37 te [5,1].

Let
ft,u,v) = utvi (t’% + t’%) +2v3 (1- tz)_% +(tu) 7 (T+ @+ 1)’%),

Z%(Vl 3) Yo = ,V1—3,Q1 %;d1:2xa2:%’a1:%:a2:£ _[01] 12:[02]

(5ji-475+ 1) (=12, 8= -2 (j=1,2,..),&=028+2)" (i=1,2,...),
) =

14
b=
wi(t) = £1(1 = £)2, wo(t) = £5(1 + £2)~) Then problem (4.2) can be transformed into BVP
(1.1) for A = 1. By simple computation, we have a rough estimate:

1
/ T (1) dAy(T) = / t(1-17)?dAi(r) = 0125 >0,
I 0

[ @) = [Ce(ar) dam =040,

I 0
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— b 1 < 1 e L
Y > (5 - 475 + 1) (28 + 2)) 0
1 1"()/—/3/)5’ i1 F(1+2—(7+1>)(] G178 2)) 2

=

Gi-4)'Gi+1)7 =02,

"L

Il
—

J

and

1 d a; ad b; —_Bi-1
- _ : v=ei-ly, (s) dA;(s) — _ Y B
Ty L Th-a ), A - s

2 1
~l-— f s%s%(l—s)zds—
r) Jo

j=1

2
/3 s8s8 (1 + 52)71 ds
0

1

(55 —4) (55 + 1)1 (28 + 2j) 27

2r'(3)

> 1
L T o)

j=1

>1-025-02-0.2=0.35>0,
which means the properties of Green’s function in Lemma 2.13 are achieved. Let
At u,v,w,z) = £Iuiz 43 (1- tz)_% +(tw)" 1
and

1
+vi (1-2)72+ (tw) ™3 (w + 1)’%.

-

1 1
_fz(t, u,v, W;Z) =t 3uiz
Then
f(t7 u, V) :_fl (t: u,v,u, V) +_f2(t, u,v,u, V).

It is easy to check the following conditions:

(1) Forall £ € (0,1) and (w,2) € (0, +00)2, f1 (¢, u, v, W, 2), fo(t, u, v, w, z) are increasing in
(u,v) € (0,+00)%; for all £ € (0,1) and (u,v) € (0, +00)%, fi(t, u, v, w,2), fo(t, u,v,w,2)

are decreasing in (w, z) € (0, +00)>.
(2) Let g(1t) = 2. Then, for yu € (0,1), ¢ € (0,1), and (&, v, w, 2) € (0, +00)*,

St e, v, 17w, 7 2)

= t_%(uu)i (,u_lz)fé + (;u/)% (1-7) ph (/flw)fi
> M%ﬁ(t, u,v, w,z),
fZ(t’ nu, j1v, M_IW: M_lz)

1 _1
= 3 () s (w712)F 4 ()3 (1= £2)77 4 alew) S w4 )
> ufr(t,u, v, w,z).

(3) Let k = 1. Then, for all (,v,w,z) € (0, +00)*,

filt,u,v,w,2) > fo(t,u, v, w,2).
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(4) The functions f; and f, satisfy
! 1 3 _1 2
0< / fl(S» 1, l,Sy_l,Sy_l) ds = / (5_1 + (1 —sz) 2 +s‘§) < +00,
0 0
! L -1 2
0 <f fls1,1,87 s ) ds 5/ (s3+(1-5%) "% +573) < +00.
0 0

Thus BVP (4.2) has a unique positive solution z}. Then BVP (1.1) has a unique solution z}
in P, and there exists a constant n; € (0,1) such that

~
win

9 9
le SZT(t)siztg, tel0,1].

Moreover, for any initial values zy, zy € P,, by constructing successively the sequences as
follows:

Zn(t) { I((t S)fl (S: +Zn—1 (S)’ Zn—l(s):lo%rén—l(s): 2;«,_1(3)) ds
+/0 K(t, S)fZ S 10+Zn 1(8), 2n-1(8), 1()%+5n—1(5)72n—1(5)) dS},
zn(t) { 1<(t S)fl (S ]()+Zn 1(3) Zn- 1(S) 10+Zn I(S) Zn- l(s)) ds

/ K6 (5, 1 Znn (5), B 51,1 2 (5), 201 (5) ds},
n=12,...,

we have z, — z{ and z, — 2] in E, as n — oo.
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