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Abstract

In current continuation, we have incorporated the notion of s — (&, m)-convex
functions and have established new integral inequalities. In order to generalize
Hermite—Hadamard-type inequalities, some new integral inequalities of
Hermite—Hadamard and Simpson type using s — (&, m)-convex function via
Riemann-Liouville fractional integrals are obtained that reproduce the results
presented by (Appl. Math. Lett. 11(5):91-95, 1998; Comput. Math. Appl. 47(2-3):
207-216, 2004; J. Inequal. Appl. 2013:158, 2013). Applications to special means are
also provided.

MSC: 26A15; 26A51; 26D10
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1 Introduction
Let R be the set of real numbers, I C R be an interval, and n: I C R — R be a convex in
the classical sense function which satisfies the inequality

kst + (1= k)s2) < knsy) + (1—k)n(sz)

whenever s1,s, € I and « € [0, 1]. Numerous authors have presented inequalities for con-
vex functions, however, because of its wide applicability and importance, one of the most
notable is Hermite—Hadamard inequality, which is expressed as follows [4]:

Let n:I C R — R be a convex function on the interval I of real numbers and s1,s5 € [
with s; < s5. Then

n(sw&)f 1 /”g(t)dtf 77(51)"'77(52)'
2 Sy — 81 2

$1

Both inequalities hold reversed if  is concave. In the field of mathematical inequalities,
Hermite—Hadamard inequalities have been considered by numerous mathematicians be-
cause of their pertinence and handiness. Various researchers have extended the Hermite—
Hadamard inequality to different structures utilizing the classical convex functions. First
we recall some important definitions and results which we have used in this paper.

M. Muddassar [5] presented the class of s — («, m)-convex functions as follows:
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Definition 1 A function 7 : [0, oo) [0, 00) is said to be s — («, m)-convex in the first
sense, or f belongs to the class K", if for every s1,s; € [0,00] and « € [0, 1], the following
inequality holds:

n(ksy + m(1-k)sy) < k*n(s1) + m(1 -k )n(s2),
where (o, m) € [0,1]?, for some fixed s € (0,1].

Definition 2 A function 7 : [0, 00) — [0, oo) is said to be s — («, m)-convex function in the
second sense, or f belongs to the class K%, if for every sy,s, € [0,00] and « € [0,1], the
following inequality holds:

n(icsy + m(1-k)sy) < (k) nls1) + m(1-c) n(sa),
where (a, m) € [0,1]2, for some fixed s € (0,1].

Definition 3 Letf € L;[a, b]. The left-sided and right-sided Riemann-Liouville fractional
integrals of order « > 0, with a > 0, are defined by
S )

a-1
F( )/(x D f)dt, a<uwx,

and

b
T f) = @ / (t-2 O dt, x<b,

respectively, where I'(-) is the Gamma function defined by I" (« f e“u*du.

It is to be noted that ]2+ fx) = ]g_ f(x) =f(x). In the case of & = 1, the fractional integral
reduces to the classical integral. Properties relating to this operator can be found in [6],
and for useful details on Hermite—Hadamard and Simpson’s type inequalities connected
with fractional integral inequalities, the interested readers are directed to [7, 8].

In [1], Dragomir and Agarwal obtained inequalities for differentiable convex mappings
which are connected with the right-hand side of Hermite—Hadamard (trapezoid) inequal-
ity and applied them to obtain some elementary inequalities for real numbers and in nu-

merical integration.

Theorem 1 Letn:I C R — R be a differentiable mapping on I where s1,s, € I with s1 < s;.
If In'|1 is convex on [s1,53], for some q > 1, then the following inequality holds:

n(s)+nlsa) 1 /”n(u)du

2 Sy — 81

[|n (s1)| + | (s2)]]. 1)

In [9], a variant of Hermite—Hadamard-type inequalities was obtained as follows.

Theorem 2 Letn:I C R — R beadifferentiable function on I and let 51,5, € I with s; < s;.
If |n'| is a convex function on [s1,5s,], then the following inequality holds:

1 52 S1+s
/n(u)du—n(l 2)
$2 =81 Jg 2

S

< 2;S1[|n/(sl)| +|n's2)|] @
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In [2], Yang obtained Hermite—Hadamard (trapezoid) inequalities for differentiable

mapping for concave functions.

Theorem 3 LetI C Rbean openinterval,l,m,n,P,Q e Iwithl<P<n<Q<mm+#Il,m)
l,m,n € Rand n: [s1,52] = R be a differentiable function. If |n'|? is concave on [s1, s2], and
1<6 <gq, then

‘(P—l)n(l) + (m = Q)n(m) +(Q = P)y(n) - f () du| < K(P,Q,n,0)](P,Qun,0), (3)

$1

where

(0-1)
[

K(P,Qn,6) = (%[(P— D% + (= P)? + (Qn)? + (m — Q)Z]) ,
and

J(P,Q,n,0)

9)@
/(m_ (Q—n)2(3m—2n—Q)+(m—Q)3>
1 3[(Q-m)2 + (m— Q)]

= (%[(P— D)* + (n-P)*]

, (P=0D%+(m-P)*2n-3[+P) ;
"( 3[(P— 07+ (n— P)?] +)

6-1
9) G

Proposition 1 Under the assumptions of Theorem 3 with P=Q=n= (I +m)/2 and 6 =1,

Sy — 581 L 581 + 82 L 51+ 582
< — ). @&
<=2 () ()]}

Proposition 2 Under the assumptions of Theorem 3 with P =s1, Q =so, n = (I + m)/2 and
0 =1, we get the following inequality:

S1 + 82 1 52 S9 —S1 281 + S S1+ 289
_ dul < ! ! . 5
‘n< 2 ) 52—51/s1 () d| < 8 |:77( 3 >+'77< 3 >:| )

The aim of this paper is to build up Hermite—Hadamard-type inequalities for Riemann—

. (%[(Q—n)z +(m- Q]

we get the following inequality:

‘77(31)"'77(32)_ 1 /”n(u)du

2 Sy — 81

$1

Liouville fractional integral using the s— (o, m) convexity, as well as concavity, for functions
whose absolute values of the first derivative are convex. The results presented in this paper
provide extension of those given in earlier works. The interested readers are referred to
[3, 10-25].

2 Main results
In order to prove our main results, we need the following integral inequality

Lemma 1l Letf: [a,b] — R be a differentiable function on (a, b) with a < b, such that f is
integrable. Then the following inequality for Riemann—Liouville fractional integrals holds
withO <o <1:

2 a+b fl@+®) I'(e+1),, "
(1_2_”)/( 2 )” 23— ay Ve O @)
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b-a
<

= Jam [L1+ L+ (L3 + L)),

where Ly = [, [(1 - )% = Alf'(ta + 1 =)%Y dt, Ly = [y [h - (1= O]f (th + (1 - 1) %L) dt,

Ly= 1129 -2 = Q-0 ]f/(t%L + 1= Da)dt, Lo = [} -2+ (2 - 0] (¢%L + (1 - D)b) dt.

Proof A simple proof of this inequality can be obtained by integrating by parts. The details
are left to the interested readers. O

Using Lemma 1 the following results can be obtained.

Theorem 4 Let f : [a,b] — R be a differentiable function on (a,b) with a < b such that f’
is integrable. If |f'| is s — (o, m) convex on [a, b], then the following inequality for Riemann—
Liouville fractional integrals holds with 0 < o < 1:

2 a+b fl@+fb) TI'(a+1), «
‘(1_27’\)/< 2 )”‘ 2 " 2 ay eSO+ @]

< [{Ml IF/(@)] + 2m(My —Ml)p’(“;b) oMy lf’(b)|}
. {M3Lf’<a)| +m<M4—M3>p'<“;b> +M3[f'<b>|”, 6)

(as)! A
(@s+s+1)! (s+1)

1
M, =/ |(1-0)% - At dt =
0

1
Mzzf |(1-8)* - A|dt
0

~ 1 _2(1 _ ;)oul

+(1-22)A,
o+1

1
M; =/ |29 = (2-6)* - At dt
0

205 s 1 as A
s+1 (s+1) 2s+1)] (s+1)’

1
M4=/ |29 = (2- )% —a|dt
0
1+ 20t+1 _ 2(2 _ g)a+l
= 2% —A)(1 - 28),
o+1 +( )( §)
where

R~

r=1-A¢ and £=2-(2°-1)%.

Proof Using s — («, m) convexity of |f'], for all ¢ € [0, 1], we obtain:

1
ILy| 5/ ((l—t)"‘—)\)"//<m+(1—t)aT+b)‘dt
0

1
:/ (1= 1) = 2) |£F (@) + m(1 —t‘“)f’<#>‘dt
0
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ffol(u-t)a—x){ £|f @] +m(1 - )P(wad’f

=M f'(a >\+m(M2—M1)L/ (‘”b)

1
i< [ (<1—t>“—A)P/(tb+<1—> ;b)‘dt

1
:/ (-6 = 2)|eF () + m(1 —t‘“)f(%)‘dt
0

< [[@-or-nferol o) (20|}
S
Lol
feer ()
[l ()
-l (%5°)
|L4|5/01(2“—(24)“4){%(:“7”’+<1—t>b)“dt
- -ooronfer (52) - rro]fa
< [[er-@-or-n]erly (42 emia- ey a

e (77)

Corollary 1 Under the assumptions Theorem 4, withoa =s=m =1,

’

)f'(a)

j

+m1 t"‘s a)|}dt

+m(My — M3)|f(a)

+m(Ma - M;)|f'(b)). O

o (42) L0 L
< b;“ [222 =22 +1]([f (@) + [F (B)]). 7)

Remark 1 Taking A = 1, inequality (7) reduces to inequality (1).

Remark 2 Taking X = 0, inequality (7) reduces to inequality (2).

The corresponding version for powers of the absolute value of the derivative is incorpo-

rated in the following theorem.
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Theorem 5 Let f be defined as in Theorem 4 and suppose |f'| is a convex on [a, b], with
q > 1. Then the following inequality holds:

2 a+b fl@)+fb) I'(a+1),, o
(1= (52) LD - e D s+ o)

(b-a)
20[

y [(sz-“q{ <M1 B + m(o, —MI)P'(“ o )
)
1/
. (M4>“’q{ (Ms I (B)|" + (M, —M@L/(%) q) !
q\ l/q
+(Mgv/(b)r’+m<M4_M3)p/(”;b) ) ” ®)

Proof Using the well-known power-mean integral inequality for g > 1 and convexity of

|f’19, we have
q l/q
dt>

1 1-1/q 1
|L1|s<f0 |((1—t)w_k)|dt) (/o |((1‘f)”—K)|P/<ta+(1—t)¥>
1 1-1/q
f(/o I((l—tw—x)m)
1 b
* (/o |((1_t)a_)‘)|{tasvl(a)r]+m(1—t°‘s)v<a; )
1/
S(Mz)l”q(MILf/(a)Vm(Mz-MJM“;”) q) q,
1 1-1/g
|L2| < (v/(; ‘((l_t)a—)»)’dt)
x (/01|((1—t)“—x)|dtp/<tb+(14)#)
1 1-1/q
5(/0 I((l—tw—x)m)
1 b
g (/o (@-or _)‘)|dt{taslf/(b)|q+m(1—t‘“)‘//(%)
1/
= (Mz)l1/‘1(M1[f/(b)|q+m(M2_MI)P(a;b) ’1) q’
1-1/
'L3|5<f01\2“—(2—t)“—x|dt> !
([l (e e
1 1-1/
5(/ |2a_(2—t)a—)»|dt) !
0

IA

q) 1/q

+ (Ml lf/(ﬂ)|q +m(M> —M1)‘f/<a ; b

q 1/q
)

q l/q
dt)

q 1/q
B

q l/q
dt>

Page 6 of 11
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q 1/q
+ m(l - t‘“) [f’(a)|q} dt)

: (/olpa -2-0° —M{t“%(#)
= sl (*37)

= (/olp“ -@2-o _M)l_l,q
X </°1|2a_(2_t)a_kw<ta;b +(1_t>b>

1 1-1/g

= (/o 2" -2~ —A\dt)
) (/ol|2a‘(2—t)“—x|{t“#&#) ‘
oo (457)

This completes the proof. O

q 1/q
+ m(My —Ms)[f/(a)lq) ,

q 1/q
dt)

1/q
+m(1-1%) [f’(b)|"} dt)

q 1/q
oty - M)

Corollary 2 Under the assumptions Theorem 5, with o =s =m = 1, . = 0 in inequality (8),
the following inequality holds:

() o
<) Gron 33

Corollary 3 Under the assumptions Theorem 5, with o =s=m =1, . = 1 in inequality (8),

the following inequality holds:

F@fe) 1 [
‘ 2 _b—a/af(x)dx
boal(2,, . 1|, (a+b\|"\7 (2., . 1|, (a+b\|"\7
= Grar S (5] Gronar(50))) |
1

Corollary 4 Under the assumptions Theorem 5, witha = s =m =1, A = 3 in inequality (8),

the following inequality holds:

‘%{2f<a;b> +f(a);f(b)}_bia/a*’f(x)dx

5(b - a) 16, , 29| (a+b\|7\7
=55 (a2 (43°)])

1

16 29| ,(a+b\|T\7
I b ., =7\ .
+(45V( ! +45P( 2 ) ) ]
Theorem 6 Letf : [a,b] — R be a differentiable function on (a, b) with a < b such that f' is
integrable. If |f'|1 is concave on |a, b), then the following inequality for Riemann—Liouville
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fractional integrals holds with 0 < o < 1:

2 b (@)+f(b) I'(a+1) o
(1——A)/<”; )+xf“2+af 2(ba+ [e.f () +J5-f (@)]

5 (b-a) [Mz{MMsm(Mz— 9(%’))\ . V(MSM(MZ MS)W))H
2a+1 M2 ]\/[2

. M4V<M6(% + A(;;@—Mﬁ)a) . V(Ma%n A(244—M6)b) } ©)

1
Ms :/ |(1-8)* - A|tdt
0

C1-2(1-5) 20(1-¢)*!

A 2
"Gl arl %)

1
M =/ |24 — (2 - )" - Aledt
0

~ 1 +20¢+2_2(2_§-)a+2 1_25(2_5)014—1 N 1 N
ST @rD@+2) | a+l +(2_k)(§_g>'

Proof Using the concavity of |f'|? and the power-mean inequality, we obtain

[ (ra+ (1= 28) > 2l @]+ (-2 B
> (A|f'(a) |+(1—A)f )1)".

Hence

If' (ra+ (1 =2)b)| = A|f'(@)| + 1 - 1)|F ()],

so |f’| is also concave. By the Jensen integral inequality, we have

(1 - 3x)j<“ * b) RYACLIIC) ;l()“ +D [ f ) + i f@)]

24 2 2¢
(/ @ ‘dt>p/<fol|((1—tl)“—)L)I(ta+(1—t)#)dt)‘
Jo @A =8)* =)\ dt
1 o a+b
(/ ’ \dtﬂ/’(fo |((1—t1) —A)|(tb+(1—t)7)dt>'
Jo @A =8)* =)\ dt

e -@-o* -nIest+ - t)adt)‘

P( fo [(2% — (2 —£)* — )| dt
(

1
+</0 |(2* = (2-0%-1)|dt
p I |(2a_(2 t)"‘ A)l(t“*b+(1—t)bdt)‘

1
+(/0 2" -@-0"- |dt) (2=t —)|dt

(1 - 3@(@ : b) AT s 0)+ @)

2% 2 20—
:MZP/(MW +(Ma —Ms)(#)> +M2P,<M5b +(M; —Ms)(#))’

Mz M2

Page 8 of 11
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V (Mé(%b) + (M, —Mﬁ)b> ‘
4 . O

Mg(Z2) + (My — Mg)a
M 6(57) + (My — M) Y
My My

Remark 3 Under the assumptions Theorem 6, with & = s = 1, A = 0 in inequality (9), we
obtain inequality (4).

Remark 4 Under the assumptions Theorem 6, with « = s =1, A = 1 in inequality (9), we
obtain inequality (5).

Corollary 5 Under the assumptions Theorem 6, witha =s=1, 1 = % in inequality (9), the
following inequality holds:

1 2 fa+b\ 1 1 b
‘[gf(ﬂ)+§f( 5 >+gf(h)]—mfaf(x)dx

5(b—a)Hf,<29a+61b)‘ P,(61a+29b)ﬂ
< + I ——— ||| (10)
72 90 90

Remark 5 Inequality (10) is a generalization of the inequality obtained in [3, Theorem 8].

3 Applications to special means
We consider some means for arbitrary positive real numbers a and b (see, for instance,
(4]):

« The arithmetic mean

A=Aa,b) = “;b, a,b € R with a,b > 0;

+ The geometric mean
G=G(a,b)=~ab, a,beRwitha,b>0;
+ The harmonic mean
2ab
H=H@b) =22 4becR\(0}
a+b
« The identric mean

ifa=>b,

I=1(a,b) =
Y(2)ia ifa#bab>0;

+ The logarithmic mean

a ifa=b,

ba_if 4 4 b;

Inb-Ina

L=1L(a,b)=

3

Generalized logarithmic mean

ifa=>b,
bn+l_an+l

L,,(a,b): 1
[m]ﬁ ifa #b,nGZ\{—l,O},a,b>O.
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Proposition 3 Let n € Z\{-1,0} and a,b > 0. Then we have the following inequality:

- n(b—a)

|(1-1)A™(a,b) + AA(a",b") - Li(a, b)| < (22* =22 + 1)A(|a""|,

)

For A = 1, we have

|AA(a",b") - Lii(a, b)| < @(mz 21+ 1)A(|a" ], [0"7)).
For A =0, we have
|kAn(¢n,b”) _LZ(z,z,b)| < @(2)\2 _ %+ 1)A(|a”’1 ’ bn—1|)‘

Proof The assertion follows from Corollary 1 for f(x) = " and with n as specified above. (]

Proposition 4 For all 0 < a < b, we have the following inequality:

1

2(b - 1 2 7
In[A(l +a,1+b)|I(1+b,1+a)| < ( 161)( + )q’
gtz \l+a Ai(l+b,1+a)

Proof The first assertion follows from Corollary 2 for f(x) = —In(1 + x)x".

1

2(b - 1 2 q

’1n[G(1+a,1+b)]1(1+b,1+a)|5 ( 1a)< + >q'
3ltg l+a Ai1+b,1+a)

The second assertion follows from Corollary 3 for f(x) = —In(1 + x).
Let n € Z\{-1,0};a, b > 0 then we have the following inequality

5n(b — a) [29A1"V(a, b) + 16p1""~D
’2A”(a,b)+A(a”,b”)—3L(oz,b)‘5 nb-a) @b)+ ]

12 451

The third assertion follows from Corollary 4 for f(x) = x* and as # as specified above. [
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