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1 Introduction
Random variables Xj,X>,..., X, are said to be negatively dependent (ND), if for any
X1,%2, ..., %, ER,

P(X; <x1, Xy <%x9,...,X, <x,) <| | P(X; <x3),
i=1

and

n
P(X, > 21, Xy > %3, ., Xy > ) < [ [ PXXG > ).
i=1

The definition was introduced by Bozorgnia [3]. Further discussion and related concepts
can be found in [2, 10]. ND random variables are very useful in reliability theory and ap-
plications. Because of the wide applications, the notion of ND random variables has been
receiving more and more attention recently. A series of useful results have been estab-
lished (see [13—16]). Hence, we consider density estimation for ND random variables in
this paper.

For density estimation, Donoho et al. [6] defined wavelet estimators and showed their
convergence rates on L”-loss, when Xi,Xs,..., X, are independent. They found that the
convergence rate of the nonlinear estimator is better than that of the linear one. In many
cases, random variables X1, X5, ..., X, are dependent. Doosti et al. [8] proposed a linear
wavelet estimator and evaluated its L? (1 < p < 00) risks for negatively associated random
variables. Soon afterwards, the above results were extended to the case of negatively de-
pendent sequences [7]. Chesneau [4] and Liu [12] also considered density estimation for
an NA sample. Kou [11] defined linear and nonlinear wavelet estimators for mixing data
and obtained their convergence rates.
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Motivated by the above work, this paper will estimate the unknown density function
f from a sequence of ND data X;,Xa,...,X,,. We shall define wavelet estimators and give
their upper bounds on L?-loss. It turns out that our results reduce to Donoho’s classical
theorems in [6], when the random sample is independent.

We establish our results on Besov spaces on a compact subset of the real line R. As usual,
the Sobolev spaces with integer exponents are defined as

W' (R):= {f e I'(R),f" e I'(R)}

with |[fllwn := Ifll, + |f®1|,. Then L"(R) can be considered as W°(R). For 1 < r,q < 00
and s = n + o with « € (0, 1], a Besov space on R means

B, (R):={f € W[®),

o0 (1, ) < o)

with the norm [f [lsrq := [Ifllwy + |£*@2(F™, )||%, where w?(f, £) := sup <, IIf (- +2k) - 2f (- +
h) + f(+)||, stands for the smoothness modulus of f and

e (2 Ih(e)1ya, if1< g < oc;
1 esssup, |(t)], if g = o0.

We always assume f € Bivq(]R,L) ={fe Bi’q(R), f is a probability density and ||f|lsy < L}
with L > 0. Let ¢ € C5(R) be an orthonormal scaling function with ¢ > max{s, 1}. Then ¢ is
a function of bounded variation (BV). The corresponding wavelet function is denoted by
Y. It is well known that {¢;, ¥jx,j = ], k € Z} constitutes an orthonormal basis of L*(R),
where ¢;(x) := 2%1#(2196 — k), Yx(x) = 24 ¥ (2x — k) as in wavelet analysis [5]. Then for
eachf € L*(R), ayx = [ f(x)y k(%) dx, and Bjx = [ f(x)¥;x(x) dx, we have

@)=Y o) + > > Btk ().

keZ j>J kel

Here and in what follows, A < B denotes A < CB for some constant C > 0; A 2 B means
B < A; A~ Bstands for both A < Band B < A. The following theorems are needed in our

discussion:

Theorem 1.1 (Hardle etal. [9]) Letf € L'(R) (1 <7 < 00), aji = [ f(x)¢yx(x) dx and B =
[ f@®)¥;k(x) dx. The following assertions are equivalent:
(i) feB;, (R),s>0,1<g <00
(i) (251PSf —fll-}jz0 € 17 with Pif := 3"y jxjis
(iid) Moty [l + 127* 2771 Bl izolly < +00.
Moreover,

1
-

W llsrg ~ 5 NBS =£1) o, ~ Doy e+ {2 520850 o

Theorem 1.2 (Hardle et al. [9]) Let 0,(x) := >, |¢(x — k)| and ess sup, 0, (x) < 0o. Then for
A={M} el (Z)and1 <r <oo,

Z Ak ik

keZ

i(l_1
Al Y

r
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Negatively dependent random variables possess the following property which will be
used in this paper.

Theorem 1.3 (Bozorgnia et al. [3]) Let Xi,...,X, be a sequence of ND random variables
and let Ay, ..., A,, be some pairwise disjoint nonempty subsets of {1,...,n} with a; = (A;),
where (A) denotes the number of elements in the set A. If f; 1 R% — R (i=1,...,m) are m
coordinatewise nondecreasing (nonincreasing) functions, then fi(X;,i € A1),....fu(Xsi €
Ay are also ND. In particular, for any t; > 0(<0), 1 <i<m,

E |:exp <Z tiXi>:| < l_[ E[exp(t:X))].
i-1 i=1

2 Linear estimators
In this section, we shall give a linear wavelet estimator for a density function f(x) in a Besov
space.

The linear wavelet estimator of f(x) is defined as follows:

fine) =3 Gjoajon®), (1)

keKo

where Ky = {k € Z,suppf N supp ¢j, x # ¥},
. 1lg
Ujo,k = Z Z(pjo,k(Xi)' (2)
i=1

The following inequalities play important roles in this paper.

Lemma 2.1 (Rosenthal’s inequality, see Asadian et al. [1]) Let X3,...,X, be a sequence of
ND random variables, which satisfy EX; = 0 and E|X;|? < oo, wherei=1,...,n. Then

E(.

n
DX
=1
n
E( ZX,»
i=1

14
2

I3 n n

)= Ymrs () oo
i=1 i=1

r n 177

)5(212)(?), 0<p<2.
i=1

Lemma 2.2 Let X1,Xs,...,X, be ND random variables and let the density function f be
bounded and compactly supported with support length less than H > 0. Then for &, i de-
fined by (2) we have

A _b
El&jox — ajoil” Sn2

for1 <p<ooand?° <n.

Proof By the definition of &;,«, one has

n p

Z [#j0.4(Xi) — jo i ]

Yoo — v P =
E|a10,/< O‘10J<| = nPE -
i=
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Let gi = ¢j0,k(Xi) - ajo,k (l = 1’ 2) ceey I’l). ClearlY,

p

D&
i=1

n

D [ box(X0) — igs]

i=1

4
E -E (4)

One can choose a scaling function ¢, which a function of bounded variation, and assume
¢ := ¢ — p, where ¢ and ¢ are bounded, nonnegative and nondecreasing functions. Define

@ i= / Gjok (X)f (x) dx, @jok = / Gjo s (X)f (x) dx,
and
£ = djox(X) = @io ko & = ik (Xi) — o k-

Then ook = @jpx — Xjg ks & = & — & and

P
=E

n P

S E-E)|

i=1

E (5)

D&
i=1

It is easy to see that Egi = 0, the random variables 51, . ,.,§,, are ND due to the nonde-
creasing property ¢ and Theorem 1.3. To apply the Rosenthal’s inequality, one shows an
inequality

(m=2)jo

E[§" <2 2 (6)

for m > 2. In fact,
E|&|" = E|¢jo (X)) — &ipk| " S E|doaX)|” + 1&ipul ™ (7)
Note that |<13,»0,k(x)| < 2j70. Then for m > 2,

E| ¢ (X))|" = E[|<13jo,k(Xi)|2|<73/o,k(Xi)|m_2]

(m=2)jo

S22 Elg) (0], ®)

1 -
Note that f € Bi,q(R, L) C B;]ZI(R,L). Then ||f|loo < L. Using ¢ € L*(R), one knows that
EI200] £ [ @@y = [[66-R[r(27n) ds <1,

and |@j, il = | [ f (x)q’;joyk(x) dx| < 1 because of suppf is contained in some interval I with
length |I| < H. This, together with (8) and (7), leads to (6).
By Rosenthal’s inequality with 1 <p <2,

E

p nm [77
< [Z E(éi)z} <nt.
i=1

Y
i=1
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Similarly, E| 3", &7 < n. Combining this with (5), one has

p

p 2 4
E <E +E <n?. )

D&
i=1

S
i=1

S
i=1

Substituting (9) into (4), one obtains

n »

D[ 850k 00 — igi]

i=1

p
2¢

E <n

This with (3) shows that for 1 <p <2,

(ST

=n

s

E|5lj0_k - Oljo,k|p 5 Xn (10)

np

When 2 < p < 00, Rosenthal’s inequality and (6) show that

p n n g
- - (r-2)j
E <5 E|&-|P+[§:E(s,-)2} <m2 2 ab,
i=1 i=1

Y
i=1

L. - (P-2)jo 14 (P-2)jo P .
Similarly, E| Y ", &P Sn2” 2 +n2.Hence E|Y ., &P Sn2” 2 +n2. Furthermore, it

follows from (4), (3) and 20 < i that

. 1, 2 p »
E|aj0,k_aj0,k|p§n_p[n2 2 +n2]§n 2.
Combining this with (10), one concludes the desired inequality of the lemma. O

Theorem 2.1 Let f(x) € Bi,q(R,L) (s> %, r,q>1)and letﬁi“ be defined by (1). Under the
conditions of Lemma 2.2, for each 1 < p < 00, one has

sp E|f - < i,
feBS 4(RL) ?

where s :=s — (% - 117)+ and x, = max(x, 0).
Proof Since

E|fi" = f10 S WBiof — 15 + Efi" - Pif | (11)

it is sufficient to estimate || f —f||§ and E|[}?,fin - P,»Of||§.

Whenr<p,s =s-— (% - }a)+ =s— % + }7 and Bi,q(R) - B;/’q(]R), one has

sup  1Pf =Sl < sup  [1Pf —fII5.
fEBi'q(]R,L) fEB;,/,q(]R,L)

By the approximation theorem in Besov spaces and from Theorem 9.4 in [9], one gets

IPof — £ < 2707, (12)
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When r > p, because both f and ¢ have compact supports, one can assume that supp(P;,f -
f) €I with |I| < H. Then Holder inequality shows

lWJ—ﬂ&=fme—ﬂwV@5n&famﬂ

Sincef € B; (R, L), one knows || Pjyf —f |- < 27°°. Moreover, || Pjof —fI% < 270, Note that
s’ =sforr > p. Then || P;,f —f||1’§ < 27057 This, together with (12), shows thatfor 1 < p < oo,

I1Bof — £ < 2707, (13)

Next, one estimates E||f!in — P fII5. It is easy to see that

o R
I =Pif =Y @jok — Xjo. )bk

keK

by the definitions of A,{i“ and P;,f. Furthermore,

7 = B [ < 275 gk~ ol
keK

due to Theorem 1.2. Let |Ky| denote the number of elements in Ky. Then |Ky| ~ 2%, be-
cause Ky := {k € Z, suppf N supp ¢;, x # ¥} and f, ¢ have compact supports. This, together
with Lemma 2.2, leads to

lin » jor . 2jo 5
E[f," = Puf [} S 27 Eldjox — joul? < <7> . (14)

Substituting (13) and (14) into (11), one obtains

Zlin p 2j0 % jos'p
- —Jo
ﬂ%-{hg(ﬂ)+2 .
. 1 1 M 1
Taking 2° ~ p27+1, the desired conclusion follows. g
3 Nonlinear estimators

In this part, we will give a nonlinear wavelet estimator for f(x), which is better than the

linear one in some cases. The nonlinear (hard thresholding) wavelet estimator is defined

as follows:
j1
)= Goxdiok @) + Y > Bk (). (15)

keKoy Jj=jo keK;

Here Ky = {k € Z,suppf N supp ¢, x # D}, K; = {k € Z,suppf N supp ¥« # ¥},

1 ¢ 1
Gk =~ D _$iosX) and fre=—3 Yjx(Xo) (16)

i=1 i=1

Page 6 of 13
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with Aj’fk = ﬁ,;kX {I B/,k| > A= c\/g } while the constant c is determined (later on) by s, 7, p
and L.

For the wavelet coefficients, we can get the following lemma whose proof'is very similar
to that of Lemma 2.2 and so we omit it.

Lemma 3.1 Let ﬁj,k be defined by (16). Then under the assumptions of Lemma 2.2,
A p _E
ElBjx = Bixl’ Sn2
forl<p<ooand? <n.

To prove Lemma 3.3, we need an important inequality.

Lemma 3.2 (Bernstein’s inequality) Let X3, ..., X, be a sequence of ND random variables
such that E(X;) = 0, E(X?) = 0% and | X;| <M <00 (i=1,...,n). Then for each v > 0,

P >v | <2ex ( L)
=P\ Ty 4 2y )

This above inequality is well-known, when X3, ..., X, are independent; see Theorem C.1
on page 241 in [9]. We find by checking the details that the same inequality holds for ND

1 n
PR

i=1

samples: In fact, because Theorem C.1 is a direct corollary of Lemma C.1 (page 239), it

suffices to prove that lemma for the ND case. Note that
E |:exp (i tXi>:| = ﬁ E[exp(tXi)]
i=1 i=1
for an independent sample X3, ..., X, while
E |:exp (i tX,'>:| < ﬁ E[exp(tX,»)]
i=1 i=1
for ND samples, according to Theorem 1.3. Then we only need to replace the equality

exp(—A)E [eXp (21: tXi>:| = exp{— [/\t - Z log E(e”“)} }

i=1

exp(—At)E |:exp (21: tX,'>i| < exp{— |:At - Z log E(etx")} }

i=1

on page 240 (line 8-9), in order to complete the proof of Lemma C.1, when Xj, ..., X, are
ND.
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Lemma 3.3 Let B,;k be given by (16). Under the assumptions of Lemma 2.2 and if j2 < n,
then for each w > 0, there exists ¢ > 0 such that

P<|3j,k —Bixl>A= c@) <27,

Proof 1t is easy to see that

n

Z[l/f;‘,k(xi) - ﬂj,k] .

A 1
1Bk — Bixl = —
n|4

i=1

Hence,

n

Z[l/fj,k(xi) - Bix]

i=1

R 1
1:=P(|Bjx - Bkl > A) = ]P’(;

>A).

In order to estimate /, denote 1; := ¥ (X;) — Bjx (i = 1,2,...,n). Then

1
I:IP(— >A).
n\<

D
i=1
Since ¥ is a function of BV, ¥ := ¢/ — ¥/, where ¥ and ¥ are bounded, nonnegative and

nondecreasing functions. Denote

Bu= [y @ds B [ @
and
i := Y (X0) = By i 2= Ui (X)) = Bk

Then Bjx = Bjx — B ni = ii; — ; and
n

> G- )| > x)
i=1

1

Hp(_

ni%

1| ) 1| <

<Pl _m|>5)+P{=[D)_m
<#(3(50]>3) #3f57

> %) (17)

Note that 7jy,..., 7], are ND thanks to the monotonicity of ¥ and Theorem 1.3. On the
other hand, E#; = 0, E(7};)> < 1and |7;] < 25, Using Bernstein’s inequality, one obtains that

.| » ¢ /[j %
]P —an >§=§ - 526xp - =
i " C(l+c,/%)
for some fixed constant C > 0. Due to j2 < n, one can take ¢ > 0 such that £ > pand

C(1+c)
(1
]}D —_
n j=

n
> i
i=1

A ,
> 5) <279, (18)
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Similarly, P(1| 3% 7;| > £) < 27, This, with (18) and (17), leads to

1 n
—IP(— ; >A)§2“”’.
n i=1

The desired conclusion follows. O

Theorem 3.1 Let f(x) € B;, (]R L) (s> 1, r,q>1), and lei,‘f’“‘)n be defined by (15). Under
the assumptions of Lemma 2.2, for each 1 < p < 00, s := s — (— - [;) and x, = max(x,0),
there exist 0; € R (i = 1,2, 3) such that

(Inn)?1 =201, e <r<p,
/
sup  E[frn - £V < (In)%2 (M) 0T, p= 2 (19)
feBS 4(R.L) 1 oy
(ll’l }’l) 3(%) WAs-1m+l | p< ﬁ

Proof Clearly,

J1
Fron—f = (i = Pof) + Praf =N+ D> (B Bi) v

j=jo keK;
Then

E||fon - f M5n+n+n, (20)

where Ty := EIfi® ~ Puf I, o = 1Pynf ~ /115 and Ts = EI 80 $ycie (B — B vl By
(13) and (14),

2jo 5 -
ng(—) and T, <2757 (21)
n

For estimating T3, one uses Minkowski and Jensen’s inequalities to get

ZZ /k ﬂ]k 1p]k

Jj=jo keK;

<(11 —jo+ 1" Z > (B ﬂ,k)vf,k

Jj=jo " keK;

This, together with Theorem 1.2, leads to

Jj1
Ty < (i —jo+ DPIEY 2D (Z B — Bix \">.

= kek;
Since /3 e = (SH(,B,k,A)

O* P _ 4. N
1Bk = Bisl” = 1Bise = Bial (X5 oaigatedy + Xiigaionipiel= 3]

1Bl 15 1 <nig2 + Xidai<rigi<on]-
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Therefore,

J1
. . _ (2 _ 5
TB 5 (]1 —Jo+ 1)17 ! :E Z 21(2 2 Z |13j,k - ﬁj'k|P[X{|/§j,k|>)~'|ﬂ/,k|<%}

Jj=jo keK;

J1
R j(5-1) CPIX
+ X{|/3j,k|>)w|ﬁj,k\2%]] + EZ2 : Z Bl [X{\ﬁ,,k|sx,|ﬂ,,k|>zx}
J=io keK;

+ Xbai<nii<an] } (22)
When || > 2 and |Bi| < 4, 1B - Bi| = Bl - |Bix| > §, one has

Lgursnigii<dy = Lugu-gul>31
Similarly, when [ 8| < A and 8| > 24, Bl < % < 4. Hence,

Bl

|B,k—ﬁ,»k|z|ﬁ,k|—|/§,k|>7>x and |8l < 218 — Bil-

Furthermore,
NPT <|\By — B |P. »
Bl "Ly gy <aigrsany S 1Bk = BiklLy g3
Then (22) reduces to

T S Ta + Tso + T3,

where
J1 )
Tori=(r—jo+ DPEY 200D 1B Bl X g oay
Jj=jo keK;

it
. . — (P _ A
T3y := (j1 —jo + 1) 'E E 2z } 1Bk — :31}k|pX(|ﬁ/.)k\Z%}
Jj=jo keK;

(i i -1\ i(5-1
and T3 := (j1 —jo + 1P 300 2070 30 e 1Bl Xiggy1<20)-
In order to estimate T3, first one assumes 011 + % = 1. Then Jensen’s inequality shows

that

-

/1 . N 1 ’
Ton < Gu—jo+ 1P D250 [EIBu— Binl®]7 [EWXy5, 00071

Jj=jo keK;

Q=

no . 1 . X
< Gr—jo+ 1P Y 2N (Bl — Bl ) ¢ [P(lﬁ/,k = Bkl > 5)]

Jj=jo keK;

Page 10 0of 13
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This, together with Lemmas 3.1 and 3.3, leads to

L’ @)
T31§(]1 }0+1)p 221% 211’1 22‘1 —(]1 ]0+1)p 1’122212 q/
Jj=io Jj=io
L’ @)
< (i —jo+ P 522 < (1 —jo + 1P 52 (23)

by choosing @ such that £ < z.
1 1
It is easy to see that |||, < 2727

) thanks to Theorem 1.1. Combining this with

Lemma 3.1 and X{Iﬂj,klz%} < (lﬂ’-%k| )", one has
2| Bk
T32N(]1 0+1)I9 sz Zn T
Jj=jo keK; 2
S(r—jo+ 1P tn2 Z,\ rof(t3 ), (24)
J=jo

Similarly, it can be shown that

j1 p-r
Ty < Gr—jo+ 1P Y260 37 'ﬁfk'p<|ﬂ |)
ik

Jj=jo keK;
J1 s
S (i —jo+ Py a2 (25)
Jj=jo

due to r < p and X, <21) < (éﬁ)p_r'

Take
[(nn)5 n)51, r> -2 7o) > 5%
. T s+ —_— . n r>s—
2511’ ’ ’
20 ~ 1-2/p 5 and 2!~ 1 ZS;;I (26)
- r -
n2s 1/r)+1 s r S Serl? (ﬂ/ ln }’1) 2(s=1/r)+1 , r< T

Then jo < j1, j1 —jo ~Inn and for jo <j <j;, A:= c\/g ~c 1“7" Moreover, (24) and (25)

reduce to
T3 < (g —jo + 1Y n = (Inn)~2 [2’05/’\’54) + (1 —jo + 1) Xg=oy + 2"15X(5>0}] (27)
and
%
n : . ;
T33 S Gr—jo+ 1) ( » ) [2°° Xz o) + (1 — jo + DXy + 2 Xiesoy ] (28)

where &€ = &% —rs.

Page 11 0f 13
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Note that £ > 0 holds if and only if r < 525. Then substituting (26) into (23), (27) and

(28), one obtains

01,5t p
(Inn)"tn~ 21, 51 <T'<D
s'p
< < 62 (I 37/ 1 - L
T3 S To1+ Tso + T3 S (Inm) 2 (B2) 26101, p = 5B (29)
S/p
03 (Innyo=1/m+1 r
(Inm)”(2) 26T, p < She,
Similarly, it is easy to check that
sp
noBs, sEs <r<p,
T+ T S Ip (30)
Inny 361741 r
(n)(s L r§25+1

by (26) and (21). Finally, the desired conclusion (19) follows from (20), (29), and (30). O

Remark 3.1 From Theorems 2.1 and 3.1, we easily found that our results are consistent
with those in [6] for independent samples.

/

Remark 3.2 In [7], Doosti and Chaubey provided a convergence rate of w31 for ND

samples, which is a little weaker than n~% in Theorem 3.1 for r < p (note that s < s’ when
r<p).
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