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1 Introduction
Let 2 C R” be abounded domain and {X3, ..., X,,} be a system of smooth real vector fields

in R"(m < n), satisfying Hérmander’s rank condition [1]:
rank(Lie{Xl, oo X)) =

The main purpose of this paper is to consider the obstacle problem for the nonhomoge-

neous nondiagonal quasilinear degenerate elliptic system
X (A;ﬁ (o, u)Xp1) = Bi(x, u, Xu) + Xog? (%, u, Xus), (1.1)

where i,j=1,2,...,N; o, 8 = 1,2,...,m, X}, is the formal adjoint of X,, B; and g{* are both
Carathéodory functions from (x,u,£) € 2 x RN x R™N into R, the coefficients A;ﬁ (2, )
are bounded functions satisfying some assumptions that will be specified later.
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Given an obstacle function ¥ = (y!,...,%¥") and a boundary value function 6 =
6%,...,0N) with 0(x) > ¥ (x) a.e. in £2, we define

R (2,RY) ={veSy(2,RY):v=yae in2,v-0 €Sy, (2,RY)}.

Here we write 6(x) > v (x) to mean 0% (x) > ¥(x) fori=1,...,N.
A function u € Rf’/,((), RYN) is said to be a weak solution to the ﬁ?// -obstacle problem for
(1.1)if

/ A (6, 1) X1/ X' dx > /
2

Bi(x, M,XM)¢i dx + / gf’ (x’ u)Xu)XIX(pi dx
2 2

for all ¢ € C3°(£2, RN) with ¢ (x) + u(x) > ¥ (x) a.e. x € £2.

In the classical Euclidean setting, the interior regularity for solutions of elliptic equations
and systems has been extensively investigated. Campanato in [2] and [3] obtained gradient
estimates for solutions to linear elliptic equations and systems in divergence form with
continuous coefficients. Applying Campanato’s approach (see also [4] and [5]), Huang [6]
proved the gradient estimates in the generalized Morrey spaces L%* of weak solutions to

the linear elliptic systems
-D, (af;ﬁ(x)Dﬁuj) = gix) —divfix), i=1,2,...,N,

where the coefficients a;ﬂ (%) € L*° N VMO. Similar results for the nonlinear elliptic sys-
tems of the form (1.1) with X replaced by the usual gradient D = (Dy,...,D,) were given
by Danécek and Viszus in [7, 8], and [9]. For more related papers, we refer readers to
[10-12]. Using the techniques that appeared in these papers, the local Morrey regularity
and Holder continuity of weak solutions to the obstacle problems associated with elliptic
equations with constant coefficients or continuous coefficients have been obtained in [4,
13, 14], and [15].

The study of interior regularity for degenerate elliptic equations and systems has at-
tracted much attention (see, e.g., [16—19], etc.). Di Fazio and Fanciullo in [16] pointed out
that the local gradient estimates in [6] still hold true for the diagonal degenerate elliptic
systems. The Morrey and Campanato regularities for weak solutions to the nondiagonal
degenerate elliptic systems were established by Dong and Niu [19]. Another method of
the so-called A-harmonic approximation for proving partial optimal Holder regularity for
weak solutions to nonlinear elliptic or subelliptic systems can be found in [20-23] and the
references therein.

Since the degenerate obstacle problem is an important topic in various branches of the
applied sciences, such as mechanical engineering and robotics, mathematical finance, im-
age reconstruction and neurophysiology, a large amount of work has been devoted to the
study of regularity for solutions to the relevant problems (see, for example, [24—29]). Gi-
anazza and Marchi in [28] proved a Wiener criterion and an estimate on the modulus of
continuity for weak solutions to the obstacle problem for a quasilinear degenerate ellip-
tic equation constructed by Hormander vector fields. Marchi in [29] derived the Holder
continuity of the horizontal gradient of weak solutions to the double obstacle problem
for subelliptic equations in the Heisenberg group. Du and Li in [25, 26] proved the global
higher integrability and interior regularity for subelliptic obstacle problems.
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However, as far as we know, there is no result concerning the problem of regularity for
solutions to the obstacle problem related to the nondiagonal degenerate elliptic systems. In
this paper, we try to fill this gap. The aim of this paper is to establish the Holder regularity
results for weak solutions to the ﬁ?p -obstacle problem for (1.1). In order to state our results,
we make the following hypotheses:

(H1) The coefficients Ag’g (%, u) = a®f (x)3; +Bf;ﬂ (x, ), where a®f (x) € L*(£2) NVMO(£2)

satisfying the strong ellipticity condition

a®P(x)e,65 > V|E|?, ae.x€$2,VE eR™ (1.2)

for some v > 0, and Bg’g are measurable and there exists a constant 0 < § < % small
enough such that, for any (x,u) € 2 x RN,

\Bgﬂ(x, u)| <dv;
(H2) Forany (x,u,£) € 2 x RN x R"N,

|Bi(x, u, )| < fi(x) + LIE™,

lgf (o, u, )| <f (%) + LIEV,
where 1 <y <1/q0,qo = Q/(Q+2),0<y <1,L>0is aconstant, and
- [290M90 (), e [2M82), 0<r<Q.
X i X

Here Q is the homogeneous dimension relative to §2 and in the sequel we set f = (f;),
F=0.

Now we state our main results.

Theorem 1.1 Suppose that (H1) and (H2) hold and X € L;’(”\(Q,R”‘N), o>2 Letuce
S)I(YIOC(SZ,]RN ) be a weak solution to the R%—obsmcle problem for system (1.1), then Xu €
L@ RN).

Theorem 1.2 Suppose that (H1) and (H2) hold and Xy € Lg(’k(.Q,R”‘N), o>2.Ifue
S)I(YIOC(Q,]RN) is a weak solution to the ﬁ?p -obstacle problem for (1.1) and 0 < A < 2, then
ueCY'(2,RN) witha =1-%.

We apply the idea in [13] for proving the Holder continuity of weak solutions to the
obstacle problem for elliptic equation with continuous coefficients to the obstacle problem
associated with a nondiagonal degenerate elliptic system with VMO coefficients. Inspired
by the way in [16] and [19], we divide (1.1) into a nondiagonal homogeneous system and a
nondiagonal nonhomogeneous system and then consider respectively the corresponding
obstacle problem to prove our main results.

The paper is organized as follows. In Sect. 2, we present some concepts and results re-
lated to Carnot—Carathéodory spaces that will be used in our proof. In Sect. 3, we first
prove the higher integrability for gradients of weak solutions to the ﬁ?p -obstacle prob-
lem for the homogeneous system (see (3.1) below) by constructing suitable test functions
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and using the Gehring lemma on the metric measure space. Based on this result, a Cam-
panato type estimate for gradients of weak solutions to the R?//—obstacle problem for (3.1)
is obtained. Section 4 is devoted to the proofs of our main results. We prove Theorem 1.1
by applying the Campanato type estimate established in Sect. 3 and an iteration lemma
(Lemma 2.7 below). Theorem 1.2 is a direct consequence of Theorem 1.1 and the integral
characterization of Holder continuous functions.

2 Preliminaries
Let

n
a
Xazzbaka_xk! bakecooraz]-;z;nwm;
k=1

be a family of vector fields in R” satisfying the Hormander’s condition. We consider X, as
a first order differential operator acting on u € Lip(R") defined by

Xou(x) = (Xa(x), Vu(x)), a=12,...,m.

We denote by Xu = (Xju,...,X,,u) the gradient of u with respect to the system X =
{X1,...,X,n}, and hence

|Xu(x)| = (Z|Xau(x)|2) :
a=1

An absolutely continuous curve y : [4,b] — R” is said to be admissible for the family X if

there exist functions c,(t), a < t < b, satisfying

Y o®<1 and V()= cal®Xa(y(®), ae.telab].
a=1 a=1

The Carnot—Carathéodory distance d(x, y) generated by X is defined by
d(x,y) = inf{ T > 0: there is an admissible curve y,y(0) = x, y(T) = y}.

Following the accessibility theorem of Chow [30], the distance d is a metric and therefore
(R",d) is a metric space which is called Carnot—Carathéodory space associated with the
system X. The metric ball is denoted by

Br(xg) = B(xg, R) = {x e R":d(x,x0) < R}.

If o > 0 and B = B(xg, R), we will write o B to indicate B(xg, o R).

Theorem 2.1 ([31, 32]) For every compact set K C 2, there exist constants Cy,Cy > 0 and
0 < A < 1such that

Cilx -yl <d(x,y) < Colx—y|*



Du et al. Journal of Inequalities and Applications (2019) 2019:184 Page 5of 16

for every x,y € K. Moreover, there are R; > 0 and Cy > 1 such that
|B(x,2R)| < C4|B(x,R)| (2.1)
whenever x € K and R < Ry.

Here, |B(x, R)| denotes the Lebesgue measure of B(x, R). The best constant C, in (2.1)
is called the doubling constant. We say that Q = log, C, is the homogeneous dimension

relative to £2. As a consequence of doubling condition (2.1), we have
|Bir|l > Ct?|Bg|, VR <Ryte(0,1), (2.2)
where C = C%.
Now we introduce the Sobolev spaces associated with X = {X3,...,X,,}. Given 1 <p <
00, we define the Sobolev space by

P (2,RY) = {ue 17(2,RN) : Xyu e P (2,RN), 0 = 1,2,....,m]

with the norm

m
Il g1 v,y = Nl oy + D 1 Xattll o -
a=1

Here, X, u is the distributional derivative of u € L1 (£2,RN) defined by the identity

loc
/Xau-q&dx:/u-X;‘d)dx, Vo € C°(2,RY),
2 2

where X} = -3/ | %(ba/@) is the formal adjoint of X, not necessarily a vector field
in general. The space S)l(’ﬁ,(Q,RN ) is defined as the completion of C5°(£2,RN) under the
norm || - ||S)1(,p(Q,RN). In particular, we denote S}gz(Q,RN) and S)l("ZO(Q,RN) by Sk(£2,RN)
and S} (82, RY), respectively.

The following Sobolev inequalities for vector fields can be found in [33] and [32].

Theorem 2.2 Forevery compact set K C 2, there exist constants C > 0 and R > 0 such that,
for any metric ball B = B(xo, R) with xg € K and 0 < R < R, it holds that, for any f € S)l('p(BR),

1 1
( |f—fR|de) "< CR( |Xf|1’dx>p,
Bp Bp

where fr = fBRfdx is the integral average of f on Br,and 1 <k <Q/(Q-p), if 1 <p<Q;
1<k <o00,ifp> Q. Moreover,

1 1
( [f|"”dx) " < CR< X7 dx)p,
Br Br

whenever f € S)l(’%(BR).
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Now we define the Morrey spaces, the Campanato spaces, VMO, and the Holder spaces
with respect to the Carnot—Caratheodory metric [16, 34]. To simplify our description, we

introduce the following notations:
QwR) = 2NBwR,  fu-o [ f0)d
X, = X, ) R = T <
712w R)] 2R i’

and
do = min{diam £2, R;}.

Definition 2.3 For 1 <p < 00 and A < Q, we say that f € L!, (£2,RN) belongs to the Mor-
rey space Lf(’)”(SZ, RN) if

ot b \?
”f”Lf(’)L(Q,]RN) = sup <7 ) lf(y)| dy) < 005
o

x€82,0<p<dp I.Q(x,,o)l £2(x,

f elL” (2,RN)belongs to the Campanato space £ (22, RN) if

loc

1
N 1
p v 5\’
, = B —fenl d Q.
Wl 222 ) P (|Q(x,,o)| /.Q(x,p) SO =1l y) )

x€82,0<p<dy

Definition 2.4 For « € (0,1), the Holder space C%“(Q,RN ) is the collection of functions
f: 2 — RN satisfying

) -0
W llegeqazn = suplfl +sup 5o

We say that f € Cy*(£2,RN) if f € CY* (K, RN) for every compact set K C £2.

Definition 2.5 We say that f € Ll (£2,RY) belongs to BMO($2, RY) if

loc

= sup % / ) — fop| dy < 003
(x,p)

x€82,0<p<dy |‘Q X, :O)|

f belongs to VMO(£2,RY) if f € BMO(£2, RY) and

1
n(f)= sup ——— W) —fupldy—0, r—0.
x€82,0<p<r |Q(xr IO)| 2(x,p) lf ? |

The integral characterization for a Holder continuous function was shown in [34] and
[35].

Lemma 2.6 If —p < A <0, then L7 (2, RN) ~ C%*(£2,RN), a = —%.
We end this section with a generalized iteration lemma, see [6, Proposition 2.1].

Lemma 2.7 Let H be a nonnegative almost increasing function on the interval [0, T] and

F be a positive function on (0, T]. Suppose that

Page 6 of 16
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(1) forany 0< p <R < T, there exist A, B, ¢ and a > 0 such that
H(p) < (A(%) + 8>H(R) + BE(R);

(2) there exists t € (0,a) such that L% is almost increasing in (0, T). Then there exist
F(p) g
positive constants &y and C such that, for any 0 < & < gy,
F(p)

H(p) = C%H(RHCB-F(/J), O<p=R=T,

where gy depends only on A, a and t.

3 Obstacle problem for homogeneous systems
In this section, we deal with the ﬁﬁ,-obstaele problem related to the homogeneous nondi-
agonal quasilinear degenerate elliptic system

X5 (A5 (6, u)Xp1d) = 0, (3.1)

where i,j = 1,2,...,N, o, 8 = 1,2,...,m, coeflicients A;ﬂ(x, u) satisfy (H1). The main re-
sults are the higher integrability and a Campanato type estimate for the gradients of weak

solutions. Let us recall that a function € L, (£2,RY) is called a weak solution to (3.1) if

X,loc
/ AP (6, ) X1/ X' dx = 0
2

for all ¢ € C°(£2,RY); a function u € ﬁ%(Q,RN) is called a weak solution to the ﬁfh—
obstacle problem for (3.1) if

/ A (6, 0) X1/ X' dx > 0 (3.2)
2

for all ¢ € C°(2, RN) with ¢ + u > ¢ a.e. 2.
For the diagonal homogeneous linear degenerate elliptic system with constant coeffi-
cients, we have the following estimates (see [35, Theorem 3.2]).

Lemma 3.1 Let u € Sk

Yloc (625 RN) be a weak solution to the linear system

X (a?Xpu') =0, i=1,2,...,N,

with constant coefficients a®® € R for which (1.2) holds. Then, for any x, € £2, there exist
¢ >0 and 0 < Ry < min{dy, dist(xo, 352)}/2 such that, for any p, R with 0 < p < R < Ry, it
follows

Q
/ |Xu|2dx5c<3) / | Xu|? dx. (3.3)
By (x0) RJ JBrixo)

In order to prove the higher integrability for gradients of weak solutions to the Rf,,—
obstacle problem for (3.1), we need the Gehring lemma on the metric measure space
(Y,d, ), where d is a metric and u is a doubling measure (see [36]).
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Lemma 3.2 Let g € [g,2Q), where q > 1 is fixed. Assume that functions F, G are nonnega-
tiveand G € Ll (Y,u), F € L°

1oc(Y5 1) for some ro > q. If there exists a constant b > 1 such
that, for every ball B C 0B C Y, the following inequality holds:

q
][quufb[<][ Gdu) +f quu],
B oB oB

then there exists a nonnegative constant ey = £9(b,q, Q, Cy4,0) such that G € )44 (Y, 1) for
p € lq,q+ &). Moreover,

(fou) <c[(f,oa) - (f,pa)’]

for some positive constant C = C(b,q,Q, Cy,0).

Theorem 3.3 (Higher integrability) Let u € S)l(,loc(.Q,RN ) be a weak solution to the ﬁzf—

obstacle problem for (3.1) and Xy € L%(2,R"™N) (o > 2). Then there exists p > 2 such that
ue S)l('ffoc(.Q, RN). Furthermore, for any Bx CC 2, we have

(7[ |Xu|pdx>p 5c[<][ |Xu|2arx>7 + ( |X¢|de>1;:|, (3.4)
Bra Br Br

where the constant ¢ > 0 does not depend on R.
Proof For the weak solution u € S)l(yloc(.Q, RY) and Br CC £2, consider the function

¢=-n*(u—v —(u-¥)i)

where 7 is a cutoff function on Bg, i.e., n € C§°(Bg) such that 0 <5 <1, n = 1 in Bgy, and
|Xn| < c/R. Since ug > Y, we have

¢ =0y —u) + *(ur — Y&) = 0° (Y —u) + n*(Yr— Yr) > Y —u

a.e. in £2 and it is an admissible function for (3.2). Taking ¢ = -n*(u - — (u - Y¥)g) in
(3.2), we immediately get

/ a®f (x)(S,janﬁ WX, dx
Br
< —/ BZ.’S(x, u)n* X g1l Xoui' dx
Br
+/ A;ﬁ(x,u)anlgu"Xade
Br
+ 2/ Agﬂ(x, (Y — Yr)' X/ Xyn dx
Br

—2/3 Af}‘-ﬁ(x,u)n(u—uR)iXﬂquD,ndx.
R

Page 8 of 16
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By means of assumption (H1), Young and Sobolev inequalities, we see that

c.|B
v/ 7| Xul*dx < (e +8v) | n*|Xul*dx+ £|2R|
Br Br R g,

|t — ug|? dx

e [ w-vePdsee [ xuPas
R* Jg, Br

21 v,,(2 2 0
5(8+8v)/ n°| Xu|* dx + c.|Bg| | Xu|*1° dx
Br

Br

+Ce |X v |? dx.
Br

Choosing ¢ = v/3 and noting 1 = 1 on Bgyy, it follows

1

490
/ |Xu|2dx§c|BR|< |Xu|2q°dx> +c | |Xy|*dx.
Brrz Br Br

Dividing by |Bg/2| on both sides, we get

1

0
][ |Xu|2dx§c< |Xu|2q0dx> +ct Xy dx.
Briz Bp Br

Now in Lemma 3.2 we set G = | Xu|?%, F = | X1/|?® and q = 1/go. Then
| Xul*® e L}, (22), Vre[l/q0,1/q0 + €0),

and

¥ 40 - ;
(][ |Xu|2q°’dx) 50( |Xu|2dx) +c< |X¢|2q°’dx) )
Bgrra Br Br

If we set p = 2qor, then p € [2,2 + 2go&), and

1 1 1
1 ‘ 1 1
(][ |Xu|pdx>p 5c[< |Xu|2dx> + ( |X¢|de>p}
Bra Br Br

where ¢ does not depend on R. The proof is complete. 0

By virtue of the above result, we can establish a Campanato type estimate for the gradi-
ents of weak solutions to the ﬁfb -obstacle problem for (3.1).

Theorem 3.4 Let u € S}(]IOC(Q,RN ) be a weak solution to the ﬁ%-obstacle problem for
(3.1) and Xy € L?k(Q,R”‘N), o > 2. Then, for any xy € §2, there exist ¢ >0 and 0 < Ry <

min{dy, dist(xo, 0§2)}/2 such that, for any p, R with 0 < p <R < Ry, it follows

2 p\? N ) Bel o
|Xu|*dx <c z +(nr(a®?)) 7 +6 |Xu)? dx + c—= | XV |2 ., (3.5)
Br

7
B, R

where2<p<o.



Du et al. Journal of Inequalities and Applications (2019) 2019:184

Proof Let Bg = B(xo,R) CC £2. In Bgjy we split u as u = U + w, where U € Sy(Bgy2, RY) is
the weak solution to the following boundary value problem for homogeneous system with
constant coefficients:

Xz (@ (%)r28iXg W) =0, in Bgy,

(3.6)
U-uce S}l(’O(BR/z,RN).

Denote (a*#)g/y := (a*?(x))r/2. Therefore, by Lemma 3.1, there exist ¢ > 0 and 0 < Ry <
min{dy, dist(xy, 9§2)}/2 such that, for all 0 < p < R/2,

Q
XU % dx < c<£> / XU dx. (3.7)
B, R Brra
Using (3.6), we know from (3.2) that, for all ¢ € S} ((Bg/2, RY) with ¢ + u > ¢ a.e. B,
/ (aaﬁ)RﬂSi,»Xﬂ WX, dx > / ((z/z""g)R/2 - a*f (x))8;Xp/ X, 9" dx
B2 Brya

- / B3P (6, u)Xp 1/ X' dx. (3.8)
Bgrra

Since U —u € S o(Bg/2, RN), we can choose ¢ = UV ¢ —u € S ((Bg2, R) as a test function
in (3.8), where U/ \/ v is a vector-valued function with components L v ' = max{U’, y}.
Then

/ (@) a8 XpW Xel (= U v ) dx
Bprr2
= / ((daﬂ)R/z -a* (x)) 85X s WXy (u— UV W) dx
Brp2
- / B;?,‘.‘S (0, )Xt/ Xy (u — U v ) dx. (3.9)
Bpra
Noting (u— U Vv ) =w' + (U - U V ), it follows by using the Holder inequality that
/ (@) o 85X pW X W' dlx
Bprr2
< / (@) o 85 XpW Xa (U v — U) dx
Brr2
* / ((“aﬂ)R/z - a*(x))8; Xpu/ X, W' dx
Brp2
* / ((“aﬂ)R/z -a (x))S,jXﬂu/Xa(U -uUv l/f)i dx
Brr2

- /B B;ﬁXﬂquawi dx — / B;jf‘xﬂufxa(u —UVvy)dx
'R/2

Brya
Sv 9 Sv 2
<le+— |Xw|>dx + | ce + — |X(WU-Uuvy)| dx
2 Bry2 2 Bry2
+cs/ |(a°‘ﬂ)R/2—a“ﬂ(x)|2|Xu|2dx+5v/ | Xu|? dx. (3.10)
B Brpa

Page 10 of 16
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Recalling (1.2) and taking € = %, we have

3
/ |Xw|2dx§c/ |X(U—UV1/1)|2dx
Brp2 Brp2

+C/B |(a"‘ﬂ)R/2—a“ﬁ(x)|2|Xu|2dx+8/ | Xu|? dx. (3.11)
R/2

Bgrr2

Since a® (x) € L° N VMO and invoking (3.4) in Theorem 3.3, we conclude that there exists
p > 2 such that

/ | (“aﬁ)R/z - “aﬂ(x)|2|X”|2 dx
Bgrya

p=2 2
2 p p
= |BR/2| (f ‘ (aaﬁ)Rlz - daﬁ (x P2 d, ) ( |XM|P dx)
Br Bprp2
2

< c(nr(a*?)) o Bl <f | Xul? dx>p
Bry2

< c(ne(a?)) 7 2 |Xu|2dx+c|BR|<][ |Xw|pdx> . (3.12)

Br

On the other hand, U/ — U v ¥ € S} o(Bgs2, RY) satisfies
/ (@) g8 Xp (U = UV YV Xy dx
Bgrr2
= —/ (@) g5 Xp(U v VY X9 dx (3.13)
Brra

forall ¢ € S} o(Brs2, RY). Thus choosing ¢ = U — U v ¥ in (3.13) and noting (U V ¥)" = ¢
for x € supp(U — U V )’, we obtain from (1.2) that

v/ ]X(U—va)]zdxg/( ) e Xp (U = UV W)X (U~ UV §) d
Br Bgp2
:—/B( D) XsU NV )Xo (U -UV ) d
=_/ (a* )R/ZX,SWX (U-Uv ) dx
supp(U-LI\ )

58/ |X(L[—L[vw)|2dx+c5/ X | dx.
Bpi2

Bry2

Letting ¢ = 5, we get

3
/ |X(U—L[v¢r)|2dx5c/ Xy |2 dx. (3.14)
Br Bprp2

Inserting (3.12) and (3.14) into (3.11), we have

p-2

/ | Xw|* dx < c[(nk(a"‘ﬂ)) g ] | Xu|? dx + c|Bg| <][ | Xy P dx) . (3.15)
Bgrp2

Br
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Then it follows by using (3.7) and (3.15) that, for any 0 < p < R/2,

| Xu|*dx <2 XU |\?dx +2 | Xw|? dx
By B, B,

Q
< c<£> / |XL[|2dx+2/ 1 Xw|? dx
R Brr2 Brr2
Q
§c<£> / |Xu|2dx+c/ | Xw|? dx
R Brya Brya

p\? e2 ’
o[(2) + Onla)® o] [ puas s aimel(f woras)
R Bp Br

Q L 3
fc[(£> +(nze(a“ﬂ))"7+5] |Xu|2dx+c—| R'||X¢||§M. (3.16)
Br

R
It is obvious that the above inequality is valid for R/2 < p < R. Thus, for all 0 < p <R, we

have

|Brl

Q -2
p ap\\ 5
|Xu|2dx§c|:(ﬁ) + (nr(a*?)) ? +8] . Xul* dx + e 1XV 0

By

4 Proofs of the main results

In this section, we prove Theorem 1.1 and Theorem 1.2.

Proof of Theorem 1.1 For fixed xy € §2, let Bg = B(x, R) CC £2. Assume that the function
u is a weak solution to the ﬁ?/, -obstacle problem for (1.1), i.e., for any ¢ € C3°(£2, RN) with
¢+u>1ae. 2,

/AZﬂ(x,u)Xﬁquadez/
2

Bi(x, u, Xu)¢' dx + / g (%, u, Xu) X, @' dx. (4.1)
o) o)

Let Uy € &), (Bg,RY) be a weak solution to the Ry -obstacle problem for (3.1), i.e.,
/B AP (6, u)Xp UL X0 @' dx > 0 (4.2)
R

for any ¢ € C5°(Bg, RN) with ¢ + Uy > V a.e. Bg.

Since Uy —u € S}(,O(BR, RN), we can take ¢ = Uy — u := —w; in (4.1) and hence

/B AP (0, 1) X (U + woY Xy W) dix
R

< / Bi(x, u,Xu)wf) dx + g7 (o, u, Xu) X, wg dx. (4.3)
Bp Br

Noting that wy + Uy = u > i a.e. Bg, we obtain from (4.2) that

- /B AZ’S (x, u)Xp L[éXawf) dx <0. (4.4)
R
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Using (H1)—(H2), Holder and Sobolev inequalities, (4.3) becomes

v | Xwo|? dx
Br

< / a*? (x)6L7Xﬁ%Xawg dx
Br
< —/ B‘;;ﬂ(x, W)X g W) Xo Wi dax
Bp
+/ Bi(x, u,Xu)wf) dx +/ g (x, u,Xu)Xawf) dx
Br Br

<vs |Xw0|2dx+/ ([f|+L|Xu|V°)|wf)’dx+/ ([};|+L|Xu|”)|Xawf)}dx
Bp Br

Br

1
2490

1
* 2*
<8 |Xw0|2dx+c< lwol? dx) (/ (|f|+|Xu|y°)2q°dx)
Br Br Br

+c< 5 |Xw0|2dx>;</BR([f| + |Xu|”)2dx>%

< (g +vd) | Xwo? dax
Br

+ c5|:</BR([f| + |Xu|3’°)2q0 dx)qo + /BR([/;| + |Xu|”)2dx], (4.5)

where 2* = 5—?2 Choosing ¢ > 0 such that ¢ + v§ < v, we have

1
| Xwo|* dx < c(/ ([fl + |Xu|1’°)2q0 dx) ° + c/ ([fl + |Xu|y)2dx. (4.6)
Br Br Br

On the other hand, since 1 <y < qlo and 0 < y < 1, the Holder inequality implies that

1
a0 1-yoq Yo
( / |Xu|27/°q°dx> * < Bl 530( / |Xu|2dx> (4.7)
Br Br

and

Y
| Xu|? dx < |BR|1‘V< |Xu|2dx) <e | |Xul*dx+c|Bg|. (4.8)
Bp

Br Br

Putting (4.7) and (4.8) into (4.6), it follows

1
Xwol2dx < c(w(R) + ¢ |Xu|2dx+c< [f|2‘f°dx)q0

Br Br Br
+c [ [fPdx+c.|Bel, (4.9)
Br

1—

Y0490
where w(R) = |Bg| % (fBR | Xu)? dx)roL.
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Consequently, we have by using (3.5) and (4.9) that, forany 0 < p <R,

/ | Xu|? dx
By

| XUy| dx+2/ | Xwo|? dx
By

- Q =2
<c (%) + (ne(a*?)) 7 +5] | XU dx+cM||X1//||W+c/ | Xwo|? dx
L Bp By

Q -2
,0) +(nR(a°"3))pT +8:|/ | Xu| dx+cM||X¢IIU,A+c/ | Xwo |* dx
Bg B

—_
=

Q
B) +(77R(a“ﬁ))7 +5+a)(R)+e:|/ | Xu|? dx
R e
1
2 0 |Br|
+c F12°dx ) +c | If)? dx+cF|BR|+c ||X¢||W
B

Q 2
50[(%) +(77R(a“’3))7 +8+a)(R)+8:| | Xu|? dx

2
|BR| < oIBel

R}»

| R| | R|
|lf||qu0Aqo |lf||LzA ”XI/f”l}ik

Q

0 |Br| z

sc[(ﬁ) +z9} Xul dox + e == [If I faag g + W W2+ IXY 5 +1] - (410)
Br

-2
where ¥ = (np(a*? ))177 + 8 + w(R) + €. By the absolute continuity of Lebesgue integral, we
see that w(R) — 0as R — 0. Making use of the VMO hypothesis on the coefficients a®* (x),

we know that there exists 0 < Ry < dy such that ¥ is small enough forany 0 < R < Ry. Taking

B,
F(,o)—% and Q-i<1<Q,
0

we claim that ) is almost increasing and it follows from (2.2) that

t T T tr+AB
(tp) /’0 _ p'gcﬁ-t”*‘chj, vt e (0,1).
F(tp)/ F(p)  |Byl

Thus we obtain by Lemma 2.7 that, for any 0 < p <R,

IB | 7
; |\ Xul® dx < |BR| IXMI dx + |f I3 2g 000 + 1720 + IXW N Fp0 + 1|, (4.11)
P

which implies Xu € L% (£2,R"N). The proof is finished. g

X loc

From Theorem 1.1 and Lemma 2.6, we can prove the Holder continuity for the weak

solutions.
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Proof of Theorem 1.2 Letu € S}(JOC(.Q, RN) be a weak solution to the ﬁf}f -obstacle problem
for (1.1) and 0 < A < 2. For any B, C Bg CC $2, it follows by Theorem 2.2 and (4.11) that

/|u—up|2dx§cp2/ | Xu|* dx
By B,

|Bp| RA 2 2 2 2
< i X0 W s + s + 10 1+ 1,
which implies u € Efgﬁ;f(ﬁ, RN). Noting 0 < A < 2, Theorem 1.2 follows immediately from
Lemma 2.6. g
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