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1 Introduction

The idea of fractional calculus was suggested by Leibnitz via a letter to L'Hospital. Then, a
lot of famous scientists studied this notion in different areas like inequality theory, applied
mathematics, engineering [10, 12, 13, 15, 21, 26, 30, 31, 33] (see also [29] for the histor-
ical considerations). Recently, the importance of fractional calculus can be more under-
standable, and numerous works involving fractional calculus have been done. Specially,
for integral inequalities, which is the topic of this work, fractional integrals have been
used, thus familiar significant inequalities can be generalized using this type of integrals.
Hermite—Hadamard inequality, which is one of these types of inequalities and one of im-
portant applications of convexity, was introduced in [19, 20]. Additionally, a lot of authors
have examined different generalizations of the convexity [4, 6-8, 22, 34]. Then, it has been
studied for different abstract convex functions [1-3, 5, 17, 18, 27, 28, 35]. Recently, these
works have been given with a new generalized form of inequalities via fractional integrals
[11, 14, 32, 36].

B-convexity was introduced in [16]. Then, B-convex sets, B-convex functions, separa-
tion theorems, and application to mathematical economy were analyzed [4, 16, 23].

In this article, Hermite—Hadamard inequality is worked for B-convex functions. The
classic format of Hermite—Hadamard inequality for B-convex functions was proved in
[37]. For B-convex functions, Riemann-Liouville fractional Hermite—Hadamard inequal-
ity was studied in [36]. Inequalities given in this paper differ from previous inequalities in
using generalized fractional integral. Thus, the most general form of Hermite—Hadamard
inequality for B-convex functions is obtained.
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We can point out the aim of the paper as follows. The most general Hermite—
Hadamard inequality for B-convex functions is proven, then we give the relation between
this inequality and the previous inequalities which contain the Riemann-Liouville and
Hadamard fractional integrals. Thus, it shows that the final inequality presented in the
article is the generalization of the others as well as the classic one for B-convex functions.

In the second section, we recall definitions of different types fractional integrals. Ad-
ditionally, we give some required definitions and theorems about B-convexity and for-
mer inequality for B-convex functions. In the next section, we show inequalities involv-
ing Riemann-Liouville fractional integral. In the fourth section, we introduce Hermite—
Hadamard type inequalities via Hadamard fractional integrals. In the last section, we prove
Hermite—Hadamard inequalities for B-convex functions via fractional integrals of a func-
tion with respect to the function g. Also, we show that the Hermite—Hadamard inequali-
ties involving Riemann-Liouville fractional integral and Hadamard fractional integral can

be obtained as our final inequalities.

1.1 Fractional integral types

Let us recall the following definitions of fractional integral types. Throughout the paper,
let f : [a,b] — R be a given function, where 0 < a < b < +oo and f € L1[a, b]. Also, I" () is
the gamma function.

Definition 1 ([24]) The left-sided Riemann—Liouville integral J,f and the right-sided
Riemann-Liouville integral J;’ f of order o > 0 with 2 > 0 are defined by

0= [ @0 0dn s M)
and

W = / - wd, xeh, @
respectively.

Definition 2 ([24, 25]) The left-sided Hadamard fractional integral J%, of order & > 0 of f

is defined by
1 [ x\"f)
- =— In — — dt, , 3
Ja.f %) F(a)/;(nt> . x>a 3)
provided that the integral exists. The right-sided Hadamard fractional integral J_ of order
a >0 of f is defined by
L AN ()
P = 57 N 1 - - ) ) 4
0= [ () TPan <o @

provided that the integral exists.

Definition 3 ([24]) Let g: [4,b] — R be an increasing and positive monotone function
on (a, b] having a continuous derivative g’(x) on (a, b). The left-sided fractional integral of
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f with respect to the function g on [a, b] of order « > 0 is defined by

I x)— / 0 (t)f ) dt, x>a, (5)

t)]l o

provided that the integral exists. The right-sided fractional integral of f with respect to
the function g on [a, b] of order « > 0 is defined by

N B 4010
@ = 7@y ), o) - gtore

dt, x<b, (6)

provided that the integral exists.

1.2 B-Convexity

Let reN, ¢, : R > R, ¢.(x) = x¥* and &, : R* — R”, &.(x) = D, (x%1,%2,...,%,) =
(@r(%1), ©(%2), ..., @,(x,)). For a finite nonempty set A = {xM,x? ... x™} c R”, the r-
convex hull of 4, denoted as Co"(A), is given by

con-{(Srom) a5
i=1 i=1

Definition 4 ([16]) The Kuratowski—Painleve upper limit of the sequence of sets
(Co"(A))ren, denoted by Co™(A) where A is a finite subset of R”, is called B-polytope
of A.

Definition 5 ([16]) A subset U of R” is B-convex if for all finite subsets A C U the B-
polytope Co™(A) is contained in U.

In R”, a B-convex set is defined in a different way [16]:

A subset U of R” is B-convex if and only if, for all xM x@ ¢ ([ and all A € [0,1], one has
My x? ey

Here, we denote the least upper bound with respect to the coordinate-wise order relation
of xM x@ . xtm e R" by \/7 xW, that is,

\/x(') max xl ),x(lz), ,x(lm)},...,max{xﬁll),xf),...,xﬁ,’")}),

where x;i) denotes jth coordinate of the point x.

Remark 1 InR,, B-convex sets are intervals because of definition. Indeed, for all x,y € R,
and X € [0,1], all the combinations of Ax V y are either an interval of [y,x] or the point
y depends on the order of x and y. Since all the elements of a B-convex set satisfy this
condition, a B-convex subset of R, is an interval.

Furthermore, in [16, 23], the definition of B-convex functions is given as follows.

Definition 6 ([16, 23]) Let U C R". A function f : U — R U {fo00} is called a B-convex
function if epi(f) = {(x, u)|x € U, u € R, u > f(x)} is a B-convex set.
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The following theorem provides a sufficient and necessary condition for B-convex func-

tions in RY.

Theorem 1 ([16, 23]) Let U C R”, f: U — R, U {+00}. The function f is B-convex if and
only if U is a B-convex set, and for all x,y € U and all A € [0,1], the following inequality
holds:

SOxvy) <af(x) v fly). 7)

1.3 Hermite-Hadamard inequality for B-convex functions
Hermite—Hadamard inequality for B-convex functions was given with the following the-
orem in [37].

Theorem 2 ([37]) Letf :[a,b] C R, — R, be a B-convex function. Then one has the in-
equality

fa),

1 ;
@+ O 2af @) )  f
» VST

1 b
2 [ roas
b-al,
2(b-a)f (b)

A ®

2 Results and discussion

2.1 Hermite-Hadamard type inequalities involving Riemann-Liouville fractional
integral

We proved the Riemann-Liouville fractional Hermite—Hadamard inequalities for B-

convex functions which were given in the following theorems for left-sided integral and

right-sided integral, respectively, in [36].

Theorem 3 ([36]) Letf:[a,b] CR, — R, and f € Ly[a,b]. If fis a B-convex function on
la, b, then the following inequality for fractional integrals holds:

f@)(b-a)*

FlarD 1<75

o < o+ ’ = )

Jauf (B) = PO @ @ D@0 b0 o f@) ©)
T(a+2)(f (b)) ’ — f

with a > 0.

Theorem 4 ([36]) Letf:[a,b] CR, — R, and f € Li[a,b]. If fis a B-convex function on
la, b, then the following inequality for fractional integrals holds:

f@b-a) | <@
T(a+l) ’ ) ) = 7wy
o (bf @-af ) +(F (D) (b-a)* (@b+a) f@
]b,f(ﬂ) S bl“(a+2)(f(b))“ ) % S m < 1; (10)
f(b)(b—-a)* (ab+a) fl@) _a
bl(as2) 0<% <%
with o > 0.

In Theorem 3 and Theorem 4, the inequalities were obtained by getting the multiplier

(1-1)*'and (A - %)0“1. We derive nearly the same inequalities with changing the multipli-
(max{a,rb})’

ers. For example, if we take the multiplier T—max(a b

for left-sided integral, we deduce

Page 4 of 15
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inequality (11) and the same inequality given in (10) to take the multiplier “{E‘M for
the right-sided integral.
Theorem 5 Letf :[a,b] CR, — R, and f € L[a,b]. Iffis a B-convex function on [a, b],
then the following mequalzty holds:
f@)(b-a)* f(a)
(a+l) ? 1< )’
o B (D) —f (@)L +(a+ ) (@) (f (b))* (b-a)* f@
]a+f(b) S I"(D(+2)(f(b))"‘ ) % S m < 1) (11)
f®)(b-a)* (@a+b) fl@)
br(as2) ? 0=<%5 <%

with a > 0.

Proof Let f be a B-convex function. Thus, inequality (7) holds. For desired inequality, we
) . . . . (max{a,)b))’
will multiply both sides of inequality (7) by 5 axid

—max{a,Ab}]1-

to A over [0, 1]. For the left-hand side of inequality, we get that

and then integrate with respect

/’1 (max{a, Ab})
0

[b - max{a, }Lb}]l—af(max{ﬂ; Ab}) dA

_[? (a)/ LDy
_/0 e @i+ é[b el D)

i) o
_/“ e = T @),

For the right-hand side of inequality, we have to examine two cases of 1 <2 and 0 <

f®
;E—Z; < 1. For the first case, we have

! ,Ab})
/o b _(?:{2, Mg}})]l—a max {f (a), 1f (b) } dA

~ 1 (max{a, Ab})
- /0 [b — max{a, Ab}]1-2

G )
:f(a)[/(; T dxr + (b b]ie dk:|

f(a)dn

Y

Thus the inequality is

f@)(b-a)

Joof(b) < D)

(12)

For the second case, it can be
i % _§ <1lor

fa
(ii) O<f(b)
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Let us examine (i). If 7 < f(_zg < 1, then the following equality is obtained:

\

U (max{a, Ab)Y
/0 [b — max{a, Ab}]1-¢ max {f (a), Af (b)} dA

4 f(a)
_ b ("Z)/ @) (Ab) 1 (b)Y
_/0 = L fb o @ %mxf(b)dx

fla)

)

b*(F(b) —f (@) + (e + D)f (@)(f (b)) (b - a)*
ala + V(D) '

_b“f(a)f [1 A" 1dk+b"‘f(b)/( [1-2]*"tdn
S

Hence, we obtain the inequality

b”(f(b —f(@)**! + (@ + Df @)(f(0)* (b - a)

(13)
/) Fla+ (B
Let us introduce (ii). For the case of 0 Jf% < %, we have

/‘1 (max{a, Ab})’
0

[b — max{a, Ab}]1-* max{f(a), Af (b)} di

fla@) a
50} (ﬂ)/ b (ﬂ)/ ! ()\b),
:/0 mf(a)dl+’/§\§ab; mkf(b)d)\+/z 7[b—kb]1‘akf(b)dk

fb)(b-a)*(aa + b)

1
=b“f(b)ﬁ AM1-a]*"tdx =
b

ba(a + 1)
Then we deduce that
f)(b—a)*(aa + b)
“f(b) < 14
) <= (14
From (12), (13), and (14), we get the desired inequality. O

For the right-sided integral, the inequality can be proved with the same method of the
(max{a,\b})’

above theorem by using the multiplier =

2.2 Hermite-Hadamard type inequalities involving Hadamard fractional integral
In this section, we introduce Hermite—Hadamard type inequalities via Hadamard frac-
tional integral.

Theorem 6 Let o > 0. Iff is a B-convex function on [a, b], then

fla)in by f@)
I(a+l) ’ 6) 1 = f(_b)’
f@[n &)y —n£2h] 1 ~
Joof (b) < Ty‘) + L’;j) [ eV, § =755 <1, (15)
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Proof Let us multiply inequality (7) that comes from B-convexity of f by
(max{a,rb})’
max{a,Ab}[In b-In(max{a,1b})]1-¢’
hand side of inequality, we have that

then integrate with respect to A over [0, 1]. Hereby, for the left-

(max{a, Ab})
/ max(a, b1 b — In(maxia, D] (max{a, Ab}) da

_ (@) L (nbY
_/(; mf(d)dk+ﬁbZ B —nAb]- af(kb)dk

N O
- f finEyie 4= TN/ O)

If we introduce the right-hand side of the inequality, we come across two cases of ﬁ(b
BA¢

One of these casesis 1 < f(_Z))’ and in this situation it is

1 (max{a, Ab})
o max{a, Ab}[Inb — In(max{a, Ab})]1-

~ 1 (max{a, Ab})
N /0 max{a, Ab}[In b — In(max{a, Ab})

] b @ Ly
_f(ﬂ)[/o mdl+/:i md}»}

1 a-1 bya
=f(a) / %(m%) d)\:fi(“)(;n”)
b

Thence, with these calculations the first part of requested inequality is

max{f(a), Af(b)} dxr

e @

f(ﬂ h)oz
Tl ) <= (16)

The other case is 0 < f (“ <1 and it must be analyzed in the following separations:

(i) Let § < fc( 5 <L \X/e attaln the following:
1 (max{a, Ab})’

o max{a, Ab}[Inb — In(max{a, Ab})]1-

a fla
b (a) 7® (AbY
:/0 a[lnb—lnu]l-“f(a)d“/z *blinb — ey @

1 ()Lb)/
" o b ey D)4

max{f(a), Af(b)} dx

\

=~

(a

1 1 a—1 1 a—1
:f(a)/zf()x<lnx> di. +(b) (<1“X) i,

S

+f(b)

o fla@)

In 2) _ (In£®) ye 1 a-1
zf(a)[(na) (In725)"] (m%) "

(b)

~

Page 7 of 15



Yesilce Journal of Inequalities and Applications (2019) 2019:194

Consequently, we obtain that

. f@In Y~k fy 1 1\
Jarf (b) < e+l T Jrw (ln ) dh.

~

(ii) For 0 < % < %, we get that

1 (max{a, Ab})’
/0 max{a, Ab}[In b — In(max{a, Ab})]1- max{f(a), Af(b)} dx

fa)

f®) (ﬂ)/ % (ﬂ)/
-7 i OOt g e O

allnb-1na

S

s

! (Ab)
* /% Ab[Inb — InAb]1- A (D) d

o-1
=f(b) f l(ln%) da.

Finally, the inequality is of the following shape:

o f®) [, 1\
]g*f(b)fm/% (lnx> d.

)

Hence, inequality (15) can be derived from (16), (17), and (18).

Theorem 7 Let o > 0. If f is a B-convex function on [a, D), then

=
K
=5
QS
S
3
=
S

T(a+l) ’ 1= f®)’
o S@U G fp) 1 byt f@
Jy-f(a) < e * F@ f% (In2k)e-Dgy, << <L
®) Lo aby(a-1 f@
T@) fg(lﬂ;)(ﬂ )d)\,, Ofm < %

Page 8 of 15

(17)

(18)

(19)

Proof Since the function f is B-convex, inequality (7) holds. Now, we have to multiply by

(max{a,\b})’

PRIV ST =T and integrate with respect to A over [0, 1] to this inequality. Hence, we

have

1

(max{a, Ab})
o max{a, Ab}[InAb —In ﬂ]l_af(max{a, 1b}) dx

[ (a) ! (D)
- /0 al[lnAb—1n a]lfo‘f(a) dh+ ,/% Ab[InAb —In a]lf"‘f(kb) d’

b
NN O
i / din e 4 = D@ (@)
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For the right-hand side of inequality, there are the following two situations that have to
be examined. The firstis 1 < f Thus,

1 ’
/ (max{a, b)) max{f(a A (D) }

max{a, Ab}[InAb — Ina]l~

1 (max{a, Ab})

= dx
o max{a, Ab}[InAb —Ina]l~ /@

_ 5 (a) 1 (AbY
_f(ﬂ)[/(; a[lnAb - Ina]l- @+ ‘/Z Ab[In Ab — Ina]l- dk]

1 ol b
=f(a)/E %(m%b) AL

o

So, the inequality is in the following form:

f(a)(In2)
)i-fla) < ——"~— TarD) (20)

The second caseis 0 < f( < 1, and it should be introduced with the following two cases:

(i) One of the cases is 7 < §(b) < 1. At this stage, we get that

1 (max{a, Ab})
o max{a, Ab}[InAb —Ina]l-

max{f(a), Af (b)} di

b f(a)
— b (a) 7% (\b)
A e L M v e
1 ’
(*b)
* Jro blinab - mape O

fla) a-1 1 a-1
- f(a) f w1 (m &) d. +f(b) (m &> ar
a A a a

fla)
)

In 2@y« 1 a1
:fi(a)(zaf“’)) +f(b) (m%b) d.

Therefore, the inequality is obtained

(21)

f@InZE 1) ( ) "

Jif(a) = 'l +1) F(ot)

(ii) The other one of the cases is 0 < ﬁb} < %.50, we have

1 (max{a, Ab})
/0 max{a, \b}[InAb — Ina]l-2 nax {f(a),)\f(b)} d*

7 (a) 3 (@)
| (“)”’“f;_b alinib—maps O
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' (b)Y
' /F *blin b~ majed DA

a-1
=f(b)ﬁl<ln%b) da.

Thus, we get that

a-1
)o-f(a) < S ((b)) (ln Ab) dh. (22)

As a result, we have proven inequality (19) by using inequalities (20), (21), and (22). O

2.3 Hermite-Hadamard type inequalities involving fractional integral with
respect to the function g

Theorem 8 Let @ >0 and 0 <a < b < +o0, g: [a,b] — R be an increasing and positive

monotone function on (a, b], having a continuous derivative g'(x) on (a, b). If f : [a,b] — R,

is a B-convex function and f € L,[a, b], then

1% f(b)
f@lgb)-gla)] 1@
I'(a+1) ’ - ) 1 = FB)’
S@)llg®)-g@-le®-eHEN  pr) Zon @
= F(a+1) T f% T <o P 5 =7p <L (23)
o)l ___gObr f@ _a
) f @) g(kb e 0<% <5

Proof Due to B-convexity of f : [a,b] — R,, inequality (7) is valid for all > € [0,1] and 0 <
¢ (max{a,Ab})

a < b < +o00. If we multiply both sides of this inequality by m

the resulting inequality with respect to A over [0, 1], we obtain for the left-hand side of

inequality the following equation:

and integrate

' ¢'(max{a, Ab})
o lg(b) — g(max{a, Ab})]}—

b g@(a) 2 (b)(Ab)
- | o g @+ / o) - (Ab)wf“b)‘”

gt
[ T e O
— T f(b).

f (max{a, Ab}) di

For the right-hand side of inequality, we meet two possibilities. One of these is the pos-
sibility of 1 < f . In this case, the equality is

/ g'(max{a, Ab})
Lg(b) g(max{a, Lb})]1-
g'(max{a, Ab})

i o [gb) —g(max{g,kb})]1_af(ﬂ) dir

max{f(a), Af(b)} dx
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b ga)a) L g(b)(rby }
= ————————d e d
-ﬂ”[A g®) —g@r " J; T -goor—e

B g'(t) _
‘ﬂml <) —gor= =/

Then we deduce that

gl

g'(max{a, Ab})
o lg(b) —g(max{a, Ab})]1-«

' ¢'(max{a, 1b})
o lg(b) - g(max{a, rb})]1— max {f (), Af (b) } d2

(@)1 f (b) < f(a)M’
« f(a)g(b) —g(a)]*
Ia*;gf(b) = W

f (max{a, Ab}) di

In the possibility of 0 <! f(b < 1, we have to examine the following two cases:

o>zs§”<1

. fl@
(ii) 0 < 7@ <

Let us 1nvest1gate case (i). If % < %j; < 1, then we have

/‘ g'(max{a, Ab})
lg(b)

g(max{a, Ab})]1-

max{f(a), )»f(b)} dir

¢@@ 3b)0ub
/1Lﬂw m>1af()k / @w)g /@D

b g (b)(hbY
+f%;@w%gamrw

f@lg®) - g(@)” - [g(b) - g(F)"]
o

g (Ab))
f) [g(b) - g(Ab)]1

Af(b) d

+W®)

Therefore, we deduce that

f@1[g®) - g@)” - [g®) - g(FEN"]  br ()

lerg/ ) = Fla+1) "T mw (b=

fla)

In the case of (ii), 0 < f(b) < %, we get

' ¢'(max{a, \b})
o lg(b) — g(max{a, Ab})]:-

f(ﬂ) a
w g(a)a) b gla)a)
= _ d _
, GO -g@T D | el - @

max{f(a), )Lf(b)} dxr

Af(b) do.

=

=
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/ [ggub)(w b

gt
b)A
10 [ g

Consequently, for this case, we obtain the following inequality:

bfb) (*  g(b)r
a+. b .
I gf( )= I'(a) g [g(b) —g(Ab)] - .

Theorem 9 Let o >0 and 0 <a < b < +00, g: [a,b] — R be an increasing and positive
monotone function on (a, b], having a continuous derivative g'(x) on (a, b). If f : [a,b] — R,
is a B-convex function and f € Li[a, b], then the following inequality for fractional integrals
holds:

f(@)lg(b)—g(a)]* fla)
F(a+l) ’ 1= fb)’
o f@Eh @ 4 f@
Iy f(a) < T a) ff(u ﬁdk 2 SJTZ) <1, (24)
Yo 1 gL f@ _a
@ /3 Gob-gar P 0=76 <5
Proof For the B-convex function f : [4, b] — R,, we have the following inequality:
f(max{a, Ab}) < max{f(a), Af(b)} (25)

for all 1 € [0,1]. To obtain inequality (24), we should multiply both sides of (25) by
% and integrate the resulting inequality with respect to A over [0, 1]. Thus, for

the left-hand side of inequality, we get

tg ,Ab

o %ﬂmx{mxb})dl
L g (hb)(rbY
a Wf(kb)dx

b /
mf (O)dt = I'()]-f (@).

For the right-hand side of inequality, we have to consider two cases as follows.
Firstly, it can be 1 < f%. In this case, for the right-hand side, we obtain that

g (max{a, Ab}) 1

[gkb) [g0b) —gl@)]—= max |f(a), Af (b)} d2 = _Jub)eby

¢ lgb) - @ W
L@t ~glar

Hence,
b
Fla. f @ < (L0 gl
(e <L @O 2@ 06)

I'lo +1)

Page 12 of 15
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When we handle the second case 0 < §( < 1, we meet the following two possibilities:

; fla
(i % _f(”) <1,
(ii) 0 < =7 <

For (i), let us calculate the right-hand side of inequality and then show the last case.

1 ¢'(max{a, Ab})
o [g(rb) —g(a)]

f(a)
_ ¥iQ) g,()nb)()»b)/ 1 g/()»b)(kb)’
= /@ mf(d) axr+ ka(b) dr

max {f(a), Af(b)} daxr

f
1 b D) 1 g (Ab)A
o [g(hb) —g(@]™
Thus, we have that
. f@I%gh - gla)” gD

Felof @) < a o “”/ o GO - aT

) f@g %) -e@1*  prp) (b

S OSTrG  T@ J b - gl 7)
For case (ii), we have that

,Ab b)(\b)
f b maX{” All})a x{f(@), Af (b)) di. = —[g M(;\ );ﬂ))]l _Af(b)dA
boghom
of (b
)/ [80) —g@
Thus, we deduce
g (b))

T (@I f (@) < bf (b) / Wd/\,

o _ o &' (Ab))

I 28

=Ty J; e g 29
Consequently, from (26), (27), and (28), we have inequality (24). O

The given results in Theorem 8 and Theorem 9 are the most general Hermite—

Hadamard inequalities for B-convex functions.

Corollary 1 Inequalities (23) and (24) are generalized forms of inequalities (11) and (10),

respectively.

Indeed, observe that for g(x) = x, the fractional integral (5) reduces to the left-sided
Riemann-Liouville fractional integral (1), and the fractional integral (6) reduces to the

right-sided Riemann-Liouville fractional integral (2).
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Additionally, these hypotheses are valid in our results. Namely, if we get g(x) = x in (23),
the inequality returns to (11). Similarly, getting g(x) = x in (24) gives inequality (10).

Corollary 2 Hermite—Hadamard inequality for a B-convex function involving Hadamard
fractional integral is obtained from inequalities (23) and (24).

This can be seen by using the same method in Corollary 1.
We can give the following examples for inequalities (23) and (24) to be more precise.

Example 1 Let us assume that o =2, f: [1,2] — R,, f(x) =#%,and g : [1,2] — R,, g(x) =
x3. Indeed the function f satisfies inequality (7), namely it is a B-convex function. Thus, if
we examine inequality (23) under all these assumptions, then we deduce

P @) - 1 fz 32 12 2127 . 2.22 /1 3(214)%A 498
T re L 22-81 7 40 Ty 2 -@1r T 7
because of 0 < % = i <%= % Additionally, if inequality (24) is analyzed in the present

circumstances, then one has
1 [* 3.4 3081 2-22 1 3(20)% 1209
I;_,xaf(l) = / t= < @y = .
; re)J, [#-1312 0 re .y [(21)3 —13]1-2 14

Furthermore, it can be seen that all inequalities (10), (11), (15), and (19) are valid for the
same function.

For more examples of B-convex functions, see [9].
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