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1 Introduction

The Cohen—Grossberg neural network model, proposed by Cohen and Grossberg in 1983
[1], has been attracting much attention because of its wide application in various engi-
neering fields and because of it being highly inclusive of other neural networks such as
Hopfield neural network, cellular neural network, recurrent neural network, and so on.
Hence many scholars devoted themselves to the research of this aspect (see [2—18]). In
some practical applications and hardware implementations of artificial neural networks,
time delays are inevitable due to the finite switching speed of the amplifiers and the in-
terneurons conduction distances, and they are even time-varying and unbounded in some
cases such as the memory activation function of the human brain neural network model.
Therefore, it is more suitable to introduce unbounded time-varying delays to the neural
network, especially to Cohen—Grossberg models, and some results have been reported
recently, for example, [19-28].

In the applications of pattern recognition, the addressable memories of patterns are
stored as stable equilibrium points. Thus it is necessary that there exist multiple stable
equilibrium points for neural networks. The coexistence of multiple equilibrium points
and their local stability, which is usually referred to as the multistability of neural net-
work models, has been reported in depth in the last years (see [29-43] and the references
therein). Wang et al. in [35] studied a class of neural networks with r-level piecewise lin-
ear nondecreasing activation functions and showed that the #-neuron dynamical system
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had exact (2r + 1)" equilibrium points, of which (r + 1)” were locally exponentially stable
and the others were unstable. By using the partition space method, [41] proved that neu-
ral networks with unbounded time-varying delays could exhibit at least 3" equilibrium
points, 2" of them are locally p-stable and others are unstable. In [43], based on the geo-
metrical configuration of activation functions and mathematic tools, some novel algebraic
criteria were proposed to guarantee the coexistence of 25" equilibrium points, in which 9”
equilibrium points are locally u-stable, for the memristor-based complex-valued neural
networks with non-monotonic piecewise nonlinear activation functions and unbounded
time-varying delays. From the references mentioned above, we find that the multistability
of Cohen—Grossberg neural networks with unbounded time-varying delays is a challeng-
ing problem.

Motivated by the challenging problem, we investigate the multistability of a Cohen—
Grossberg neural network with unbounded time-varying delay and nondecreasing acti-
vation functions in this paper and prove that the considered model has 3" equilibrium
points, and 2” of them are locally -stable, the remaining ones are unstable. Compared
with the literature [41], the results are more general. The rest of this paper is organized
as follows. In Sect. 2, the Cohen—Grossberg model and some preliminaries are given. The
main results are presented and proved in Sect. 3. The corollaries and comparison with
the results of existing literature are presented in Sect. 4. A numerical example with its
simulation is showed in Sect. 5 to illustrate the effectiveness the proposed results. Finally,

conclusions are drawn in Sect. 6.

2 Preliminaries
In this paper, the following Cohen—Grossberg neural network is considered.

dx;
’;E) ai(%:(0)) [ (x(8)) ch,g, %(t)) de x; t—r(t)))+ll:|, £>0, (1)

j=1

where i = 1,2,...,n, x;,(f) denotes the state variable associated with the ith neuron at time
t; a;(x;(t)) represents an amplification function at time ¢; b;(x;(¢)) is an appropriate inhi-
bition behavior function at time ¢ such that the solutions of model (1) remain bounded;
gi(x;(2)) and fi(x;(¢£ — t())) denote the activation functions of the jth neuron unit at time
t without and with time delays, respectively, and C = (¢;j)ux» and D = (dj),xn are the cor-
responding connection weights matrices; t(¢) corresponds to the transmission delay and
satisfies t(¢t) > 0; ; is the constant external input of the network on the ith neuron.

The initial conditions of model (1) are assumed to be x;(s) = ;i(s), s <0,i=1,2,...,n,
where ¢;(s) is a real-valued continuous function bounded on (-o00, 0], except that finite
points existing at the left and right limits are continuous to the right. Throughout this
paper, we make the following assumptions.

(H1) Foreachi€1,2,...,n, the amplification function a;(x) is nonnegative continuous

and satisfies

O<a,<a;(u)<a;<oco, uekRi=12,...,n

And let two n-dimensional positive diagonal matrices A= diag{a;,as,...,a,} and
A = diag{a,, a,,...,a,}).
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(H2) b;(u) is an odd function and monotone increasing, and there exists an

n-dimensional positive diagonal matrix B = diag{b;, by, ..., b,} such that

bi(u) — bi(v)

u-—-v

>b;, u,veRu#v,i=12,...,n

(H3) g(:) and f(-) are nondecreasing sigmoid continuous nonlinear function or
nondecreasing piecewise continuous linear function, and there exist constants
pj = qj mj <M;, m; < Mj, m/ <M, so that

m; = lim gj(x), M= lim gi(x),

] x>_o0 /] x>+oc

Wl]/'/ :kaoof( M;/ :xEIPoof(

Ofgfswf 5/, ogéjff(u)_ﬁ(v)géj, Yu,v € (-00,p)),
u—-v u—-v

) v

0<o SM " 0<8/'< f(u) A ) 8", VYu,velphql
u—v u—v

0<o! <M§5]’ 0<§ < f(u) f(v) 1.’, Yu,v € (pj, +00),
u-v u-v

where m; = m1n{ m "}, M = mln{M’,M }, 0= max{o o o] "1,
8, = max{(?j, 8;", 8}},] =1,2,...,n,and define two n—dlmensmnal positive diagonal
matrices ¢ = diag{61,69,...,5,} and A' = diag{8,,8,,...,8,}. The superscripts “’,
“m’, “r” denote “left’, “middle’; and “right’, respectively.

Itis not hard to ﬁnd such activation functions as the sigmoid continuous nonlinear func-
tion f(x) = tanh(x) = ex+e

are different functions, but the properties of the functions can be discussed by common

1)-|x+1 .
£=2=, piecewise continuous linear function g(x) = w, which

interval separation points. Based on the geometric structure of the activation function, we

can define the interval of a one-dimensional real number space as follows:
(—OO, +OO) = (_Oorpi) U [Pir qt] U (%‘» +OO), i=12,...,n,

then the n-dimensional real number space R” can be divided into 3” non-intersection

subregions. For convenience, let @ denote the set of these subregions, and so

® = { [ [wi | wi = (~o0,pi), [pisqi] or (qi’+00)}-

i=1

For each []1, w; € @, we define the following index subsets with respect to different in-
terval as Ny = {i | w; = (~oo,p;),i=1,2,...,n}, No ={i | w; = [p1,q;],i = 1,2,...,n}, N3 = {i |
w; =(q;,+00),i=1,2,...,n}.

Furthermore, @ can be separated into two parts: @1 = {[[_, w; | w; = (—00, p;) or (¢;,
+00)}, @3 = @ — &y. Obviously, @; is composed of 2" subregions and @, contains 3" — 2"

subregions.
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To facilitate showing the existence of equilibrium points of model (1), we define new

sets

2= [l—[Vi | vi = [=Ei, pil, [pi» qi] or [q;, Ei] ],
-1

= {]_[w | vi = [=Ei, pi] or [q;, Ei] },
i-1

where E; = 2b; I[Z 1 (cijl + Idyj]) max{mj, M;} + |I;] + max{|b;(p)l, |bi(qil}], i = 1,2,.
For each [, v; € £2, we can similarly define its index subsets: N = {i | v; = [—E,,pl],z =
1,2,...,n}, Ny ={i|vi=[prql,i=1,2,...,n}, Ny={i|vi= g, E;],i=1,2,...,n}.

3 Main results

Because an equilibrium point of system (1) is a constant satisfying the equation b;(x;(¢)) —
27:1 ciigi(x;(t)) — 27:1 dyfi(x;(t)) + I; = 0, it is obvious that of model (1) has the same equi-
librium point with the following system:

dﬁzit) (xl(t |: xl t) chgj x] Zduf x] + Il:|, t > 0’ (2)

fori=1,2,...,n. Therefore, we can investigate the existence of multiple equilibrium points
of model (2) instead of (1).

Theorem 1 Forany [|/, w; € @, if

=bi(pi) + cigi(pi) + difi(pi) + Z/n;ll max{(c; + dij)my, (c; + dy)M;} —1; < 0,

ie Nt UN,, ] 3)
—bi(q:) + cugi(qi) + diifi(q:) + Z/n;ll min{(c; + dy)m;, (c;; + dij)M;} - I; > 0,

i€ Ny UNs3, :

where NN N; = ¢, i #j,i,j=1,2,3, Nt UN, UN3 = {1,2,...,n}, then there is at least one

equilibrium point of model (1) in [, w;.

Proof Let (x1,%3,...,%,) be a point of I—[?=1 v; € 2. Then, for the ith component x;, fixing
other components x1,...,%;_1,%i:1,...,%,, we can define a function as follows:

Fi(u) = =bi(u) + cugi(u) + digfi(u) + Zc,,g, (x) + Zd (%) -1,

j=1
J#i J#z
where i = 1,2,...,n. Then, by (3), we can deduce the following:
(1) The function F;(u) is continuous in the interval [-E;, p;], and F;(-E;) > 0, F;(p;) < 0.
Then by the zero point theorem, there exists at least a point x; € (—E;, p;) such that
F;(x;) = 0. On account of a;(x;) > 0, by (H1), &; is the equilibrium point of system (2)
for the state component x;(£) of the ith neuron in the interval (-E;, p;).
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(2) If u € [pi,q;], then we have F;(p;) >0, Fi(q;) < 0. In view of a;(x;) > 0, there exists at
least a point x; € (p;,q;), which is the equilibrium point of system (2) for the state
component x;(t) of the ith neuron in the interval (p;, g;).

(3) There exists at least a point %; € (g;, E;), which is the equilibrium point of system (2)
for the state component x;(¢) of the ith neuron in the interval (g;, E;) because of
Fi(q:) >0, F;(E;) <0, and a;(x;) > 0.

Above all, the function F;() has at least one zero point in any subinterval. It follows that

there is at least one equilibrium point of system (2) in [, v; € £2.

In addition, we can define a mapping ¢ : [, vi — []~, v; for any given x = (x1,%2,...,
%) € [, vi such that o (x1,%2,...,%,) = (X1,%2,...,%,), where ; is a solution of equation
Fi(u)=0,j=1,2,...,n. Since f;(:),g(-),j = 1,2,..., n, are continuous by assumption (H3),
the mapping g is also continuous, then by Brouwer’s fixed point theorem, there exists
at least one fixed equilibrium point, denoted as x* = (x},%3,...,%},), such that p(x*) = x*.
Furthermore, components of the equilibrium point x* satisfy —E; < 7 < p; for i € Nj,
pi <x; < q; for i € N}, q; < x} < E; for i € Nj. It means that all the equilibrium points in
[T, vi are located in its interior. In view of the arbitrariness of the region []", v; and the
sameness of the equilibrium points between model (1) and model (2), model (1) has at
least 3" equilibrium points in £2. From the definition of set @ and £2, we know that the
corresponding region of [, v; is [ [, w; and satisfies []_; v; €[], w;. Hence it is easy
to see that x* is also an equilibrium of model (1) in []._; w;, and so there is at least one

equilibrium point of model (1) in [T, w;. d

For each equilibrium point x* = (x},...,%]) of H;’zl w; € @1, we define its p-stability in
[T~ wi (local p-stability in @), and prove the ji-stability of all equilibrium points in @,
in the following Definition 1 and Theorem 2, respectively.

Definition 1 Let (x(¢),x2(¢),...,%,(£)) be an arbitrary solution of model (1) located in
[T%, w: € @, with the initial state x;(s) = @;(s), s € (-00,0], i = 1,2,...,n, and u(¢) be a
nondecreasing function with wu(t) — +0o (£ = +00). Then x* is said to be p-stable in

]_[?=1 w; (locally pu-stable in @;) if there is a positive constant M such that

M
i) — x| < —.

wu(t)

Theorem 2 For any [ |-, w; € P4, given that

_bi(pi) + Ciigi(pi) + Z]n:l max{c,-jm,-, Cl'/‘Mj} + Z;Izl max{d,jmj, dl']‘Mj} - Il' < 0,
J#i
i€ Nl,
n o P (4)
—bi(qi) + cagi(q;) + D _j-, min{cm;, c; M} + 21':1 min{dym;,d;M;} - I; > 0,
Jj#i
ie Ng,
and the nondecreasing function u(t) > 0 with
u(t t
lim w(t) = +o0, 0 < sup w <a, sup L <1+8, (5)

t—+00 =1+ 1(t) =1+ (it — (1))
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where a, B, T* are nonnegative constants, Ny N N3 = ¢, Ny UN3 = {1,2,...,n}. Then the
equilibrium point x* = (x3,...,%5) is u-stable in [ |-, wi (locally ju-stable in &) if there are
positive constants £1,$, ..., &y such that

- _l - -
(-aBi+ )G+ Y Gais)lcgl + Y Gaio] el

JeN1 JEN3
+(1+ ﬂ)(Z Gad|dy) + Y Gad] |d,,|) <0, ©6)
JEN1 JEN3

wherei=1,2,...,n.

Proof From the comparison of (3) and (4), we know that there is at least one equilibrium
point in [ ], w; for model (1). The following proof will show that the equilibrium point is
unique and p-stable in [, w; € ®;.

Let x(¢) = (x1(2), %2(2), ..., %,(¢)) be an arbitrary solution of model (1) in [ ], v; € §2; with
the initial condition x;(s) = ¢;(s), s € (—00,0]. We claim that x(¢) would remain in [ v;
forall £ > 0.

For x;(¢), suppose that i € N7. Then i € N; on account of [-E;, p;] C (o0, p;]. Further, by

(4), one has ¢ > 0 small enough such that

—bi(pi - 8) + Ciz’gi(Pi - 8) + Zmax{cijm,,clej} + Zmax{dljmj,dlej} —I,' <0. (7)
j=1 Jj=1
i

And for ¢ above, we can find some £* > 0 such that p; — ¢ < x;(t*) < p;. It follows that

d; ()
dt

t=t*

-l | () - S - Lol <) 1

J=1

< ﬂi(xi(t*)) |:—bi(pi —¢)

n n

+cigilpi—€) + Z max{c;mj, c;jM;} + Zmax{d,jm,», dyiM;} - Ii:|
-1 j=1
i

< 0. (8)

On the other hand, we also can find some t* > 0 such that x;(t*) = —E;. By (H1), we get
that

d;(2)
dt

> a,(-E;) |:bi(Ei) + cigi(~E) + Y _ min{c;my, c;M;)
j=1
i

t=t*

+ :E:: nlin{tiﬁrry,ciﬁz\d}} —-1}]

1
> 0. )

Page 6 of 14
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Similarly, for x;(¢), i € Nj, there exists £ > 0 small enough such that

n n
—bi(q; + &)+ cigi(q; + €) + Z min{c;myj, c;;M;} + Z min{dym;, dyM;} —I; > 0.
1 j=1
Jj#

And for ¢ above, we can discover some t* > 0 such that g; < x;(¢t*) < g; + €. It follows that

docy(¢ S
9:15‘ ) > ai(x:(t")) |:—bi(qi +&) +ciigi(gi + &) + Z min{c;mj, c;M;}
t=t* j=
T
+ Z min{d,','mj, d,’ij} — [,:| > 0. (10)
j=1

We also can find some t* > 0 so that x;(t*) = E; and obtain the following inequality:

dx;(2)
dt

t=t*

< a,(E;) |:_bi(Ei) + Cigi(=Eq) + Z max{c;mj, c;;M;}
j=1
5

+ Z max{dijmj, dl]M]} - Il:|

j=1

< 0. (11)

From (8)—(11), we see that x;(¢) would not escape from [-E;, p;] when i € N}, and x;(t)
would remain in [g;, E;] when i € Nj. Let i go through 1,2,...,n, we get x(¢) is located in
£2:. In view of £2; C @y, it implies that ]_[?’:1 w; € @1 is an invariant set of model (1) with
the initial condition x;(s) = ¢;(s), s € (=00, 0].

Denote u;(t) = x,(t) —x7,i=1,2,...,n, then we have

du; ()

- —a;(x:(0)) |:(bi(xi(t)) - bi(x))

Y g 0) g () - 3 (e - @) —ﬁ»(x;))}. (12)

j=1 j=1

Let U;(t) = u(t)u;(t) and U(t) = supsst(maxizl,zwn(;“[1|L[Lr(s)|)), t > T > T*. Then, for
any t*, t* > T > T*, we have max;_1,,__,(¢;7!|Ui(t*)|) < U(¢*), which implies that U(¢) is
bounded.

Let ip = ip+(¢*) when max;1,,(¢7HUi(t¥)]) = U(t*) holds. Differentiating |U,. (2)] at
time t*, we can deduce that

d|U;,. ()|
dt

= sign(U;, (£°)) (£ s, (£7) + sign (U, (£°)) ()

t=t*

. {_“it* (%i (£9)) |:(bz’,* (wi,e (£°)) = bis (x:t*))

Page 7 of 14
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ZCW &%) - (%))
—Z%mww4wm¢wﬂ} a3
j=1
By hypothesis (H2), there exists a positive constant §;, so that

bi(x;) — bi(y:) = Bilxi — 1), (14)

where 8; > b;,i = 1,2,...,n. Substituting (5), (6), (14) into (13) and applying (H1) and (H3),

we can obtain the following inequality.

d|ui[* (t)|
de

- sign(Uy. ()¢ (1) + sign (UL () (£)

t=t*

.L%mmﬁ%mmw%%»
ch g((£)) - g(x))
—é%WM@‘WWFﬂW@}

5 (_% B + (t*)> (U ()| + 3 ey 16]] ()|

jeN1
+ Zéit* lcipe 157 | U (27) |
JEN3
+ Z lt* T(t*)) | it*jlgj|l1/(t* - T(t*))|
jeNT
_ p(E*) <
+ Zﬂi e ldi */|8."L1j(t* - t(t*))‘
2 e @)
S {( _lt* ﬁlt* Et*;)glt* + Zalt* |Clt*]|o- ;‘} + Zalt* |Clt*]|o. {]
jeN1 JEN3
+ 2O (Dl e + Y59 | ue)
ue— () \ & &
< 0. (15)

From (15), we can see that there exists a positive constant §; such that U(¢) = U(t*) for
t € (t*,t* + 81). Because of the arbitrariness of ¢*, we can get that U(¢) = U(T) for all £ >
T > T*, which implies £ (£)(x;(£) — &7)| < max;-1,.,,(&7HUi()]) < U(2). Therefore, by
Definition 1, the equilibrium x* is p-stable in ]_[:'=1 w; € &q. O

Next, we show that there exists an unstable equilibrium point in @;.
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Theorem 3 For any [|;_, w; € ®, given that (3) holds. If there are positive constants
&1,...,&, such that

; m* =1 ~m =r
{2]{2{(_/31 + Cii0; )gl - ZEACU'O} - Z Sjlcijlo} - Zéj|cij|0}'

jENT JEN JEN3

= D Eldyls - Y Eldylsr - é,|dl;|5;} > max{3, 0}, (16)

JjeNT JjEN> jeN3

where

A
= max + C O' + C al” + C o/
ieN7UN; {( Bi§i § €/| z/| E §}| z]| E E}| z}|

jeN1 JEN2 JEN3
+ > gldglsl+ > gldyls) + Zsi|dl,|5;}, (17)
JEN1 JEN> JEN3

then the equilibrium point x* of model (1) in [, w; € @, is unstable.

Proof Let x(t) = (x1(2), x2(¢), ..., %,(¢t)) be an arbitrary solution of model (1) with the ini-
tial condition x(s) = ¢(s) € P,, s € (—00,0], and let u;(¢) = x;(t) —x,i=1,2,...,n, t > 0,
where x* = (x},...,x) is one equilibrium point of model (1) in []~, w; € ®,. With-
out loss of generality, suppose that x(¢) remains in []/; w; € ®,. And we define H(¢) =
SUP,_ (<5< MaXiz12..n &7 1i(s)[}, £ = 0. If maxen, &' u;(£)| = H(t) holds, denote a se-
quence item i, of N, such that &; 1|ult( )| = max;en, & !|u;(t)|, and differentiate |u;, (£)| at
time ¢, then we can deduce

dlu;, (£)]
dt

= sign(x;, () - x;) . {—ait (%:,(®)) |:(bt, (%, (1)) - by, (x;))

1

n

S o) - decf olt-y(0) )>”

j=1

On account of hypothesis (H3), thatis, 0 < ¢ < M <o/, VYu,v € [pi,qi], we can
find a positive constant ai’”* such that
\u)— g;\v *
G =) _ 1)

u-v !

Therefore by (14), (18), hypothesis (H1) and (H3), Eq. (17) can be further converted to

dlu;, (¢)]
dt

= {diz (%, (@) |:— sign(u;, (2)) - By, - i, (¢) + sign(u;, (0)) - cii, (Gim* i, (£))
(1)

+sign(u;, (1)) - D i (g (D) + %) — g (7))
i

+ sign(u;, (£)) - Xn:ditj(ﬁ(uj(t - 7(0)) + %) —f](x]*)):| }

j=1
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> {ﬂz’z (xit(t)) |:( Bi, + €1, 0 |ult(t)| - Z |C1z1|aliu1(t)|

jeN1
=D leils |w(B)] = Y leiglo] @] = D 115 it - 750)) |
jeNy jeN3 JEN1
Jj#it
= D 18 | (£ = @) | = D 1165 | (¢ - Ti/(t))q }
JEN2 JEN3
za,,(xi[(t)){( Bi, + ciiyol" &t—[ZS,Icmlo + > & ldig5) }
jENY JEN2
J#it
[Zs,mﬁw + D Eleiglo] + Y gldils!+ Y &ldil8] ]}H(t
JEN1 jEN3 JEN1 JEN3
> a;, (x;,(£)) max{x, 0}H(¢). (19)

Inequality (19) implies that there exists a number » > 0 such that |u;,(s)| > |u;,(?)], s € (¢,
t+r).
Besides, suppose that there exists some time point ¢’ such that

L

sup { max & 1|u |}: sup {max’g‘ 1’u
V—t(t')<s<t/ ieN1UN3 {—t(t)<s<t/ ieNy

sup /{ max &, | (s)!}— max & ‘u()

{—t(t')< ieN1UN3 ieN1UN3

and denote a sequence item i’ € N; U N3 such that éljllui/(t/)l maxien,uns & Hui ()]
Hence we can get

dluy (9)]
dt

- {ai/ (2 (¢)) [_ sign(uy (1)) - B - ui (¢)
+ sign (us Zc,, g(w(t) + ) - g(«))
+ sign (uy Zd,,(f it - 0,(0)) + %)) —fi(x ))“
< far () [ el () + X a1l ) |+ 3l )

JjENT JEN2

+ 2 lewj|a] [ (€) | + 31415 i (¢ 75 (¢'))|
jEN3 JEN1

3 1digl8 i (¢ = o ()| + D 1edisl8 (¢ — (¢ ))IH
j€Ny JEN3

< {ﬂz” (xl” (t/))l:(—ﬁi/é-'i/ + Z $j|Ci/j|6jm + Z %-]|dz’]|(§]m + Z Sj'ci/jl(}jl
jeN JEN2 JjeN

3 glenlal + > gldilsl+ Zéjldwlgf] }H 3

jEN3 JEN1 JeN3

<ay(x:(¢))AH(). (20)
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In the meantime, we can obtain the derivative of |u;, (£)| at time ¢’ by (19) when i € N,

dluz, ()]

& >ay, (v, (¢')) max{x, 0}H(¢'), (21)

t=t'

where 5,7; luy, ()] = maxyen, & us ()]

Given the above, we can conclude that

H(t)= sup {maxéi’l|ui(s)}} Z_ sup {maxéi_1|ui(s)’}

t-t(t)<s<t Li€EN2 (t)<s<0 L i€N2

holds for all £ > 0, and there exists an increasing time sequence {#;}7°, with lim;_, . £; =

-1
i

+o0o such that sup, )<<, {maxien, E7Mui(s)|} = maxien, &7 |ui(#)|. Correspondingly,

there exists an increasing time subsequence {#;,}72; with lim;_, f;, = +00 such that

k
Si;l |ui”(tlk)| = Suptlk—f(flk)ﬁsftlk {maxieNz S;l |ui(s) |} = Sup—r(t)isso{maxieNz S;l |MZ(S)|} > 0,
k=1,2,.... Thus u;(t) would not converge to 0 when ¢ — +00 means that the equilibrium

point x* is unstable in [, w; € ®,. O

4 Corollaries and comparison

According to the above theorems, we have the following two corollaries.

Corollary 1 If conditions (3)—(6) and (16) hold, then model (1) has at least 3" equilibrium
pointsin R", 2" of which are locally p-stable in @1, the remaining 3" —2" points are unstable

in @2.
Corollary 2 When a;(x;(t)) = 1, model (1) becomes the Hopfield neural network model

d ; n n
zit) = —b;(xi(1)) + chjgj(xj(t)) + quﬁ(xj(t -t(t))) -1, t=0. (22)
j=1

j=1

On the basis of conditions (3)—(6) and (16), model (22) has at least 3" equilibrium points
in R", 2" of which are locally p-stable in @1, the remaining 3" — 2" points are unstable

equilibrium points in @,.

Remark 1 The present paper investigates the multistability of a Cohen—Grossberg neu-
ral network with unbounded time-varying delay and nondecreasing activation functions.

Compared with [41], the obtained results are more general.

Remark 2 The net self-inhibition function b;(x;(¢)) in this paper is an odd function and
monotonically increasing, which includes the case of [41]. Thus model (22) is more general
than [41].

Remark 3 The activation functions of [41] are identical whether with or without time
delay, but the activation functions in this paper are different. Therefore the conclusion of

this paper is closer to the practical application.
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Q0

Figure 1 The state trajectories and phase plots of the neural network model (1). The above three graphs are
the state trajectories and phrase plots, where the third graph is a 3D phase plot of the state variable (t,x2,x7)

5 Simulation example
Example We consider the following two-dimensional Cohen—Grossberg neural network
model:

doxi( )

T (x,(t |: x;( t) ch,g, x(t Zduf x}t—t,, ))+1(t):| t>0,

where i = 1,2, a(x) = 1 + 0.2sin(x), b1 (x1(£)) = x1(£), b2 (x2(2)) = —1.2x2(2),

tanh(0.2x) — tanh(1) + tanh(0.2), x< -1,
g(x) = { tanh(x), -1<x<1, fx) =
tanh(0.2x) + tanh(1) — tanh(0.2), x> 1,

35 0.2 04 0.2 -0.3
C=(cy) = , D=(dy) = ) I= )
04 4.8 02 0.5 -0.6

7;(t) = T(£) = 0.2¢.

|+ 1] —|x—1|
2

’

After a simple calculation, we know that the above hypothesis satisfies the conditions
of Theorems 1-3. Therefore there are at least nine equilibrium points in model (1) from
Corollary 1, 4 of which are u-stable equilibrium points and others are unstable points.
The solution of model (1) is traced with 150 initial conditions, the simulation results are
showed in the above three graphs of Fig. 1.

6 Conclusion

Stability of multiple unstable Cohen—Grossberg neural networks with unbounded time-
varying delays is discussed analytically in this paper. Based on the geometric structure of
two different activation functions and some rigorous mathematical analysis, the present
paper proved that there exist multiple equilibrium points in the model, some of which are
unstable, others are p-stable. One numerical example and its simulation show the effec-
tiveness of the conclusion. Here, we also need point out the following. On the one hand,
the impulsive control is rarely used to deal with cases of unbounded time-varying de-
lays, especially for multiple unstable Cohen—Grossberg neural networks with unbounded
time-varying delays. Therefore, the stability under impulsive control of multiple unstable
Cohen—Grossberg neural networks with unbounded time-varying delays is still a chal-

lenging problem. On the other hand, we use something like positivity-based method to
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study the stability of Cohen—Grossberg neural networks in this article. The positivity-
based method is a valid approach for difference and delay differential systems (see [24-28,
44-48]). Therefore, the research on stability with positivity-based approach is an interest-
ing and meaningful topic, and we will also consider the stability of other neural networks
by employing the positivity-based approach in the near future.
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