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1 Introduction and preliminaries

The function defined by the series representation

o0 Z”
Es(z)=}§m (6>0,z€C) (1)

and its generalization

0 P
Eg,v(z):;m (£>0,v>0,z€C) (2)

were introduced and studied by Agarwal [1], Mittag-Leffler [2, 3], Humburt [4], Humbert
and Agrawal [5], and Wiman [6, 7], where C is the set of complex numbers. The main prop-
erties of these functions are given in the book by Erdélyi et al. [8, Sect. 18.1], and a more
extensive and detailed account on Mittag-Leffler functions is presented in Dzherbashyan
[9, Chap. 2]. In particular, the functions (1) and (2) are entire functions of order p = 1/&
and type o = 1; see, for example, [9, p. 118]. For a detailed account of various properties,
generalizations, and applications of these functions, the reader may refer to an excellent
work of Dzherbashyan [9], Kilbas and Saigo [10-13], Gorenflo and Mainardi [14], Goren-
flo, Luchko and Rogosin [15], and Gorenflo, Kilbas and Rogosin [16].

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13660-019-2162-z
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-019-2162-z&domain=pdf
http://orcid.org/0000-0001-9978-2177
mailto:dlsuthar@gmail.com

Suthar et al. Journal of Inequalities and Applications (2019) 2019:208

The series representation of a generalization of (2) was introduced by Prabhaker [17] as:

oo

. ®
Ee.(@ = ; I'(én+ v)n!z ’ )

where £,v,8 € C (R(£) > 0). It is entire function of order [R(£)]™! (see [17, p. 7]) and (§),
denotes the Pochhammer symbol defined as:

(), = r@+mn _ 1, n=0,x e C/{0}, @
r) 85+1)---(8+n-1), neCseC.

Srivastava and Tomoviski [18] studied and generalized the Mittag-Leffler-type function

Eg,v(z) as
3K _ - (S)ann
Eé;v(z) = n§=0 71_,(5” + U)Vl!, (5)

where §,x,&,v,z € C;R(S) > 0,N(k) >0,N(&) >0.
A generalization of (5) was initiated by Salim and Faraj [19] as follows:

[ee]

By Om 2 )

= T (En+v)(K)en !’

where 8,&,v,k,z € C;min(N(8), R(E), R(v), R(x) >0); p,e >0,0 <NR(E) +¢&.
5i:f<i;0i(_)

Further, a multivariate generalization of Mittag-Leffler function E., "*(-), which is a

generalization of (6), was studied by Gujar et al. [20] in the following form:

o]

ey (51) mp " (5r) m (Zl)m1 e (Zr)my
EYSii(zy,. 0, 2,) = D ki , 7)
Sivi ! Z F(Zrzl Simi + V)(Kl)elml e (Kr)symr

my,...,mp=0

where §8;,&;,v,k;,z; € Cyming<;<,(N(5;), R(E), R(w), R(k;)) > 0 and pj,8; > 0; 0 < R(E) +
g @=12,...,7).

For a more detailed account of various properties, generalizations, and applications in
terms of fractions of this function, the reader may refer to Mishra et al. [21], Purohit et al.
[22], Saxena et al. [23] and Suthar et al. [24-26].

The polynomial LE,“ ’Z)(x) was defined by Prabhaker and Suman [27] as:

n

gy T T DG
L% (x) = I'(n+1) ; Ar(ur+t+1) @

where u € C*,7 € C*;; n e N If = 1, then (8) reduces to

oo

F'n+t+1) Z (—=n),x"

LA (x) = =
n" @) '(n+1) riC(r+7+1)

L (x), (9)

r=0

where L] () is a well-known generalized Laguerre polynomial (see [28]).
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In the sequel, the Konhauser polynomials of the second kind were defined by Srivastava
[29] as:

ri

. I'rm+t+1) x7
Z,[xr] = Z( ()m (10)

wheret e C!,neNandreZ.
It can be easily verified that

Li,”)(x’) =7 [x1], (11)

Li(x) = Z[x;1]. (12)

Further, the polynomial ZY“ [x; ] is defined [30] as:

200 T(rn+t +1)x7 13
Z( 'F(r]+r+1)1"(/ufz nj+1) (13)

From Egs. (10) and (13), we obtain
Zh[x;r) = 20 [ ). (14)

If 1 € N, then Eq. (12) can be written in the following form:

F(rn +7+1) @ (—pn) ix”
2 ;7] = 1 . 15
n )= T(un+1) Z y}‘F(rj + 7+ 1)(=1)w-1y (15)
The set of polynomials LY*"[9;x] is defined [30] as:
n 4 r D
L(nﬂ,f)[ﬁ;x] = Z(—ly (rm+z + L (16)

Jr(rj+t+ 1) I (On—-0j+1)
where u, e C*, 1 € Cf;, neN.
2 Main integral equalities
Throughout this paper, we assume that §;, &;, v, k;, o« € C;ming <;<,(N(8;), R(&:), R(W), R(ky)) >

0, (&) >0and p; <N(&) +e5i=1,2,...,r

Theorem 1 The following integral equality holds:

1 1 e
— f w1 - w)* EE (2, L) du = SN (2, 2,). (17)
() Jo

Proof Applying Eq. (7) to the left-hand side of Eq. (17), we obtain

o0

_ Z (51)p1m1 e ((Sr)prmy (Zl)m1 e (Zr)mr
o T+ 22 Em) (K1 )eymy =+ (K )epm,
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S
X —F(a)f u i (1 ) Ly
0

i (81)p1m1 s (Sr)prmy(zl)m1 < (z)" Bla, v + Z;:l &my)
F(C()F(U + Z;:l éimi)(’(l)slml e (Kr)erm,

Z (81)p1m1 e ((Sr)pymr (Zl)m1 e (Zr)mr
F(V to+ Z?:l Simi)(’(l)alml T (Kr)srmr

mi,...mr=0

Siskispi
= Eg o, (2100 20).

This completes the proof of Theorem 1.

Theorem 2 The following integral equality holds:

1 * s
m / (x—8)* (s — t)"_lEaj;’fg’;’ (zl(s -0, ..,z (s - t)gr) ds
t
= (x— O VIR (2 (x— 05,z (x — 1)),

Ejv+asE;

Proof Using Eq. (6) in the left-hand side of Eq. (18), we obtain

; * _ a1, -1
s / (=" (s~ 1)

x i (81),01”11 e ((Sr)prmr (zl (S - t)sl )ml e (Zr(s - t)ér)mr ds

v+ Z;;l ‘i:imi)(/(l)slml e (Kr)srm,

Changing the variable s to u = £, we obtain

o0

_ Z (81)p1m1 tee (Sr)prmr (Zl)m1 e (Zr)mr 1
y=0 F(V + Z;:l Eimi)(’{l)slml toe (Kr)srm, F(O[)

1 r
X / (x—t—ulx- L‘))Oﬁ1 (t+ulx—1)- t)wz":ls"m"fl(x -t du
0

= (81)p1m1 s (Sr)prmr (z1(x — t)sl ) (ze(x - t)ér)mr
F(‘) + Z::l simi)(Kl)alml to (Kr)arm,

[

(x _ t)ot+v—1

1
1-u o-1 u V+Z?:1 Eim;—1 du
o /0 (1) ()

_ i (51)p1m1 e (ar),o,mr (Zl (x - t)sl)ml e (Zr(x - t)'a)mr

1 oty =0 (x— t)_a_HlF(V ta+ Z;:l simi)(/{l)elml s (Kr)armr ’

from which, after little simplification, we easily arrive at the required Eq. (18).

Theorem 3 If w;, t,€ C;minj<;<,(M(w;), R(t)) > 0, then the following integral equality

holds:

X
/ £ = OB (1 (e - 1),z - )
0

X Eg‘f’sll (z1®)%,..., 2 ()% ) dt = KTl pleitdil (212, ..., z,2%).

§iv+TiE;

(18)

O

(19)
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Proof Applying Eq. (7) to the left-hand side of Eq. (19), we obtain

> > Bl)plml . (‘Sr)prmr (wl)plll o (wr)prlr
Z Z F(V + Z, 1 &m DI (T + Z?:l Eili)(’cl)slml te (Kr)srmr

MYty =0 11,...0=

my+l my+ly x

(2)™ ™ - (z,) / 2o lifi—l(x _ t)V+Z§=1 mi§i=1 1y
(Kl)slll e (Kr)aylr 0

ad = xrHvl (81)p1m1 cee (ar)prmr (a)l)plll ce (wr)prlr

F(‘) + Z;=1 simi)r(f + Z;:l Eili)(Kl)slml tee (Kr)srmr

E1ymi+ly | Er\my+ly
X (@) (&) <I+ZIEL,V+ZW1,$,>

(K1)5111 (Kr)erlr

g
™

ATl Z Z (81)p1m1 ce ((Sr)pymr (a)l)plll e (wr)p,lr
oty =011,.. T TVt Z;;l(mi + li)%-i)(’{l)slml e (Kr)srm,
(le&)mﬁh e (erér)mwlr
(Kl)Elll e (Kr)sylr
T O S LA T C A N A P oAy
-7 Z 21:— <11 > (l,) F(t+v+ Y (m)&)

My ,.oy=011,..., =0

(wl)llpl L (a)r)lrpr (lefl )Wll - (erér)mr . (20)

(Kl)slml te (Kr)srmy

Substituting p; = - -- = p, = 1 in Eq. (20) reduces it to

X
f £ -1 1E§‘f‘£ (z1(x = )%,z (x — 1))
0
Eg’l:; (z1(0)%,...,2(6)" ) du

XV 1 (81) (m1-11) * ((Sr) (my—1y)
Z Z < )( ) F(z+v+ Y, (m)E)

My, my=01,...,

@D+ (@), (zlxa)ml ey .

(Kl)slml e (Kr)s,mr

Now applying the formula (« + 8),, = ZZOO( )(a)n(ﬂ)m # EQ. (21) is reduced to the fol-

lowing form:

(@1 +80)my - (@ + 8, (22851)™ - - (2,25 )™
I'(t+v+ Z 1(mz)gl)(/<1)$1m1 (Kr)aymr

X1 Z Z

M1,y =011,..,0,=0
T+v—1 p(@;+8;)ik;31 &1 &
=x Eg i, (2127, ..., 2. O

Theorem 4 The following integral equality holds:

z
/ tv’lEgjiff;fi (215, .., 567 ) dt = zVEg s (212%,...,2,2"). (22)
0
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Proof Applying Eq. (6) to the left-hand side of Eq. (22), we obtain

= i (81) pymy =+ (8) poom, (21)™ - - ()™ /z i gl gy
0

v+ Zle Simi)(/{l)slml ce (Kr)symr

_ i (81)p1m1 s ((Sr)pymr (z1)™ - (Zr)erV+Z{:1 misi
(V + Zl 1 iEi)F(V + Z::l gimi)(/(l)elml e (Kr)symr

.....

=z Z (81):01”11 (3, )prmr(zlzél)ml o (g )
V +1+ Zl 1 &m K1)51m1 : (Kr)armr

_  vdiKipi &1 &
=2'Eg, v+18(zlz ,...,z,z’),

This completes the proof of Theorem 4. d
Remark 2.1 Upon setting k1 =--- =k, =6, =---=¢, =1 and r = 1, Egs. (17), (18), (19),
and (22) reduce to a result given by Shukla and Prajapati [31, Egs. (2.4.1), (2.4.2), (2.4.3),
(2.4.4)].

Remark 2.2 By setting the parameters in Eqgs. (17), (18), (19), and (22), we obtain the
known results established by Khan [32, Egs. (2.4.4), (2.4.5), (2.4.6), (2.4.7)].

Lemma 2.1 ([33, Eq. 2.13]) If u1, o, @, B/ € C*, 11,70 € C*, and n,m € N, then the fol-
lowing formula holds:

L (8, 8) L™ o)
-— uin+ 11+ 1) (am + 1o + 1)
Z; rth-r+)I'(«@'(m-h+r)+1)
(—x)"
T )T B -+ DI Gur+n+ DI Guti—n+n+1)

(23)

Theorem 5 If o', 8',n € C*, 1, o, 71,72 € C*y and n,m € N, then the following integral

equality holds:
1 1
@ / A= w) LY (B (1 - w) LU (@, (1 - w))

@) Jo
X Eg f’f’ (21 utl,. .,zrué’)du
n+m

~ 5 i3Pi

Z(n h lyflnfituﬁz & 5#/’1)“” (zl""’Z’)’ (24)

where

— i h (1) (@)
pTLe r] Th+ ) (@' (m—h+r)+ )L (B'(n—r) +1)

r=0

IF'(pin+1 + 1) (uam + 10 + 1) (25)

F(uir+o+ DI (pah=r) + 19+ 1)
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Proof Using Egs. (6) and (23) in the left-hand side of Eq. (24), we obtain

n+m h
I S I(pan+ 7+ DI (nam + 7+ 1)
I_F(Ol)/o - hz(;zo h—r+ 1)« (m—h+r)+1)
(-n(1 - u))

x F(ur+ta+D)F(uth=r)+ o+ D)ICr+ 1) C(B'(n-r)+1)

oo

Z (81) pymy =+ + (8) o, (21 us)™ - (z )
T+ Em) (k) eymy - (Ke)epm,

n+m h

IF'(uin+1 + 1) (uam + 10 + 1)
F(a) Fth-r+)IN«@(m-h+r)+1)[(r+1)C(B'(n—1)+1)
ZZ

x (—Tl)h i (81),01;411 e (8r),0ymr
F(wir+ti+ D) (uath=7r) + 10+ 1) i v+ &m;)

,,,,,

: 1
(z1)™ - (z,)™ / uv+2;:1 Eimi—l(l _ u)oz+h—1 du
0

(Kl)slml s (Kr)srmr

n+m h

IF'(pn+1+ 1) (uam + 10 + 1)
I"(a)z; Fh-r+)lMNam-h+r)+ )[(r+ ) (B'(n—r)+1)
(=n)"I'(a + h)
x F'(ur+t+ DI (a(h—r) + 15+ 1)

oo

> Z F( (51)p1m1 ((Sr)prmy(zl)m1 e (Z )m,

viat+h+ Yy Em)(K)eym (K epm,

M1y, My =

n+m h

IF'(uin+1 + 1) (uam+ 10 + 1)
F(oz) Fth-r+)INa@(m-h+r)+1)[(r+1)C(B'(n—r1)+1)
22

N ONCEY e
x CoY'le+h) S (). (26)
F(pwir+t+ D (uo(h—r)+ 19+ 1) 5% it

Using the fact that (Z) = (7;!)” (=), where (—x),, = (-1)"(x — n + 1),,, on the right-hand side
of Eq. (26), yields

" (h F'(uin+ 1+ 1) (ugm+ 10 + 1)
Z Fh+ )/ m-h+r)+ 1)["(B'(n—r)+1)

(=) (e)n SiKi301

Z 2. )Z )
F(,u,lr + 71+ D) (ol — 1) + 1g + 1) Sivihees 8l( ! 7)

from which, after little rearrangement, we easily arrive at the required Eq. (24). O

Theorem 6 If o', 8',n € C*; 1, o, 71,72 € C*y and n,m € N, then the following integral
equality holds:

L * _ a1l a\w-1y(p1,t) (R _ (142,72) (! B
F(a)/t(x )" s =)' LY (B nx — 5)) L™ (o, n(x — )

Page 7 of 16
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n+m
X B (zi(s = 1)1, zols = ) ds = (@ = 1)1 ()"
h=0
o 5 120 r
x (x— il g (@ =05,z - ), (27)

where 3" P s given by Eq. (25).

H1,T1:42,T2

Theorem 7 Ifo’,8',n € C*; 1, 2, 11,72 € CIy, 11,72 € CIy; mym € N, then the following
integral equality holds:

X
/ £l — t)v_lLﬁf‘"”) (,3’, nL‘)L;l”1 (o/, nt)

0

x ol (z1(x =),z (x — £))E ECel (z1®)%, ...,z (6)) dt

§iviei EiT580
n+m
1 hx ) (w,+5 )ikl 3
X Z(nx) :Lnlnflf ltﬁz T v T HIE; (legl’ ce er%‘ )’ (28)

where 3™ 8 s given by Eq. (25).

H1,T1:42,T2

Theorem 8 If o', 8,1 € C*; 1, u2, 71,72 € C*y, 71,70 € CFy; m,m € N, then the following
integral equality holds:

z
/0 LI (B ) LA (o, nt) EQRE (2185, 2, ) dt
n+m

-1 h 8i3Kis
=z Z(nz) “‘l’flf‘r‘f,fzn}:"&‘ 512118 (zlzél,...,z,z‘?’), (29)
=0

where 3™ 8 s given by Eq. (25).

l/«1 T1H2,T2

Proof The proofs of Egs. (27), (28), and (29) are the same as those of Eq. (25), which can
be obtained from Egs. (18), (19), and (22). (I

Theorem 9 If o', 8',n € C*, 1, o, 71,72 € C*y and n,m € N, then the following integral
equality holds:

1
ﬁ / w1 = L (B, (1= )L (e (1 - )

813K
x Ejicibi (zlusl,..‘,zrua) du

Eiviei
n+m
h ) / 8 l i
Z(m e s Ee s, @101 20) (30)
where
-y IF'(uin+1 + 1) (uam+ 10 + 1)

petin = P a'm + 1) (B'n + 1)

Xh: ( ) l)h—a’(h—r)—ﬁ’r(a)h(_arm)a (_,3,”1)/3’ | a1
r=0

Fth+ 1) (uyr+t + D)F(uah—r) + 19+ 1)
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Proof Using (—x), = (-1)"(x — n + 1), Eq. (26) is reduced to

CC(un+n+ D (pam+1+1) v, ~ [
T Tam+ DI (Bn+1) g(”) 20:
(=1 OB () (' 1) o) (B e s
T+ DI Gar + 11+ DT Gualh—r) + 1+ 1) i

(Zl; :Zr)

n+m

_ h, muna B 8j3ki3 0
- Z(n) LN AL COIRSE R

where ©"F' " is given by Eq. (31). O

H1,T1,142,T2

Theorem 10 Ifo/,B',n € C*, 1, ua, 71,72 € C*| and n,m € N, then the following integral

equality holds:
1 X
— / (= 8)* (s — 1) L (B, n(x - 5)) LE2™) (o, n(x — 5))
INGYNP
n+m
X Bz (s = 1)1, .., zols = ) ds = (@ = £ ()"
h=0
x (x =t b pi (@=L = ), (32)

where ""*"F s given by Eq. (31).

H1,T1,42,T2

Theorem 11 Ifo/, B',n € C*, 1, o, 71,72 € C*y, 71,70 € C* 5 mym € N, then the following
integral equality holds:

X
/0 £ e - t)"_lL(n’”'”) (/3’, nt)L‘;}’” (a/, nt)

X Bt (21 (e — 0%, .,z = OF ) ECR (20 (6), .o 2, (0)) dlt

& viei

n+m

-1 h B ( i+8;)5k r
ZW) A L) (33)

where "B s given by Eq. (31).

H1,T1,42,T2

Theorem 12 Ifo’, B',n € C*, 1, U2, 71,72 € C*y, 71,70 € C¥y; m,m € N, then the following
integral equality holds:

z
/0 PLLYT (B, ) L (o, ) BT (2085, 2,7) di

n+m

h 8 133 r
2! Z(’?Z) p/:yllnrflﬂi ) El,:+[h)+1ez (legl""’Z’ZE )’ (34)

where "% P is given by Eq. (31).

H1,T1,42,T2

Proof The proofs of Egs. (32), (33), and (34) are the same as that of Eq. (30). O
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Remark 2.3 Upon settingky =--- =k, =1 =---& =1, Egs. (17), (18), (19), (22), (24), (27),
(28),(29), (30), (32), (33), and (34) are reduced to Egs. (2.1), (2.3), (2.5), (2.10), (2.20), (2.27),
(2.28), (2.29), (2.31), (2.35), (2.36), and (2.37) established by Agarwal et al. [33].

3 Special cases
In this section, we emphasize special cases by selecting particular values of parameters.
(i) Putting o’ = B’ = 1, the results in Egs. (30), (32), (33), and (34) are reduced to the

following form:

Corollary 1 Ifn € C*, w1, U2, 71,72 € C*, and n,m € N, then

1 1
) / w71 - w) LU ((1 - ) ) LU (n(1 - w))

x Ebikibi (21 utl,. .,z,ua) du

Eiviei

_mm pI(in+ 1+ 1) (pom + 79 + 1) h h
- Z(’?) IF'm+1)I'(n+1) Z <r>

h=0 r=0

(a)h(_m)(h—r)(_n)r 813K 30

E yeesZr). 35
X FH DT Gr + o DT (1) 1 1 1 1) Ceimehrais 1o 20) (35)

Corollary 2 Ifn € C*, w1, u2, 71,72 € C*, and n,m € N, then

ﬁ /tx(x — 5" Y5 — £) " LLI™ (3 — ) LU2 (n(x — 5))
X Bl (z1(s = %, .., 2(s — 1)) ds
= (x -t V;i:::(n)h(x — 1) I (un ;(T:n++11))1“15512:n1; Ty +1)
i( ) (@)= (),
5 (h+ DI (rr+ 1+ DI (ah—1) + 13 + 1)
X Eg e . (z1(x = )7,z (x = £)F). (36)

Corollary 3 Ifn e C*, 1, o, 11,72 € Cy s m,m €N, then

X
/ tr—l(x _ t)"_lL(y,“l’”)(nt)L%l’” (nt)
0

X Bt (21— 0%, ..oz (6 — OF ) ECR (24 (6), L 2, () dlt

Eviei

i F(pin+1 + 1) (uam + 10 + 1) " (h
_ THv-1 h
= hz(;(nx) I'm+1)F(n+1) ; r

(0)n(=m) (h—ry(—n), (038,
Fh+ DI (uir+t+ D (=1 + 15+ 1) % e

(zlxg zx). (37)
Corollary 4 Ifn e C*, w1, 2, 71,72 € Cty, mym e N, then

z
/ LT ()L rl(nt)E‘S S 2t ) dt
0
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n+m

o pD(im+ v+ 1) (pom + 79 + 1) ‘ h
-z hzzo:(nz) I'm+1)I'(n+1) VZ:; (r)

« (a)h(_m)(h—r)(_n)r 8i3Ki3Pi
F(h+ 1) (uar+ 7+ D) (ua(h—7) + 19 + 1) S6vhbs

(z12%,...,2,2). (38)

(ii) Putting 1 = o = @’ = B’ = 1 and using Eq. (12), the results in Egs. (30), (32), (33),
and (34) reduced to the following form:

Corollary 5 Ifn e C*, 11,70 € C!| and n,m e N, then

1 1
m / Ltv_l(l _ M)a_lLi,,LH)(ﬂ(l —u); I)L;i,rz)(n(l - u); 1)
0

3jskisPi & £
e (z1u™,...,z,u" ) du

n+m

_ Z(n)hf(n ++D)I(m+1+1)
h=0

Fm+1)"(n+1)

. Xh: h (@)n(=m) p—r (=1), EYkie o z). (39)
= \r) T+ DIr+ i+ DI((h-r) + 12+ 1) Evhrase; P11 Zr)-

Corollary 6 IfneC*, 11,70 € C!, and n,m e N, then

L * _e-lr.  yw-17(1,71) Q). (1,72) .
F(a)/t(x $)* s —0)" 'L (n(x - 8); 1)Ly ™ (n(x — 5);1)

x Ebikipi (z1(s - %,z (s~ t)) ds

§iviei

n+m

pFm+n+)IM(m+1y+1)

=(@—0)*" Y () —1)
hXZ(; I'm+1)I'(n+1)
y i h (@) (=),
= \r) T+ DIr+ i+ DI((h-r)+ 12+ 1)
X E‘;‘f;fgwl (z1(x =), ..,z (x = £)F). (40)

Corollary 7 Ifne C*, 11,10 € C!, n,meN, then

X
/ o t)V_lLEI‘“'Tl)(nt; 1)LEVT (nt; 1)
0

WHeH . izl .
x E0E (2 (x - LN C L )Eg;r’(;ei (zl(t)gl, vz ()F )dt

§ivici
n+m h
3 IFn+t+1)'(m+1+1) h
= 4T 1 x h
Z(Tl ) IF'm+1)I"(n+1) Z r
h=0 r=0
(a)h(—m)(h—r)(—")r (wi+8;)sk51

Sz, 41
T T DT o s D) 5 537 1) oo (250 207) (41

Corollary 8 Ifn e C*, 11,7, € Cf}, m,m € N, then

&isvsei

z
/ £ 1L (s 1)L (g V) ESSE (20851, .., 2,85 ) dit
0
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n+m

3 IFn+n+D)Im+1+1) " (h
=z 1 (nz)h ( )
Z r=0

— IF'm+1)(n+1) —\r

8 (0)n(=m)g—r)(=n), Sk
TFh+ D)L (r+1+ D)0 ((h—r) + 1 + 1) Svehele

(z125,...,2,2"). (42)

(iii) Putting 1 = uq = 0,’ = B’ = 1, the results in Egs. (30), (32), (33), and (34) are re-
duced to the following form:

Corollary 9 Ifn e C*, 11,7, € C*, and n,m e N, then

1 1 .
— | A - w1 = n(1 = w))EX (B, 24 ) du
i | - ) B )

Z(n) ) (QREL i s, (B1r - 21). (43)

Corollary 10 Ifn e C*, 11,75 € C*; and n,m € N, then

1 * o—1 v-1 m
m/t (x—5)*"(s—1) (l—n(x—s))

m

x ESS0P (y(s = %o z(s = 0F ) ds = (e = 070 (n(x— 1))
h=0
X (—m)h((x)hEs’ o, . (z1(x =), ..,z (x = 1)). (44)

Corollary 11 Ifn e C*, 11,70 € C!| and n,m € N, then
¥ Skl
/0 £l x -0 - nt)’”Eé;ﬁfE’i (21 (x—0)%,...,z.(x - t)é’)
x Eg’lf; (z1(0%,..., 2, ()% dt

+51) ,
X7 12:(7796)” —(QRELC I (204, 2. (45)
h=0

Corollary 12 Ifn e C*, 11,70 € C; and n,m € N, then

z
f £71 (1 = ey EYR (2087, 2,85 ) dit
0

&ivse4
m
2 Z nz)(=m)(« Eg’ e (212%,...,2,27). (46)
Remark 3.1 Iff we putky =--- =k, =& =--- =& = 1, then Eqgs. (35)-(46) are reduced to

Egs. (3.1), (3.2), (3.3), (3.4), (3.6), (3.7), (3.8), (3.9), (3.11), (3.16), (3.17), (3.18) established
in Agarwal et al. [33].

(iv) Setting p; = k; = &; = 1,& = - - = §, = 1, the multivariate Mittag-Leffler function re-
duces to the confluent hypergeometric series, and we have the following results, which are
obtained from the main results in (17), (18), (19), (22), (24), (27), (28), (29), (30), (32), (33),
and (34).
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Corollary 13 The following integral equality holds:
L /1u"‘1(1 —u)“‘lw(r)[Sl o Suvizutl, ..z ugr] du
F(Ol) 2 ’ 20 Vs ’ )y &r
=081, 85V + 321,02,
Corollary 14 Then following integral equality holds:

1 * a-1 v-1
F(a)/ (x—8)*"(s—1)
X <p2 [81, Sr;v;zl(s—t)‘fl,...,zr(s—t)gr] ds

=(x - t)“*"_lwg)[ﬁl, caSsvtaszi(s—0), ..,z (s - t)gr].

Corollary 15 Then following integral equality holds:

X
f A t)"_l(pér) [81, eV =05,z (e — t)s’]
0

X <p2 [81, , 6 v;zltgl,...,z,tsr] dt

=x"" 1y [51, 8V + t;zltél,...,zrté’].
Corollary 16 Then following integral equality holds:

z
/t"’lgog)[él,...,ér;v;zltgl,...,z,tgr]dt
0

= z"’lga;r)[(?l, Y, SRV 1;21251,,,.,2,25'].

Page 13 0of 16

(47)

(48)

(49)

(50)

Corollary 17 Ifo’, 8,1 € C*, 1, 2, 11, 72 € C¥, and n,m € N, then the following integral

equality holds:
1
I'(a)

X (p2 [81, , 875 Vi1 (s—t)él,...,zr(s—t)sr]ds

n+m

o+v-1 mmna B
-1) Z _t) Su1,T1 2.7
X ¢§’)[51,...,5,;v+ h+o;zi(x—0)5,...,z(x - t)g’],

where 3™ 8 s given by Eq. (25).

H1,T1,42,T2

—/ (x =) (s — )" LY (B nlx — ) LY (o, n(x - 5))

(51)

Corollary 18 Ifo’, 8,1 € C*, 1, 2, 11,72 € C¥, and n,m € N, then the following integral

equality holds:

I'(a)

X <p2 [81, , 6 v;zluél,...,zrus’] du

1
L\/\ v—1 (1 u)ot 1L(M1 1) (ﬁ n(l L{)) 12,72) (0[ 77(1 M))
0
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n+m

Z(n)hn’z"g,ﬁ I G LI MR AU | (52)

where 3™ 8 s given by Eq. (25).

l’~1 T1M2,T2

Corollary 19 Ifo/, 8,1 € C*, 1, o, 71,72 € C*, 71,70 € CH; m,m € N, then the following
integral equality holds:

x
/ tr—l(x _ t)v_ng,lp'l'Tl) (IB/’ Ylt)Lil’fl (O[/, ﬂt)
0

X <p2 [81, 8,;V;z1(x—t)sl,...,zr(x—t)s']

X (/)2 [817 8r; 12741 (t)élr"wzr(t)sr] dt
n+m

e Z nx) h“”’""‘ A [81, v+ T+ h;zlxgl,...,z,xgr], (53)

S p1,1,00,1 2

where 3P s given by Eq. (25).

H1,T1,12,T2

Corollary 20 Ifo/,',n € C*, 1, o, 711,72 € C*4, 11,70 € C ;5 m,m € N, then the following
integral equality holds:

z
/ tv’lLﬁl’”’”)(ﬂ/, r)t)L#’” (o/, nt)gog) [81, e Syt ,z,tér] dt
0

n+m
=71 Z(nz)h“l’j’lng uﬂz T2<p2 [81, v+ b+ 12085, ..,zrts’], (54)
h=0

where "B s given by Eq. (25).

H1,T1:42,T2

Corollary 21 Ifo’,B',n € C*, 1, 2, 11,72 € C*, and n,m € N, then the following integral
equality holds:

1

1
a—17(uny,11) HZ )
| (0 )2 o1 - )

X <p2 [81, , 05 v;zluél,..,,zru”&’] du

n+m
= Z(n hgg;"]”rfﬂ’i 129"2 61,8 v+ h+ 21,20, (55)
where P is given by Eq. (31).

Corollary 22 Ifo’, 8/, € C*, 1, 2, 11, 72 € C*, and n,m € N, then the following integral
equality holds:

1

- x el v—1 1,71) (U2,12) () B
F(a)/,(’“ )" s =)L (B e = 5)) L (o n( - 9))

X <p2 [81, 8,;1/;21(5—t)‘fl,...,z,(s—t)é’]ds
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n+m

V= h o B
=@ -0 ' Z(n(x - t)) K')/Tl,nrﬁuﬁ;,rz
h=0
X wér) [61,...8sv+h+aszx =),z (x = )], (56)

where p™"*"F' s given by Eq. (31).

H1,T1,142,72

Corollary 23 Ifo’,8',n € C*, 1, o, 71,72 € C*, 71,72 € Cy; m,m € N, then the following
integral equality holds:

X
/0 £l - t)v_lLﬁl’“'Tl) (,3’, nt)L;l”1 (o/, nt)

X gag) [81,.., 8 vz (6 — B,z - t)s’]

X ‘Pg) [81,...,85 V;Zl(t)él,-wzr(t)&] dt

n+m
=yt Z(nx)h@;”;?{f,,;’insog) [61, oSV T+ At ,z,xé’], (57)
h=0

where """ F s given by Eq. (31).

H1,T142,T2

Corollary 24 Ifa’,8',n € C*, 1, o, 71,72 € C*, 11,72 € Cy; m,m € N, then the following
integral equality holds:

z
/ t"‘lL;‘“"‘)(ﬂ/, nt) L™ (o, nt)wér) [81,...,85v Qb ... ,z,tgr] dt

0
n+m
! pl
=zt Z(nz)hgoz’l’f’;i '/;Q(pg’) [81,..085v + h+ L2, ..., 2,27 ], (58)
H=0

where ""*F s given by Eq. (31).

H1,T1,42,T2

(v) Setting p; = k; = &; = §; = & = v = r = 1, the multivariate Mittag-Leffler function is
reduced to the exponential function Ei“(z) = E11(2) = exp(z); and we can find a similar

line of results associated with exponential function from Egs. (47)—(58).

Acknowledgements
The authors are thankful to the referee for his/her valuable remarks and comments for the improvement of the paper.

Funding
Not available.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions

The authors contributed equally and significantly in writing this paper. All authors read and approved the final
manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 19 March 2019 Accepted: 17 July 2019 Published online: 26 July 2019



Suthar et al. Journal of Inequalities and Applications (2019) 2019:208

References

1.
2.
3.

Agarwal, R.P: A propos d'une note de M. Pierre Humbert (French). C. R. Acad. Sci. 236, 2031-2032 (1953)
Mittag-Leffler, G.M.: Sur la nouvelle fonction £ (x). C. R. Math. Acad. Sci. Paris 137, 554-558 (1903)

Mittag-Leffler, G.M.: Sur la representation analytigie d'une fonction monogene (cinquieme note). Acta Math. 29,
101-181 (1905)

4. Humbert, P: Quelques resultants d'le function de Mittag-Leffler. C.R. Acad. Sci. Paris 236, 1467-1468 (1953)

10.
1.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31

32.

33

. Humbert, P, Agarwal, R.P: Sur la fonction de Mittag-Leffler et quelques unes de ses generalizations. Bull. Sci. Math.

77(2), 180-185 (1953)
Wiman, A: Uber den Fundamental satz in der Theorie der Functionen £, (x). Acta Math. 29, 191-201 (1905)

. Wiman, A.: Uber die Nullstellun der Funktionen £ (x). Acta Math. 29, 217-234 (1905)
. Erdélyi, A, Magnus, W.,, Oberhettinger, F, Tricomi, FG.: Higher Transcendental Functions, Vol. lll. McGraw-Hill, New

York (1955)

. Dzherbashyan, M.M.: Integral Transforms and Representations of Function in Computer Domain (Russian). Nauka,

Moscow (1966)

Kilbas, A.A.,, Saigo, M.: On solution of integral equations of Abel-Volterra type. Differ. Integral Equ. 8, 993-1011 (1995)
Kilbas, A.A.,, Saigo, M. Fractional integrals and derivatives of Mittag-Leffler type function (Russian). Dokl. Akad. Nauk
Belarusi 39(4), 22-26 (1995)

. Kilbas, AA, Saigo, M.: On Mittag-Leffler type function, fractional calculus operators and solutions of integral

equations. Integral Transforms Spec. Funct. 4, 355-370 (1996)
Kilbas, A.A.,, Saigo, M.: Solution in closed form of a class of linear differential equations of fractional order. Differ. Equ.
33,194-204 (1997)

. Gorenflo, R, Mainardi, F: The Mittag-Leffler type functions in the Riemann-Liouville fractional calculus. In: Boundary

Value Problems. Special Functions and Fractional Calculus (Proc. Int. Conf. Minsk 1996), Belarusian State Univ., Minsk,
pp. 215-225 (1996)

. Gorenflo, R, Luchko, Y, Rogosin, S.V.: Mittag-Leffer type function, notes on growth properties and distribution of

zeros. Preprint No. A04-97, Freie Universitat Berlin, Serie A Mathematik, Berlin (1997)

. Gorenflo, R, Kilbas, A.A., Rogosin, S.V.: On the generalized Mittag-Leffler type function. Integral Transforms Spec.

Funct. 7, 215-224 (1998)

Prabhakar, T.R.: A singular integral equation with a generalized Mittag-Leffler function in the kernel. Yokohama Math.
J.19,7-15(1971)

Srivastava, H.M.,, Tomovski, Z.: Fractional calculus with an integral operator containing a generalized Mittag-Leffler
function in the kernel. Appl. Math. Comput. 211(1), 198-210 (2009)

. Salim, T.O, Faraj, AW.: A generalization of Mittag-Leffler function and integral operator associated with fractional

calculus. Fract. Calc. Appl. Anal. 3, 1-13 (2012)

Gurjar, MK, Prajapati, J.C, Gupta, K.: A study of generalized Mittag-Leffler function via fractional calculus. J. Inequal.
Spec. Funct. 5(3), 6-13 (2014)

Mishra, V.N,, Suthar, D.L., Purohit, S.D.: Marichev-Saigo-Maeda fractional calculus operators, Srivastava polynomials
and generalized Mittag-Leffler function. Cogent Math. 4, Article ID 1320830 (2017)

Purohit, S.D,, Kalla, S.L, Suthar, D.L.: Fractional integral operators and the multiindex Mittag-Leffler functions. Scientia,
Ser. A, Math. Sci. 21, 87-96 (2011)

Saxena, RK., Ram, J,, Suthar, D.L.: Generalized fractional calculus of the generalized Mittag-Leffler functions. J. Indian
Acad. Math. 31(1), 165-172 (2009)

Suthar, DL, Amsalu, H.: Generalized fractional integral operators involving Mittag-Leffler function. Appl. Appl. Math.
12(2), 1002-1016 (2017)

Suthar, DL, Habenom, H., Tadesse, H.: Generalized fractional calculus formulas for a product of Mittag-Leffler
function and multivariable polynomials. Int. J. Appl. Comput. Math. 4(1), 1-12 (2018)

Suthar, D.L,, Purohit, S.D.: Unified fractional integral formulae for the generalized Mittag-Leffler functions. J. Sci. Arts
27(2),117-124 (2014)

Prabhakar, T.R, Suman, R.: Some results on the polynomials 128 (x). Rocky Mt. J. Math. 8(4), 751-754 (1978)

Rainville, E.D.: Special Functions. Macmillan, New York (1960)

Srivastava, H.M.: A multilinear generating function for the Konhauser sets of bi-orthogonal polynomials suggested by
the Laguerre polynomials. Pac. J. Math. 117(1), 183-191 (1985)

Shukla, AK, Prajapati, J.C, Salehbhai, I.A.: On a set of polynomials suggested by the family of Konhauser polynomial.
Int. J. Math. Anal. 3(13-16), 637-643 (2009)

Shukla, AK, Prajapati, J.C.: On a generalization of Mittag-Leffler function and its properties. J. Math. Anal. Appl. 336(2),
797-811 (2007)

Khan, M.A.: On some properties of the generalized Mittag-Leffler function. SpringerPlus 2,337 (2013)
https://doi.org/10.1186/2193-1801-2-337

Agarwal, P, Chand, M, Jain, S.: Certain integrals involving generalized Mittag-Leffler functions. Proc. Natl. Acad. Sci.
India Sect. A Phys. Sci. 85(3), 359-371 (2015)

Page 16 of 16


https://doi.org/10.1186/2193-1801-2-337

	Certain integrals involving multivariate Mittag-Lefﬂer function
	Abstract
	MSC
	Keywords

	Introduction and preliminaries
	Main integral equalities
	Special cases
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


