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1 Introduction
For a real Banach space B with a nonempty, convex, and closed subset C and for a set-

valued mapping @ : B — 28 whose domain, range, and graph are defined as

dom(®) = {y eB:d(y) 7’@},
range(®) = U{CD()/) 1y € dom(CD)} and

graph(®) = {(5,2) € B x B:y € dom(®),z € ®(y)},

respectively, the inclusion problem or zero point problem is to search a point y € B such
that

0e &) (1.1)
The set of zeros of @ is defined as

@7(0) = {y € dom(®): 0 € @(y)}.
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A very effective and convenient approach to solve a large number of problems in opti-
mization theory and nonlinear analysis is their formulation in the zero point problem. In
problem (1.1), different mathematicians defined @ in various ways in various frameworks,
such as maximal monotone in Hilbert spaces and m-accretive in Banach spaces, and they
introduced iterative schemes to solve (1.1).

In 2004, Fang et al. [12] introduced the notion of H-accretive mappings in Banach
spaces. It is noted that H-accretive mapping is a generalization of m-accretive mapping.
They defined the resolvent operator affiliated to H-accretive mapping and showed that it
is single-valued and Lipschitz continuous.

One of the important methods to solve (1.1) for maximal monotone operator @ in a
Hilbert space H is proximal point algorithm which was introduced by Martinet [20] and
defined in the following manner:

X1 GH, (1 2)

Xn+1 zlun,<1> (xn), neN,

where I : H — H is the identity mapping, /..o (*,) = (I + 1, @)~ (x,), and {i,,} C R,.

In 1976, Rockafellar [28] posed an open question regarding the strong convergence of
the sequence obtained from (1.2); indeed an example was given by Giiler [13] discussing
that Rockafellar’s proximal point algorithm does not strongly converge. Furthermore,
Bauschke et al. [3] showed by an example that proximal point algorithm only converges
weakly but not in norm.

In 2005, a modification of Mann iteration method was presented by Kim et al. [17] for
finding the solution of (1.1) with an m-accretive mapping @ in a uniformly smooth Banach
space and described in the following manner:

X1 € B,
Yn :]ﬂn@(xn)r (13)
Xn+l = pnl + (1 - pn)yn, ne N;

where [ € B, {p,} € (0,1), and {u,} C R, with certain conditions. They established an
outcome of the strong convergence of the sequence {x,} acquired from (1.3).
In 2007, the following iteration scheme:

X1 € C,
Yn = KnXp + (1 - Kn)]un,<1> (xn)r (14')
Xns1 = pul + (1 - ,On)ym neN,

where [ € C and the sequences {«,}, {0s} C (0,1), was described by Qin et al. [22] in a

uniformly smooth Banach space. The demonstration of the strong convergence of the se-

quence {x,} acquired from (1.4) to a zero of an m-accretive mapping @ was also given.
Based on viscosity approximation method, in 2008, Chen et al. [9] developed an iterative

scheme in the following manner:

X1 EC,
(1.5)

Xne1 = Pug(®n) + (1= pu) 0 (%), mEN,
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where g : C — C is a contraction mapping. They established an outcome which ensures the
strong convergence of the sequence {x,} acquired from (1.5) to a zero of an m-accretive
mapping @ in a uniformly smooth Banach space. For detailed reviews regarding iteration
methods to various inclusion problems, see [1, 6, 7, 10, 29, 30] and the references therein.

In this manuscript, we consider the problem of searching common zeros of two H-
accretive mappings in a uniformly smooth and uniformly convex Banach space, i.e., search
y € B such that

ye2=o10)nw10), (1.6)

where @, ¥ : B — 2B are H-accretive mappings.
In 2005, Bauschke et al. [2] studied problem (1.6) for two maximal monotone mappings

@ and V¥ in a Hilbert space and developed the following iterative method:

X0 € H,
Xone1 = Juo (X2n), n e NU{0}, (1.7)

Kon = Juw (®X2n1), meN.

They proved that the sequence {x,} obtained from (1.7) is weakly convergent to a fixed
point of J,, ¢/,,w. This iterative method is based on alternating resolvents method which
is an extension of alternating projections method introduced and studied by von Neumann
[33] and Bregmann [5]. For other modification of von Neumann’s alternating projections
method, see [8].

Further, in 2011, Boikanyo et al. [4] constructed an iterative scheme using alternating

resolvents method in the following manner:

X0 € H,
Xon+l :]un@ ()Onl + (1 - )On)x2n + en)r ne N U {O}) (18)

Xon = Jouw (K01 +€,), neN,

where [ € H, {p,} C (0,1), and {e,}, {e],} are error sequences. Under appropriate restric-
tions on control sequences, they established the strong convergence of the sequence ob-
tained from (1.8) to a common zero point of maximal monotone mappings @ and ¥ in a
Hilbert space.

Motivated by the above discussed work, we introduce two iterative methods which are
based on Mann and Halpern iteration methods and viscosity approximation method. We
call it Mann—Halpern type iterative method and Mann type viscosity iterative method.
Our proposed iteration methods include alternating resolvents method as a particular
case for suitable choice of control sequence. Strong convergence results are established for
both iterative methods. Some consequences and applications are derived from the main
result. We present numerical examples to show the implementation of our main result and
its application. Our results extend, generalize, and unify the results given by Bauschke et
al. [2], Kim et al. [17], Qin et al. [22], Chen et al. [9], and Boikanyo et al. [4].
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2 Preliminaries

For the whole of this manuscript, let B be a Banach space with norm || - || over the field of
real numbers R, and let B* be its dual space. Let (-, -) be the duality pairing between 3 and
B*. We use y, = ¥, y, — ¥, and y,, A y as symbolic representations for strong, weak, and
weak* convergence of the sequence {y,} to y in 3 and in B, respectively. Let F(T) be the
set of all fixed points of a mapping 7, i.e., F(T) = {y € dom(T) : T (y) = y}. Let N and R,
be the set of all natural numbers and all positive real numbers, respectively.

We take 7 : B — 25" to symbolize the normalized duality mapping, given by

T ={¢ B :(.0) = lyI*= 141}, VyeB.

Clearly, if B = H, a Hilbert space, then J = I, where I : B — B is the identity mapping.
When B is smooth, we know from [11] that J is single-valued. Now we recollect the

following definitions and results which are needed for establishing our main results.

Definition 2.1 Let Ug = {y € B: ||y|| = 1}. The modulus of convexity 3 : (0,2] — [0,1]
and the modulus of smoothness pg : [0, +00) — [0, +00) of B are defined by

2—|ly+zll

3p(€):= inf{ :y,ze U, |ly-z| ze} and

Iy +zll + lly -zl
os(h) = sup{ lly + 2l + lly - Il

5 —1¢y€UB,||Z||Sh},

respectively. Then the Banach space B is termed
o uniformly convex if §p(€) >0, V0 <€ <2;

o uniformly smooth if ”BTW — 0ash— 0.

Definition 2.2 A mapping 7 : B — B is termed
e ¥-Lipschitz continuous if there exists a constant ¥ € R, such that

I76)-T@| <ly-zl, VYyzeB.
If0< ¥ <1, then 7T is termed &, -contraction and if ¥; = 1, then 7 is termed

nonexpansive.
e accretive if there exists j(y — z) € J (y — z) such that

(TO) -T@,jy-2)>0, VyzebB;
e strictly accretive if there exists j(y — z) € J (y — z) such that
(TG)-T@),jly-2)=0, VyzeB

and equality holds if and only if y = z;
o Uy-strongly accretive if there exists a constant ¥, € R, and j(y — z) € J (y — z) such that

(TO)-T(2),jly-2)) = Saly-zl>, Vy,zeB.
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Definition 2.3 A set-valued mapping @ : B — 25 is termed
o accretive if there exists j(y — z) € J (y — z) such that

(v—wjly-2)=0, VyzeBved(@y),wed(2);
e m-accretive if @ is accretive and range(l + u®) = B, Vu e R,.

Definition 2.4 A mapping /¢ : range(l + u®) — dom(®) defined by J, s(y) = (I +
u®)1(y), u € Ry, is termed resolvent affiliated to an accretive mapping &.

Definition 2.5 ([12]) Let H : B — B be a single-valued mapping. Then a set-valued map-
ping @ : B — 2B is termed H-accretive if the following are satisfied:

e @ is accretive;

e range(H + ¥3®P) = B, where 93 € R,.

For further generalizations of H-accretive mapping, see [15, 16].

Remark 2.1 From Definition 2.5, we have the following as special cases:
e If B ="H,a Hilbert space and H = I, then the H-accretive mapping becomes maximal
monotone mapping.
e If H =1, then the H-accretive mapping becomes m-accretive mapping.
e The identity mapping I is m-accretive, but it is not H-accretive mapping, where
Hy) =52 (see [12]).
o If we take B=R, H(y) = =3, and

1, y>0,
T)=sgn(y)=10, y=0,
-1, y<0,

for all y € B, then T is H-accretive, but it is not m-accretive (see [19]).

Lemma 2.1 ([12]) Let H: B — B and & : B — 25 be strictly accretive and H-accretive
mappings, respectively. Then the operator (H + u®)~!, where u € R, is single-valued.

Definition 2.6 ([12]) Let H: B — Band @ : B — 25 be strictly accretive and H-accretive
mappings, respectively. The resolvent operator J. 5 » - B — Baffiliated to H and @ is defined
by

Je@) = (H+pn@) (), VyeBueR,.
Using Definition 2.6, one can easily prove that
FioH) = 271(0). 2.1)
Lemma 2.2 ([12]) Let H : B — B be a &y-strongly accretive mapping, and let @ : B —

28 be an H-accretive mapping. Then the resolvent operator ]f;{d, :B— Bis %-Lipschitz
continuous.

Page 5 of 25
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We give an example which legitimizes Lemma 2.2.

Example 2.1 Let B = R with usual norm ||y|| = |y|. Let H: B — B and & : B — 25 be
defined by

H(y)=3y and @()={6y}, Vyeb,

respectively. It can be conveniently verified that H is 3-strongly accretive, @ is accretive,
and for u = 2, range(H + u®) = B. Hence, ®@ is H-accretive. Therefore the resolvent
operator ]{z » : B— B affiliated with H and @ is given by

T () = 1y_5 Vy € B. (2.2)

It is quite easy to verify that the resolvent operator defined in (2.2) is single-valued and
%—Lipschitz continuous.

Definition 2.7 LetC and D be nonempty subsets of a Banach space B3 such that C is closed
and convex and D C C. A mapping Q:C — D is termed

o sunny if Q[Q(y) + h(I — Q)y] = Q(), Yy € C and k > 0, whenever Q(y) + h(I — Q)y € C;

e retraction if Q(y) =y, Vy € D;

o sunny nonexpansive retraction from C onto D if Q is a retraction from C onto D,

which is also sunny and nonexpansive.

Moreover, D is termed sunny nonexpansive retract of C if there exists a sunny nonex-

pansive retraction Q from C onto D (see [18]).

Proposition 2.3 ([23]) Let C and D be nonempty subsets of a smooth Banach space B such
that C is closed and convex and D C C. If D is a retract of C with a retraction Q:C — D,
then the following are equivalent:
(i) Q is sunny and nonexpansive;
(i) 1QV) - QE)I* < {y-2zT(QY) - Q2)), Vy,z€C;
(i) (y-QW),J(z-Q))) =0,¥ye(C,zeD.

Theorem 2.4 ([35]) Let C be a nonempty, convex, and closed subset of a uniformly smooth
Banach space B, and let W : C — C be a nonexpansive mapping with F (W) # (. Then the
sequence {x,} defined by x; = tg(x,) + (1 — t)W(x;), where g € I¢, the set of all contractions
on C and 0 < t < 1, converges strongly to a point in F(W) ast — 0. If Qrw) : Tc — F(W)
is defined as

Qrmw)(g) := }E}(l)xtr gelle, (2.3)
then Qr(w)(g) solves the following variational inequality:
(I -2Qrw)(©), T (Qrmn(g) -x)) <0, geMe,xe F(W).

In particular, if g = | € C is a constant, then (2.3) is reduced to the sunny nonexpansive
retraction of Reich [25] from C onto F(W) fulfilling

(Qrun @) =1, T(Qrawny(D) —x)) <0, 1eCxe F(W).
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Proposition 2.5 ([19]) Let H : B — B be a strongly accretive and Lipschitz continuous
mapping with constant &; let @ : B — 28 be an H-accretive mapping. Then the mappings
H]{;{(p :B— B and]ﬁq)H : B — B are nonexpansive.

Lemma 2.6 ([21]) Let B be a Banach space. Then, for all y,z € B and j(y + z) € J (y + 2),
ly + 2> < lIyll* + 2{z,j(y + 2)).

Lemma 2.7 ([31]) Let {x,} and {w,} be bounded sequences in a Banach space BB, and let

{on} C [0,1] with 0 < liminf,_, 0, < limsup,_, ., 0, < 1. Assume that x,,1 = (1 — 0,,))wy, +

0tns 1 € N, and Timsup,,_ oo (1Wner = Wall = [%n1 = 2all) < 0. Then limy oo W, — ]| = 0.

Lemma 2.8 ([35]) Assume that {x,} is a sequence in R, U {0} such that
Kppl = (1 - en)xn +Ny NE N,

where {0,} C (0,1) and {n,} C R with
(i) Z;il 0, = 00;
(i) imsup,_, o g <0o0r 3_0%, [na] < 00.

Then lim,,_, o, x,, = 0.
Lemma 2.9 ([34]) Let B be a uniformly convex Banach space. Then there exists a function

f:[0,+00) — [0, +00) which is continuous, strictly increasing, and convex with f(0) = 0
such that

|y + (= Iz|)* < hllyl? + (= W)zl — QL = If (Ily - 2Il)
forally,ze Ugl0,r] :={veB:|v|<rreR,}and0<h<1.
Lemma 2.10 ([14, 24]) Let B be a real uniformly convex and smooth Banach space. Then

there exists a function f : [0,2r] — R which is continuous, strictly increasing, and convex
with £(0) = 0 such that

fly=zl) < yl* =200, T @) + llzll*>,  Vy,z € Upl0,r].

3 Main results
In this section, we demonstrate strong convergence of the sequences acquired from the
proposed iterative methods for finding a common zero of two H-accretive mappings. First,

we prove the following technical lemma.

Lemma 3.1 Let H: B — B and ® : B — 25 be strictly accretive and H-accretive map-
pings, respectively. Then, for u,v € R, and y € B,

5 0) =/é?¢(§y+ (1 - i)HJ:Z,qb(y)).
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Proof Forye B, lety= ];IZ<1> (y). This implies that
y=H()+pnz forsomeze @(y).

Then

Yyt (1 - i)HJ;{qD(y) - ﬁ(HG/) +uz) + (1 - ﬁ)H(&)

I
€ (H+v®)(y),
which implies that
H (VY v H - _gH
o (2o (1= 2 )7)) =5 5

Theorem 3.2 Let B be a uniformly convex and uniformly smooth Banach space. Let
Hi,Hy : B— B be single-valued mappings such that H, is strongly accretive and Lipschitz
continuous with constant &y, and Hy is strongly accretive and Lipschitz continuous with
constant {y,. Let @, ¥ : B — 28 be H,-accretive and Hy-accretive mappings, respectively.
Assume that 2 := @~1(0) N W1(0) # 0. Let the sequences {y,} and {x,} be generated by the

following iterative scheme:

X1€B,

Yn = KnXn + (1= Kn)]:[;@Hl(xn); (3.1)

Hy
Xnsl = Pl + 0pXy + Tn]vmq/HZ(y;q)» neN,

where | € B is an arbitrary element, sequences {1}, {v,} are in R, and sequences {k,}, {pu},
{ou}, {tn} are in [0,1] with p, + 0, + T, = 1, n € N. Assume that the following conditions are
Sfulfilled:

(C1) liminf,_, o 6,7, > 0, lim,_, o0 ki1 — k| = 0;

(Co) limy, o0 00 =0, 3-02 ) o = O0;

(C3) 0<liminf,_. 0, <limsup,_, . 0, <1;

(C4) Forsomee e R, and forallneN, u, >¢€,v, > € and lim,_,  |tys1 — y| = 0 and

limy,— o6 [Vis1 = va| = 0.

Then the sequence {x,} converges strongly to Qgl, where Qg : B — $2 is a sunny nonexpan-

sive retraction from B onto 2.

Proof The proof will be divided into six steps.
Step 1. We show that {x,} and {y,} are bounded. Assume that w € £2. By utilizing (2.1),
we find that

I Hi(w)=we ®™(0) and ]2, Hy(w)=we w(0). (3.2)
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Then, from (3.1), (3.2), and Proposition 2.5, we have

”xn+1 - W” = ”pnl + 0pXy + TW]Z%WHZ(:YVI) - W“
< Pulll = Wil + 0l — il + 7| J1 2 Ha () - w]|

< pulll = Wil + ol = Wil + Tully, — wil. (3.3)
Now we calculate ||y, — w||.

1y = Wil = [ utn + (1= k)2 Hi () = w|
< knllxn = Wil + (1= k) |12 Hi () = w]|
< knllx, —wl + (1 - Kn)”xn —-wl,

= |yn—wll =< %, —wl. (3.4)
Using (3.4) and the relation p, + 0, + 7, = 1 in (3.3), we obtain by induction

%1 = Wl < pulll = Wil + ollxn — Wl + Tl — Wl
= pulll = wil + (1 = pu) |, — wl|

< max{[|l = wll, %, - wl }

< max{[I/-wl, lx1 - wl}.

Hence {x,} is bounded. Therefore {y,}, {/,7;,@1‘[1 (x,)}, and {]Z?q,Hz(y,,)} are also bounded.
Step 2. We claim that lim,,_, o [|%441 — %]l = 0 and limy,—, o0 || Y41 — ¥l = O.
Setting x,,,1 = (1 — 0,)w,, + 0%, we see that w, = W Then

Xn+2 = One1¥n+l Xn+l — OnXp
Wii1 —wyll = -
1-0un 1-o0y

H-
pn+1l + fn+1]UniI,q/H2(yy1+l) Pnl + Tn]\l,?,qjl_b(y;q)
1-0p41 1-o0y,

Hy Hy
Puil + tn+1]1,n+1,q/H2(yn+l) Tn]vml,q/HZ(ynﬂ)

1_O'n+1 1—0’,,,

N fn]Zil,lpHZ(ynﬂ) B Ponl + Tn]Z%lpHZ(yn)
1-o0y, 1-o0,

Tn+l Tn

< ‘ﬂ - L ||]ZQ+1,¢H2()/;1+1)”

1_Un+1 1—0’,,

Il +‘

1_(7n+1 l_on

1-o0,

+ ( = )||Jf,§il,sz(yn+1) ~ 2, Ha ()|

Pn+1 Pn

<

Hy Hy
1- Ot 1- o, Ll + ||]Vn+1_lpH2()/n+l) _]U”_upHZ()/n)”» (35)

H

where Ly = sup, {||/|| + ||]vn+1‘q,H2(y,,+1)||}. Now, two cases arise.

Page 9 of 25
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Case I. When v,,; > v,, by utilizing Lemmas 3.1 and 2.2, we acquire

]Z%rl,g/H2 1) = ]Zz,ngz O]

Vv Vv
= 151@( " Hy (1) + (1— — )Hzfzzﬂ,.sz()’nu)) ~ I3, Hy(ya)

Vnt1 n+l

1 Vysl — V)
=— { ||H2(Yn+1) _HZ(yn)” + UL “HZJZ%J,WHZ(YWJ) _HZ()/;HI)” }
;Hz Vn+1
= ||yn+1 _yn” + |vn+1 - vn|L21 (36)

where Ly = L[sup,,{|lya]l + I/} 2 Ha () II}].
Case II. When v, < v, by utilizing Lemmas 3.1 and 2.2, we acquire

]Zﬁlvaz One1) — ]ZZ,WHz ) H

Vy+1 Vy+1
= Jijil,sz(ym)—Jfﬁl,w( " Hy (ya) + (1— - )Hﬂﬁﬁ%)) H

Vn n

1 V,—V
<— { |Ha(e1) = Ho) | + | =" | Ho(9) = HoJ 22 Ho (3) | }
;Hz n
< yns1 = Yull + [Vns1 = vulLo. (3.7)
From (3.5), (3.6), and (3.7), we obtain
Wis1 — wall
o P
< | = P Ly et = Yull + Ve = vilLa. (3.8)

- 1_01/1+1 1—0’,,,

By utilizing (3.1) and Lemma 3.1, we acquire

lyns1 = yull
Hj H)
= ||Kn+1xn+1 +(1- Kn+1)]l,,n+1,q>Hl(xn+l) — KXy — (1 - Kn)]p,n,cle (%) ”
H
< kni1 %1 = Xull + 1601 — Kn|(”xn|| + H]M,}@Hl(xn)”)
+ (1 = K1) ”]Iljzﬂ,‘le(xnd) _];[nl,(le(xn) ”

=Kn+1 ||xn+1 - xn” + |Kn+l - Kn|(||xn” + ||J$,¢Hl(xn) ”) + (1 - Kn+1)

1" 1
],7;,4;( — Hi (%01) + (1— - )HlllilyllH,anl(an)) - ,ilj,qul(xn)
Mn+1 M1

< kni1 i1 = xull + 1K1 — Kn|(”xn|| + H]:I,},@Hl(xn)”)

(1 - Kpi1)
+ | Hy (1) - Ha ) |
&m
Mn1 — W
+ ‘M ”Hlf,];[:H@Hl(xml) _Hl(xn+l)”}
M1
=< ||xn+1 _xn” + |Kn+1 _Kn|L3 + |Mn+l - MnlLllu (39)

where Ly = sup, {lxqll + 72 , Hi (e,)} and Ly = 2[sup, (175 o H (o) + 1))
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Combining (3.8) and (3.9), we acquire

IWie1 = wull = 1%pe1 — %l

| P Pn

- 1_0n+1 1—0’,,,

Ly + vy = valLo + [Kps1 — Kn|L3 + | e1 — nlLa. (3.10)

From (C,), (C3), (C4), and (3.10), we acquire

tim sup (w1 = il = %01 = 2411) <0.
n—0o0

It follows from Lemma 2.7 that lim,,_, o, ||w, — x,]|| = 0, and hence
lim %41 = %[l = lim (1 - 0y,)[[w, — || = 0. (3.11)
n— 00 n—0o0
From (C;), (Cy4), (3.9), and (3.11), we acquire
lim ||yn+1 _yn” =0.
n—0Q
Step 3. Our claim is lim,—, o0 [|%4+1 — ¥4|| = 0. From (3.1), (3.4), and Lemma 2.10, we have

lyn — w2
= {kin(n =) + (L= ) (T} o Hi () = w), T = w)), we R
< tenfotn =, T O = W)} + (L= ) [T} o H i) = w] Ny = wl
< Lo = w1 £ (I = ) = G = ] + s = 1]
+ (L= &) lln = wll 1y = wl

Kn
< E[”xn = wI* = (In = yull) + lyn = wh?] + (1= k) 260 = Wl

2- n n
- ( - )nxn P+ 2y, =l — (1 - 1)

which implies that

Kn
lyn = wi> < lla - wll* - ( )/(nxn = Jull)- (3.12)
2— Ky

Then, by using (3.1) and (3.12), we acquire

1%e1 — WHZ
2 2 Hy 2
< pulll = wi* + oyllxn = wl* + T |1, 20 Ha () — w||

2 2 2
< pulll = wlI* + opllx, — wl| + Tyllyn — wl

K
spn||1—w||2+on||xn—w||2+rn[||xn—w||2— (2 ”K )f(uxn—ynn)}
—Rn

K
< pulll—wi? + ||acn—w||2—rn<2 ”K )f(uxn—ynn),
—Rpn
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which implies that

KnTn 2 2 2
(—>f(||xn _yn”) = pn”l_ WH + ||xn - WH - ||xn+l - W”

2—kKy,

= pn”l_ WHZ + ||xn+1 _xn”(”xn - WH + ||xn+1 - W”) (3-13)
By utilizing (3.11), conditions (C;)-(C,), and the property of f in (3.13), we obtain
lim ||x, — y,|l = 0. (3.14)
n—oQ

Since ||%y11 — Yull < %01 — %4l + % — ¥ ll, so from (3.11) and (3.14), we acquire that
limy,— oo |41 _yn” =0.

Step 4. We claim that lim,,_, o || W(x,) — x,,|| = 0, where W = % f;%Hl +]£{2¢,H2) and 0 <
T <e.

1
[ W) = < 5 (ln =Ty Ha(en) | + [l = Ty Han) ). (3.15)
First, we compute ||, —]gﬁle (x,)||. From Lemma 3.1 and (3.1), we have

%0 = T30 Hi ()|
Hy Hp Hy
< %n = yull + ”yn _]g,qul()’n)” + H]g@Hl(xn) _lzs,qul(Yn)”
< 20 = yull + 200 = T2 o Hi () | + |70 o HL (6) = Ty Ha ()|

= 2% = Yull + s |20 = T o Iy (5 |

+

9 %
T (;THl(xn) + (1 - M—)HJ{?J@HM)) M1 )

n

< 201 = Yull + |20 = T2 o Hi () |

1 u—U
Pl { [y () - Ha )] + | \ [ ) — Ha )| }
%—Hl Mon
a—U
< 3ll%n = yull + (M + Kn) ||]$,¢H1(xn) —Xn ”

{3 ! (“”'19 )}n ||
=13+ + i, ) % = vall-
(I_Kn) Mn ‘4

Since ||x, —y,|| = 0asn — oo (from (3.14)), we acquire that lim,,_, », [|x,, —]g;Hl x| =0.
Next, we compute ||x,, —]gﬁ,Hz(x,,)H.

“xn _]gprZ(xn) “

< [Jon = T2 Ha ) || + |

Jit2y Ho () = 313, Ho (e |
47303 Ha ) — 55 Hos) |

< %1 — xull + Hxn _]Z%wHZ(xn)H

+

9 v
]gl,zw <v_H2(x”) + <1 - _)HZIZ?WHJ’CH)) _]g{%I’Hﬂx’“l)

Vn
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n

9
< 2| %pe1 — x|l + (2 - l)_) Hxn _]Z%WHZ(xn) ”
= 2||xn+1 _xn”

4
(2= 2 )= )|+ D Haton) 1 a0

Vn
KXn+l — pnl — OpXp
Xy—| ——————————
Tn

04
<21 =Xl + [ 2 - —
Vn

9 1
<21 —xpll + | 2 - w _L__(”xwrl =%l + Pull%n _l”) + 1% = yull -

n n

+ ”xn _yn”}

Since ||x,41 — %, || = 0 (from (3.11)), ||x, — ¥ || = O (from (3.14)), and p,, — 0 (from (C,))
as n — 00, we acquire that lim,,_, o, ||, —]g[’zq,Hz (x,2)]l = 0. Hence it follows from (3.15) that
lim,,, 0 [| W (%) — %, || = 0.

Step 5. Our claim is limsup,,_, .. (({ — Qe), T (x, — Qgel)) < 0. Define a sequence {x;} by
x=tl+ (1 -t)W(x;), t €(0,1). Then Theorem 2.4 ensures the strong convergence of {x;}
to Qple F(W) = 2. Now

llae — >
|t + Q- )W x) - x|
= [t = %0) + (1= ) (W) =) |*
= (t( = %) + (1= ) (W (%) — %), T (¢ — %))
= (1 — %0, T (% — %)) + t{xe — 20, T (0 — %))
+ (1= ){(W () = W), T (e — ) + (W () — %0, T (% — %)) }
< I — 20, T (0 — %)) + Elloce — 2|

+ (1 - t){ H W(xt) - W(xn) ” ”xt _xn” + ” W(xn) —Xn ” ”xt - xn” }!
which implies that

HI =0, T (% — %1))
=< (1 - t){ ” W(xt) - W(xn)” ”xt _xn” - ”xt _xn”z + ” W(xn) —¥n ” ”xt _xn”}
< (=) llowe = xull® = e = 2 l1> + | W () = 20 | 0 = 21l }

< | W) = | Il = %l.
Let Ls = sup{|lw; — x| : £ € (0,1),n € N}. Then
(1= T =) = =2 | W) .
Since | W(x,,) — x,|| = 0 as n — 00, we acquire

lim sup(l — %0, T (% — xt)) <o0. (3.16)

n—0oQ
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By utilizing the fact that x, — Qg/ as t — 0" and J is norm-to-weak® uniformly contin-

uous on bounded subsets of B, we acquire

(= Q)b T (% — QD)) = (I — %0, T (260 — &2))|
= |(I- Qel, T (®n — Qal) = T (% — x0)) + (% — Qal, T (s — x1))|
<|(1- Qal, T (®n — Qal) = T (%4 — x2))| + Lsllx: — Qe!]|

— 0 ash— 0"
For ¢ > 0, there is 0 < § < 1 such that
(1= Q) T %y — Qb)) < (I = %0, T (% — ) + &, VO<<.
From (3.16), we acquire

lim sup(([ - Qo) T (x, — le)) < lim sup(l — x5, T (%, —xt)) +e<e.

n—00 n—00

Since ¢ is arbitrary, we acquire that limsup,,_, ..((/ — Qe)l, J (x, — Qg{)) <O0.
Step 6. Finally, our claim is x, — Qg/ as n — co. From (3.1), (3.4), Lemmas 2.6 and 2.9,

it follows that

”xn+1 - Q.Ql||2
= |l oud + 0t + Tl Ha () — Q|
< oo = Qe + (12 Ha0n) = Qal) | + 204{1 - Qb T (n = QaD)

2

T
d +0ull%, — Qel|?

(1-o0y)
+ 2,0n<l - Qﬂl; j(xn+1 - QQD)

U2, Ha(ya) — Qol)

<(1-0,)

2
T
< —— |y = Qlll* + oullxn — Qalll* + 204(l - Qals T (%1 — Qel))

(1-o0y)
2
< { 7N 0',,} % = Qelll* + 2pu(l - Qal, T (%1 — Qel))
(1-o0y)

2

= {(1 —pn) + a /_)na ) - pn}”xn - Qﬂlllz + 2,0,,([- Qol, I (Kpe1 — Q.Ql)>

= (1 - :On)”xn - QQl”2

+ ,On{< Pn_ 1) s = Qelll* +2{I = Qe b, T (41 — le))}

1-o0,

=(1-p)llx. - Q.Qlllz + M.

Evidently, > >, p, = 00, {p,} C (0,1) and limsup,_, ., Z—: < 0. Hence, by Lemma 2.8, we
acquire that x, — Qg! as n — 0o. Thus, the proof is completed. g
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In the next theorem, we prove the strong convergence of the sequence generated by the

following Mann type viscosity approximation method:

U € B,
Vn = Kyly + (1 - Kn)]Z:@Hl(un)r (317)

H-
Uni1 = Pug(Vi) + Oty + ToJ, 2y Ho(v,), neN.

Theorem 3.3 Let BB be a uniformly convex and uniformly smooth Banach space. Let
Hy,H, : B — B be single-valued mappings such that H, is strongly accretive and Lips-
chitz continuous with constant &y, and H, is strongly accretive and Lipschitz continu-
ous with constant (y,. Let ®,¥ : B — 28 be Hi-accretive and H-accretive mappings,
respectively; let g : B — B be a ¥-contraction mapping, where 0 < ¥ < 1. Assume that
2:= & H0)NW1(0) # . Let the sequences {v,} and {u,} be generated by (3.17). Assume
that conditions (C1)—(Ca) of Theorem 3.2 are fulfilled. Then the sequence {u,} converges
strongly to i = Qpg(u) € £2.

Proof Assume that # is a unique fixed point of Qeg. Then Qgeg(#) = . If we put g(#) in
place of /in (3.1), then Theorem 3.2 ensures the strong convergence of {x,} to Qpg(&) = i,
ie, lim,_ o ||%, — ]| = 0.

First, we demonstrate that lim,_, « || %, — %, || = 0. We are assuming on the contrary that

limsup ||z, — %, > 0.

n—00

Then we can pick ¢ such that 0 < ¢ <limsup,,_, . ||, — %, ||. As {x,} is strongly convergent

to i, so there exists #’ € N such that

~ 1-
ll%n — ull <

Now two possibilities arise.

v ,
g, Vn>m.

(P1) There exists m € N with m > m’ and ||y, — x| < €;
(P2) Nty — x4l > €, V= m'.
In possibility (P1),

61 = % |l
= ||,omg(vm) + Oty + ‘L'm]‘i[:,,’sz(Vm) — &%) — Oy — rm]fj'q,Hg(ym)”
< PO Vi = 6l + O llttn = X | + T Vi = Yl
= Pon® || Kt + (U= k)T 5 H1 (i) = ]| + G|ty — 2|
+ T || Kt + (1 = Km)]:[;'@Hl(um) — Ko — (1 — Km)f,lj;,@]‘ll(xm) I
< P lthn = Ul + (O + T) 1thim — 21 |
< P 1% = il + (1 = (1 = 9)) 41 = Xl

<om1-0)e+(1-pu(1-9))e=c¢.
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By induction,
letns1 = Xps1ll <& Vn>=m,

which is a contradiction to & < limsup,,_, o [|#, — %]

In possibility (P2), for all n > m’, we acquire

122141 = %1
< P Vi = Bill + 0ullttn — %l + TullVie — i
= pu? [ Kuttn + (1= k)11 o Hy (1) = it | + 0|4y = 2|
o+ T knttn + (L= )L o Hy () = Kt = (L= k)12 Hi () |
< Pu |ty = tl] + (0 + T) |14 — %
< (1= a1 =) 1t = | + pu? lls — .

By Lemma 2.8, we acquire that lim,,_, o ||, —%, || = 0, which is a contradiction. Therefore
lim,,_ o ||, — %, || = 0, and hence

lim |lu, — | < Um ||z, — ]| + lim %, — &[] = 0.
n—o0 n—00 n— 00
Thus, the proof is completed. d

4 Consequences

In this section, we deduce some consequences from our main results.

Corollary 4.1 Let B be a uniformly convex and uniformly smooth Banach space. Let @,V :
B — 2B be m-accretive mappings, and letg : B — B be a ¥ -contraction mapping, where 0 <
¥ < 1. Assume that 2 := @~1(0) "W 1(0) # 0. Let the sequences {v,} and {u,} be generated
by the following iterative scheme:

U € B,
Vn = Knlhy + (1 - Kn)]un@ (un): (41)

Up+1 = png(Vn) +O0,Uy + Tn]vn,lll(vn); neN,

where Jy, o (t62) = (I + 1 @) (), o () = (L4 ,9) 7 (v,), sequences {ji,}, (v} are in R,
and {k,}, {pu}, {04}, {t,} are in [0, 1] with p, + 0, + T, = 1, n € N. Assume that conditions
(C1)—(Cy) of Theorem 3.2 are fulfilled. Then the sequence {u,} converges strongly to u =
Qog(u) € 2.

Proof 1f we take H, = H, =I in Theorem 3.3, then the conclusion holds. O
In the framework of Hilbert spaces, we have the following outcomes.

Corollary 4.2 Let H be a Hilbert space. Let Hy,H, : B — B be single-valued mappings
such that H, is strongly monotone and Lipschitz continuous with constant &y, and H, is
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strongly monotone and Lipschitz continuous with constant ¢y, Let @, W : H — 2% be H; -
monotone and Hy-monotone mappings, respectively, and let g : H — H be a ¥ -contraction
mapping, where 0 < ¥ < 1. Assume that 2 := @~1(0) N W1(0) # 0. Let the sequences {v,}
and {u,} be generated by the iterative scheme (3.17). Assume that conditions (C1)—(Cy4) of
Theorem 3.2 are fulfilled. Then the sequence {u,} converges strongly to u = Pog(u) € $2,
where Pg, : H — §2 is a metric projection from H onto $2.

For H = I, the H-monotone mapping becomes maximal monotone mapping in Hilbert

spaces. Hence we have the following outcome.

Corollary 4.3 Let H be a Hilbert space. Let ®,¥ : H — 2" be maximal monotone map-
pings, and let g : H — H be a V¥ -contraction mapping, where 0 < ¥ < 1. Assume that
2 := @710) N wY(0) # (. Let the sequences {v,} and {u,} be generated by the iterative
scheme (4.1). Assume that conditions (C1)—(Cy) of Theorem 3.2 are fulfilled. Then the se-

quence {u,} converges strongly to it = Pog(ii) € §2.

5 Applications
In this section, firstly, we examine a few of applications based on convex minimization

problem.

Theorem 5.1 Let H be a Hilbert space. Let fi,f> : H — (—00, +00] be proper mappings
with convexity and lower semi-continuity, and let g : H — H be a ¥ -contraction mapping,
where 0 < ¥ < 1. Assume that 2 := (3f1)"1(0) N (3f,)"1(0) # @. Let the sequences {v,}, {w,},

and {u,} be generated by the following iterative scheme:

U € H:
. 1
Vi = Knthy + (1 = kep) argming e, (i (0) + 5l = y11%},
: 1
Wy = argmlnye?—[{ﬁ(y) + m”vn _y”Z},

Upi1 = Pug(Vn) + Oulhy + TyWy, nEN,

(5.1)

where sequences {i,}, {v,} are in R, and sequences {k,}, {pn}, {on}, {T.} are in [0, 1] with
Pn+0,+ 7, =1, n € N. Assume that conditions (C1)—(Cy) of Theorem 3.2 are fulfilled. Then

the sequence {u,} converges strongly to it = Pog(u) € £2.
Proof From (5.1), we can write

Vy — Knld

% = argmin {ﬁ (y) +

N L —yI2 Y. 5.2
1= en llu yll} (5.2)

1
2
For a proper mapping with convexity and lower semi-continuity, the subdifferential map-

ping is maximal monotone (see [26]). Thus df; and 3f; are maximal monotone in /. Hence

(5.2) is equivalent to

Vi — Knli Vi — Knld
I,{ne n n“n +Mn8ﬁ n n“n ,
1-«, 1-«,
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that is,

Vn = Kyly + (1 - Kn)];/,n,bfl (Lt,,), With]un,afl (un) = (I + Mnafl)_l(un):

and

w, = argmin { foly) +

yeH

1 2
V —
v, ve =yl }

is equivalent to
Vyn € Wy + Vnaﬁ(wn)’ ie.,wy, :]vn,i)fg (V) With]vn,i)fz ()= + VnafZ)il(Vn)-

Therefore,

Upi1 = png(Vn) + ouly + Tn]vn,afz (V).

With the assistance of Corollary 4.3, including @ = 9f; and ¥ = 9f;, we get the strong
convergence of {u,} to a point & € §2, which is the conclusion. g

Corollary 5.2 Let H be a Hilbert space. Let f : H — (—00, +00] be a proper mapping with
convexity and lower semi-continuity, and let g : H — H be a ¥ -contraction mapping, where
0 < ¥ < 1. Assume that 2 := (3f)"1(0) # 0. Let the sequences {v,} and {u,} be generated by
the following iterative scheme:

U € H,
Vi = Ktk + (1= k) argming g {(f ) + 30—l = 9117}, (5.3)

Uni1 = Png(Vn) + Oplhy + TuVy, neEN,
where {i,} C R, and sequences {k,}, {pn}, {on}, {T.} are in [0,1] with p, + 0, + T, = 1,
n € N. Assume that conditions (C1)—(Cy) of Theorem 3.2 are fulfilled. Then the sequence

{u,} converges strongly to i1 = Pog(ii) € £2.

For a nonempty, convex, and closed subset C of a Hilbert space #, the indicator function
symbolized by Z¢ is defined by

0, ifyecC,
Ze(y) =
+oo, ifyé¢C,

and the normal cone for C symbolized by N at y € C is defined by
Ne@) ={xeM:(z-yx) <0,¥zeC}.

Theorem 5.3 Let C; and C, be nonempty, convex, and closed subsets of a Hilbert space
H. Let g : H — H be a ¥-contraction mapping, where 0 < 9 < 1. Let P¢, : H — C; and
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Pe, : H — C, be projections. Assume that §2 := C, N Cy # J. Let the sequences {v,} and {u,}
be generated by the following iterative scheme:

U € H,
Vi = Knthy + (1 - Kn)PC1 (#n), (5.4)

Uyl = png(Vn) + o,y + TnPCZ (vu), meN,

where sequences {k,}, {pn}, {04}, and {t,} are in [0,1] with p, + 0, + T, = 1, n € N. Assume
that conditions (C1)—(Cs) of Theorem 3.2 are fulfilled. Then the sequence {u,} converges
strongly to u = Pog(ui) € §2.

Proof Since indicator functions Z¢, and Z¢, of C; and Cy, respectively, are proper map-
pings with convexity and lower semi-continuity and argminZ¢, = C; and argminZ¢, = Cy,
therefore

£2 =C, NCy = argminZe, NargminZe,.

With the assistance of Theorem 5.1 including f; = Z¢, and f; = Z¢, and for all convex closed
subset C in H and for all u € R,, Pe = (I + udZe)™! = (I + uNg)™1, we secure the conclu-
sion. |

Next, we evaluate a common solution of the variational inequality problem and convex
minimization problem.

For a nonempty, convex, and closed subset C of a Hilbert space ‘H and for a single-valued
monotone and hemi-continuous mapping @ : C — H, the variational inequality problem

is to seek a point y € C such that the following inequality is fulfilled:
z-y®()=0, Vvzel. (5.5)
VI(C,®) stands for the solution set of the variational inequality problem (5.5).

Theorem 5.4 Let C be a nonempty, convex, and closed subset of a Hilbert space H. Let
f:H — (—00,+00] be a proper mapping with convexity and lower semi-continuity, and
let @ : C — H be a monotone and hemi-continuous mapping. Assume that §2 = 9f ~1(0) N
VI(C,®)#0. Let the sequences {v,}, {w,}, and {u,} be generated by the following iterative
scheme:

U € H,
: 1
Vn = Kuly + (1 - Kn) argmlnye?—[{fl(y) + Zl_ln ”un —y||2},

w, =VIC,v,D +1-v,),

(5.6)
Uni1 = Png(Vn) + Oplhy + Tuwy, neEN,
where sequences {u,}, {v,} are in R, and sequences {k,}, {pn}, {on}, {T,} are in [0, 1] with

Pn+0,+ 7, =1, n € N. Assume that conditions (C1)—(Cy) of Theorem 3.2 are fulfilled. Then
the sequence {u,} converges strongly to i = Pog(u) € $2.
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Proof Define a mapping 7 C ‘H x H by

To) = @(y) + Ne(y), %fyeC,
@, ifye¢cC.

From [27], we know that 7 is maximal monotone, and 71(0) = VI(C, ®).
From (5.5) and (5.6), we can easily observe that

w,=VICv,®+I-v,) <& <z — Wy, V, @ (W) + Wy, — v,,) >0, VzeCl,
which gives
0, @(Wy) =Wy + v, € VnNC(Wn)x ie,w,=0+ VnT)_l (Va) :]vn,T(Vn)'

With the assistance of Corollary 4.3 and the proof of Theorem 5.1, we obtain the conclu-
sion. g

Finally, we derive an application to equilibrium problem which is as follows:

Let C be a nonempty, convex, and closed subset of a Hilbert space H.Let ® :C x C — R
be a bi-function. The equilibrium problem is to seek a point y € C such that the following
inequality is fulfilled:

O(y,z) >0, VzeC. (5.7)

Let the solution set of equilibrium problem be identified by EP(®). To study problem
(5.7), suppose that the following conditions are fulfilled by ©:

(E1) ForallzeC, ®@(z,2z) =0;

(E2) © is monotone, i.e, forall y,z€C, O(y,z) + O(z,y) <0;

(Es) limyo ©((1 - t)y + tw,z) < O(y,2) for each y,z,w € C;

(E4) ForeachyeC,z+— ©(y,z) is convex and lower semi-continuous.

Lemma 5.5 ([32]) Let C be a nonempty, convex, and closed subset of a Hilbert space H.
Let ® :C x C — R be a bi-function which fulfills (E1)—(E4). Then a set-valued mapping
Ag : H — 2™ defined by

(weH:(z—y,w) <Oy,2),Vze(C}, yeCl,
d, yeC

Ap(y) =

is maximal monotone with dom(Ag) C C, EP(®) = A5 (0), and the resolvent Tya,, = (I +
wAe)™t affiliated with Ag is defined by

1
Tiae®) = {weC:@(w,z)+;(z—w,w—y> zO,VzeC}, VyeH.

Theorem 5.6 Let C be a nonempty, convex, and closed subset of a Hilbert space H. Let
O1,0, : C x C — R be bi-functions which fulfill (E1)—(E4), and let g : H — H be a -
contraction mapping, where 0 < ¥ < 1. Assume that §2 := EP(®1) N EP(O®,) # . Let the
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sequences {v,} and {u,} be generated by the following iterative scheme:

U € H,
Vi = Knthy + (1 - Kn)nn,Agl (4n), (5.8)

Uni1 = Png (V) + Onlhn + TuTpn0,Vn), MEN,

where sequences {i,}, {v,} are in R, and sequences {k,}, {pn}, {on}, {T,} are in [0,1] with
Pn+0,+ 7, =1,n € N. Assume that conditions (C1)—(Cy) of Theorem 3.2 are fulfilled. Then
the sequence {u,} converges strongly to it = Pog(it) € §2.

Proof With the assistance of Corollary 4.3 and Lemma 5.5, we obtain the conclusion. [

6 Numerical implementation

Firstly, we discuss a numerical example to demonstrate the implementation of iterative
schemes (3.1) and (3.17) in Theorem 3.2 and Theorem 3.3, respectively. Matlab R2012a
is used for writing all the codes, and it is running on Lenovo Core(TM) i5-2320 CPU @
3.00 GHz with 4 GB RAM.

Example 6.1 Let B = R, with the usual norm | - |. Let us define @, ¥ : R — 2% by &(y) =
{3y} and ¥ (y) = {4y}, and H}, H, : R — R by Hi(y) = 2y and H(y) = § for all y € R. Easily,
we can check that H; is strongly accretive and Lipschitz continuous with constant 2; H,
is strongly accretive and Lipschitz continuous with constant % ; @ is Hi-accretive and ¥
is Hy-accretive. We observe that £2 = @71(0) N ¥ ~1(0) = {0}. On setting, foralln € N, «,, =
32;2, Un = 2::13 =V, Pn = ﬁ, 0, = %, T, = %, all conditions (C;)—(C,) of Theorem 3.2
are fulfilled. Now we consider two cases:

Case I For the iterative scheme (3.1) of Theorem 3.2, let / = 0.01. Then the sequence {x,,}

obtained from (3.1) strongly converges to Q(0.01) = 0. For x; = —0.4, the convergence of

{x,} and behavior of error ||x,,1 — x,|| are numerically shown in Table 1 and graphically in
Figures 1a and 1b, respectively.

Case II For the iterative scheme (3.17) of Theorem 3.3, let g(y) = % for all y € R. Then
Table 1 and Fig. 2a ensures the strong convergence of the sequence {u,} obtained from
(3.17) to &1 = Qg (g(z)) = 0 for u; = 0.5. The graphical representation of error ||u,,1 — u,||
is displayed in Fig. 2b.

Next, we discuss another numerical example for the iterative scheme (5.1) in Theo-
rem 5.1.

Table 1 Numerical outcomes of Example 6.1

Casel Caselll
No. of iterat. X1 =-04 No. of iterat. uy =05
Xn [IXp+1 = xnll Un [luns1 = unll
1 —-0.4000 0.2698 1 0.5000 0.2767
4 -0.0117 0.0096 4 0.0349 0.0217
8 0.0019 0.0001 8 0.0007 0.0004
12 0.0013 0.0001 12 0.0000 7.4623e-06
16 0.0010 6.0789e-05 16 0.0000 1.2479e-07

20 0.0007 3.8738e-05 20 0.0000 2.0360e-09
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Figure 1 Example 6.1, Case | with x; =-04
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Figure 2 Example 6.1, Case Il with u; =0.5

Example 6.2 Let H = R3, with the inner product defined by (y,z) = y121 + Y225 + y323,
Vy = (yl,y2,y3),z = (z%,7%2%) € R? and induced Euclidean norm. For k = 1,2, define f; :
R3 — (—00, +00] as follows:

(N, y)
Je@) = (Miy,y) + 2y +Cr, k=12, (6.1)
with
3 -3 -3
Mi=|-3 3 31, N; = (12 -12 —12),
-3 3 3
0 0 O
My=10 3 3], N2=<O -12 —12), C;, C, are any constants.
0 3 3

It can be easily demonstrated that fi and f, are proper mappings with convexity and
continuity. In Theorem 5.1, we seek a point & € £2 = (3f;)1(0) N (3f2)"1(0), equivalently,
U € §2 = argmin s f1(y) N argmin g3 f2(y), where f1, 3 : R3 — (—00, +00] are proper map-
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Table 2 Numerical outcomes of Example 6.2

Casel Casell
n u;=(-2,1,2) n u1=(0,1,2)
(up, U2, u3) lUns1 = Unll2 (up U, u3) lUns1 = Unllz
1 (-=2.0000, 1.0000, 2.0000) 1.6559 1 (0.0000, 1.0000, 2.0000) 15677
40 (-=0.0363,0.7380,0.2755) 0.0011 40 (-0.0177,0.4719,0.5044) 0.0008
80 (-0.0181,0.7440,0.2627) 0.0003 80 (-0.0088,0.4856,0.5026) 0.0002
120 (-=0.0120,0.7460,0.2585) 0.0001 120 (—-0.0058,0.4902,0.5019) 9.2381e-05
160 (-0.0090,0.7467,0.2564) 7.1243e-05 160 (-0.0044,0.4926,0.5015) 5.2486e-05
200 (-0.0072,0.7476,0.2551) 4.5631e-05 200 (=0.0035,0.4940,0.5012) 3.3849e-05
240 (-0.0060,0.7480,0.2542) 3.1705e-05 240 (-0.0029,0.4950,0.5011) 2.3652e-05
280 (-0.0052,0.7483,0.2536) 2.3302e-05 280 (-0.0025,0.4957,0.5009) 1.7468e-05
18 . . . . .
16}
14§
~ 12}
T
; K % 084
H & o‘s:
-1 0.4;
n
-5 02
1
-2 . : : . : o> — . — i -
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Number of iterations (n) Number of iterations (n)
(a) Convergence of {u,} (b) Error representation
Figure 3 Example 6.2, Case | with u; =(-2,1,2)

pings with convexity and lower semi-continuity. For f, k = 1,2, as defined in (6.1),

={0Ly2y3) €R® 191 =0,95 +y3 =1},

In+8 _ 2n+3 _ _ 1 _1 _ 8n—
7an > Mn = 501 SV P = 57 On =90 Tn = 9(n+1)’ it can be

easily verified that all conditions (C;)—(Cs4) of Theorem 5.1 are fulfilled. Now two cases

By taking, foralln e N, «, =

may occur:
Case L If g(y) =
strongly converges to % = P (-0.5,1,0.5) =

(=0.5,1,0.5) for all y € R3, then the sequence {u,} obtained from (5.1)
(0,0.75,0.25) for u; = (-2,1,2). The numerical
and graphical demonstration of convergence of the sequence {u,} and the behavior of
error |\u,.1 — u,||2 are displayed in Table 2 and Fig. 3, respectively.

Case I If g(y) = 5= ” for all y € R3, then the sequence {u,} obtained from (5.1) strongly
converges to i = ng(u) =(0,0.5,0.5) for u; = (0,1,2). The convergence of {u,} and the
behavior of error |u,,1 —
Fig. 4.

uy|2 are presented numerically in Table 2 and graphically in

7 Conclusion

In this manuscript, we have introduced two iterative methods for finding the common
zeros of two H-accretive mappings in the framework of Banach spaces. These iterative
methods are based on Mann and Halpern iterative methods and viscosity approximation
method. It is easy to observe that for «,, = 0, n € N, our proposed iterative methods consist
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Figure 4 Example 6.2, Case Il with u; =(0,1,2)

of method of alternating resolvents, and hence our work extends the methods developed
by Bauschke et al. [2], Boikanyo et al. [4], and Liu et al. [19]. We have demonstrated the
strong convergence results of the sequences generated by our proposed iterations. Further,
we have examined some applications which are based on convex minimization problem,
variational inequality problem, and equilibrium problem. Finally, we have presented some

numerical examples for implementation of our main results and application.
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