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1 Introduction and preliminaries

Let be f defined on an interval / € R containing wy := g The Hahn difference operator
D,,., introduced in [1], is defined as
flgt+o)-f(2)
TN ? t o,
Dq,cqf(t) _ t(g-1)+w 7{ 0 (1)

), =

provided that f is differentiable at wy, where g € (0,1) and @ > 0 are fixed.
The Hahn difference operator unifies (in the limit) the two most well-known and used
quantum difference operators: the Jackson g-difference derivative D, [2], where g € (0,1),

defined by
£©)~fqt)
Dfwy={ o 170 @
£(0), t=0,

provided that f/(0) exists, for w = 0, and the forward difference D,, for ¢ — 1, defined by

ft+w)-f(2)
a) b

D.f(t) = (3)
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where o > 0 is fixed. The Hahn difference operator is a successful tool for constructing
families of orthogonal polynomials and investigating some approximation problems (cf.
[3—6]). For some recent results to boundary value problems for Hahn difference operators,
we refer to papers [7-10] and the references cited therein.

Let [4,b] C R be an interval. The two quantum numbers 0 < g < 1, w > 0 can generate a
point 6 of Hahn calculus on an interval [4, b] by

9:L+a, (4)
1-¢4

which means that 6 € [4,b] for all results of our analysis. The quantum Hahn shifting
operator is defined by

0 @y(t)=qt +(1-q)0, telabl] (5)
It is easy to see that the iterated k-times quantum shifting is presented by
0 Dr(t) = gL (1 0,(1) = 4t + (1-4")0,

with 9052(1:) =t for t € [a, b]. Let us state the definitions of quantum Hahn calculus on an
interval [a, b] which are the results in [11] modified according to notation (5).

Definition 1 Let f be a function defined on [4, ]. The quantum Hahn difference operator
is defined by

fO-f6P4(8) t40

aDq,wf(t) = oPq®) ’ (6)
f/(e)’ t= 9;

provided that f is differentiable at 6.

Definition 2 Assume f : [4,b] — R is a given function and two points ¢,d € [4,b]. The
q w-quantum Hahn integral of f from c to d is defined by

d d c
/C FS)adys = /9 F)a dys - /e F)adyos, @)
where
[ 100dsos= [t-02,0] s (o2it0) ®)

i=0

for t € [a, b], provided that the series converge at ¢ = ¢ and ¢ = d. The function f is called
q, w-integrable on [a, b] if (8) exists for all £ € [a, D].

Before going to state the definitions of fractional quantum Hahn calculus on an interval
[a, b], we should introduce the 6-power function which is defined by

k-
m-my) =1,  (n-m) =]](n-e®i(m), keNU{oo} )
i=0

.._.
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More generally, if y € R, then

it — 9@} (m))
) (10
1_[ —e‘pyﬂ (m)) )

i=0

with 9d5g(m) =¢°m+(1-¢4q°)0,0 eR.
The g-gamma function is defined by

1-q)y ™"

Fq(y) (1 q)y 1’

y € R\ {0,-1,-2,...}. (11)

Obviously, I';(y +1) = [y1414(y), where [x], = (1-4%)/(1-¢g), x € R, is the quantum num-
ber or g-number.

Now the definitions of Riemann—Liouville type of fractional derivative and integral of
quantum Hahn calculus on interval [a, b] are presented in the following definitions. See
[12].

Definition 3 The fractional quantum Hahn difference of Riemann-Liouville type of a
function f : [a,b] — R of order o > 0 is defined by (aDg'mf)(t) =f(¢) and

(D2.f) (0 = ﬁa% [ =004 Gudys, >0,

where 7 is the smallest integer greater than or equal to .

Definition 4 Let « > 0 and f : [4,b] — R be a function. The fractional quantum Hahn
integral of Riemann—Liouville type is defined by (alg,wf )(¢) =f(¢) and

(algf ) (8) =

e [ e=00s) Gadyos, > 0lan)
q a

provided the right-hand side exists.

Theorem 1 [12] Let , B € R*, A € (—-1,00), and 6 € [a, b]. The following formulas hold.:
o ) Iy(A+1) (a+21),
0) (algo(x=a)y )O) = FigrmnE -4y
(if) (D2, (6~ a)g")(®) =

rq (A+1)
(A —a+1) (t-a )6

Fractional differential equations attracted much attention in recent years due to their
widespread application in many fields of science and engineering, such as fluid flow, sig-
nal and image processing, fractals theory, control theory, electromagnetic theory; fitting of
experimental data, optics, potential theory, biology, chemistry, diffusion, and viscoelastic-
ity, etc; see [13—15]. One of the aspects which are nowadays very much popular among the
scientists for research is the integral inequalities with applications. The applications of in-
equalities are very much common for fixed point theorems and existence and uniqueness
of solutions for differential equations.

In this paper we prove some new quantum Hahn fractional integral inequalities by using
the quantum Hahn integral. The main results are included in Sect. 2, where inequalities are
obtained for quantum integrable functions bounded by quantum integrable functions as
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well as quantum Hermite—Hadamard type Hahn inequalities. In Sect. 3, inequalities are
produced for two quantum integrable functions bounded by quantum integrable func-
tions as well as the Pélya—Szegt type fractional Hahn integral inequalities and the Griiss—
Cebysev type fractional Hahn integral inequality.

2 Some results on fractional integral inequalities for one unknown function
Let the points 6; € [a, b], i = 1,2, be defined by
Wi

9[ = +a (12)
1-g;

for quantum numbers 0 < g; <1l and w; >0,i=1,2.

Theorem 2 Let f be a q;, w;-integrable function on [a, b, i = 1,2. In addition, we assume
that:
(H1) There exist two q;, w;-integrable functions ¢;, i = 1,2, on [a, b] such that:

01(8) <f@t) <@a(t) foralltela,bl
Then, for t € [a,b],®,8>0,0<q;<1,and w; > 0,i=1,2, we have

( 152 ’UZ )(t)( I;l W1 ) ( Zwa) ( q15 wl )(t)
Z (“IqZ:wZ(pz)( )( 1;1 w1<p1) t) +( 2w2f) ( q1,W1: ) t)' (13)

Proof From condition (), for all 7, p € [a, b], we obtain
(@2(1) =f (D)) (f(p) = @1(p)) = O,
which yields
P2 (1) (0) + @1(p)f (7) = @1 (p)a(T) + £ (2)f (). (14)

Multiplying both sides of (14) by (t — ¢, @4, (,o))((;f_D/Fq1 (@), p € [a,¢) and taking the ¢,
w: -integration with respect to p on [a, £), we obtain

t- 1cp1 o) t— o, Py, (0))7
<P2(T)/ -0y (p))e‘ S (P)adgyn P +f(f)/ ¢ fuloly 9rq(fxp)))@1 P1(0)a dgy 0 P
q1

(t-0® (p)
> () / 2o 0Pl qol(madql,wlp

E(t—g @ (p))“
+f(1) / S () gy
which leads to

02O o f)O) + @) (L2 1) (D)
> 0(0) (a2 0, 1) (D) + £ (L, 0 f ) O)- (15)
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Multiplying both sides of (15) by (£ — 4, @, (2))s /I, (B), T € [a,1) and taking the g,
wy-integration with respect to 7 on [a, £), we get the desired result in (13). O

Corollary 1 Let ¢, and ¢, be polynomial 6-power functions defined by

n m
SYet-afl, 0= die-al)
i=0 j=0

satisfying (H,). Then, for t € [a,b], a,8>0,0<q; <1, and w; >0, i=1,2, we have

= (] + 1) (B+))
iy m§:¢r(ﬂ; e,

l + 1) 0t+l

(alfn0f) (f)z m( - a)y

“ +1) N - I, (i+1) ool
<§:fr((l T ﬂ”><§:“7ﬁ%_f_ﬁ( Wi )
pr B+j+ = Tpla+i+
+( 2w2f) ( q1w1 )t)
Corollary 2 Let f be a q;, w;-integrable function on [a,b], i = 1,2, satisfying

(Hy) m<f(t)<Mforallte la,bl and m,M e R.
Then, for «, B > 0, we have the following estimate:

M(adgy o VO + (ol 0 ) € 2 M + (alf 0 ) (Ol 0, ) O

Further, if a = B, q1 = q2, and w1 = w,, then the following inequality holds:
(M + m)( I‘)‘1 a)lf)(t) > mM + ( 1wlf)z(t).

Theorem 3 Assume that:

(H3) 0<@i(t) <f(t) < @at) forall t € [a,b].
Then the following inequalities

(t-a)y (t-a)y
%Tfl) (d% o f) () + FqlTj)I) (L, 02)(®)

> 2ol ) Ol 0 02) ) (16)
and

t-ay) (t - )1
BT%(“IQ1,M1¢%)(t) ( : (” g2 wzf )(t

> 2(u15 , 01) (b . f) (D) (17)

are fulfilled.
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Proof From the well-known inequality

Q>

g+ >2, abeRY,

we can write

ea(t)  flp) -

+

70 T @ =

which leads to

@3(t) +£2(p) = 2f (p) g2 (7). (18)

Multiplying both sides of (18) by (¢ —y, @4, (,0))(901‘_1)/1111 (@), p € [a,t) and applying ¢q1, w1 -
integration, we deduce the inequality

(t - a)y

mfﬂg(t) + (alg’w1 2)(t) > 2‘p2(f)(a1;1,wlf)(t).

By multiplying both sides of the last inequality with (¢ — g, ¢q2(1))§,§_1)/ I, (B), T €lat)
and applying g2, w,-integration, we obtain the result in (16).
To prove (17), we use the fact that

o) | f0

+

f(@)  eilp) T

By the same method, we get inequality in (17). The proof is completed. O

Corollary 3 Suppose that:
(Hy) O<m <f(¢t) <M forallt € [a,b].
Then the inequalities

(t-a))) (t-a)y(t—a)f

(u12 . 7)) + M?

Iy, (B +1) e Ty e+ 1), (B +1)
(t-a)y

= m (ﬂlgl,wlf)(t) (19)

and

(t-a)Pt-a)’ (t-a)®
’ - ! 1 B 2
LB+ O, +1)  T@+1) (ally nf*) @)

(t-ay
= 21’!’1m (alqz,wzf)(t) (20)

are true.

Page 6 of 18
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Theorem 4 Let f(t), p1(t), and ,(t) be (q, )-integrable functions on [a, b] satisfying (Hs).
Then, for «, B,y >0, we have the inequality

(alg092) (O (alg,of ) )Ll 03) () + (algof *) (O (L, 01 ) (D) (al]y o p102) 2)
+ (ol 92 ) O (oLl 907 (O (L], 01902) (2)
(alg 02 ) ) (olf 01 ) O (a1, 07) (2)
> (a2, 03) O (Ll 01 f ) Ol 0102) (£)
(Lo @2 ) O (o *) O (al o, 0192) (£)
+ (g 02f ) ) (a1 01 f ) (D (1], 03) (2)
(22 f2) O (oLl 07) (O (a1, 07) (O)- 21)

+

+

+

Proof From (Hs), we know that

() o) o2()
R e e

Hence, we get the fact that

(§02(P) ~ w(ﬂ)(f(f) B ‘/)1(77))(902(77) _ flo) ) -0
flo)  f(©) J\ea(r)  oam) ) \@1(n)  @ap)) —

It follows that

@3 (P (D)3 () + 2 (0)er (T)f (D)1 (M ()
+ 02()f (0)07 (D)1 M a(n) + @2(P)f (P)r ()f (T) T ()
> 03 (0)p1 (T)f (D)1 (M p2(n) + @2(0)f (0)f*(T) 1 () p2()
+02(0)f (L) (D) (D@3 (1) +£2(0) g7 (2) T ().

Using the method to prove Theorem 2, we obtain the inequality in (21), which finishes the
proof. d

Corollary 4 Suppose that the (q, w)-integrable function f satisfies (Hy). Then, for t € [a, b],
we have

. (t )a 2
0 =) )0 ()
> m*M*(M - m([amf)()((( 31)>

)(Ot)

2 N g A2 E—dg
+mM(M —-m )(alq’wf) (t)Fq(oz+1)

(t- a)é“)

+ mMM = m) (oI f?) () (15 f ) (©) Ty(a+1)
q

(22)
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Next, we will prove the Hermite—Hadamard type of quantum Hahn integral inequality.
Let [a,b] C R with 6 € [a, b] be a given interval containing a point 6. Now we claim that
b _
(b+ga-ow) e [a,b]. (23)
l+q
Since 6 € [a, b], we have a + /(1 — q) € [a, b], which yields w < (1 — q)(b — a). Hence we
obtain

b (b+qa—a)> _gqlb-a)+o - (b-a)
l+q T 1l+q T l+gq

which implies that (23) holds.
From Example 3.12, page 9 in [11], we get the following formula:

b b
/tadq,wtzf ((t-a) +a) adgot

b-a)?-wb-a)

= +a(b-a)
l+q
- (b—a)<b+1q#>. (24)

Theorem 5 Let f : [a,b] — R be a convex differentiable function on (a, b), and quantum
numbers 0 < q <1, w > 0 with 0 € [a, b]. Then we have

btqa-w 1 b
() = [ S0t

S@fB) [ FB-f@
5[ Tiq ‘w(w—wu+w>} (25)

Proof From the fact that f is a differentiable function on (g, b) and (23), we have that /' ((b +
qa — w)/(1 + q)) exists. Since f is convex, that s,

F(@=N)a+1rb) < (1-1)f(a)+Af(b) (26)

for all A € [0, 1], we set a tangent line under the curve of f by

o) =f<b+1qa—w) +f,(b+qa—a)><t_ b+qa—a)>’
+q l+q l+q

which leads to i(f) < f(¢) for all ¢ € [a, b]. By taking the (g, w)-integration and using (24),

we have
b br (b+qa-ow (b+qa—-ow b+ga-w
fh(t)“dq’”t:/[f< 1q+q )+f< 1q+q ><t_ 1q+q )}dq'wt
b+qga-w
()

(b+ga-w b b+qa-ow
o ([ et 00 ()]
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b+qga-w
e
(b+qa—-w b+ga—w b+ga—w
(M e >(7" )-e-a(*15)]
+q l+q l+g
b+qga-w
=(b—a)f< d ) ff dyot 27)
On the other hand, we set the line connected between the points (a,f(4)) and (b,f (b))
by
(b) - f(a)
k() = f(a) + (%)(t —a), (28)

which follows from (26) that f(¢) < k(t) for all ¢ € [a, b]. Applying the (g, w)-integration on
both sides of (28), one has

b b b) —
/ k(t)adgot = / |:f(oz) + <%>(t— oz)i|adq,wt

- -yt (LG (ma e ma)

b-a l+gq
o [qf(m +f(b) w( Fb)~f(a) )}
T+q b-al+q
b
> / FOadyot. (29)

Combining inequalities (27)—(29), we have inequalities (25). This completes the proof. (]

Remark 1 If w = 0, then (25) is reduced to

()= gt [ o= [2:09]

which appeared in [16].

Example 1 Let a > 0 be the order of quantum Hahn fractional integral. Then, by Theo-

rem 1, we obtain

L2 0B) = ul,(x—a -+ a)(b)
= oI (= a)(B) + aul%, (1)(b)

_ 1 _ (a+1)
_Qm+mw @o +F(+Dw a);’

b e G202 P}~ 93(@)
T b= @)b— e @) (b — 0 @2 @) (b— s B (@) -

Page9of 18
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we get the fact that (b — a)(ea)(b -9Pg(a) = (b- a)é“”). Thus, we have

A2 @)(b) =

(b—a)g“><(b—e¢g(a)) )
La+D\ [@+1], %)

Now, we claim that the point

A= Mme[a,b]. (31)
[a+1],

Indeed, we will show that b — A < b —a. By direct computation with w < (1 -g)(b —a), we
have

b-A =b—|:w+a:|

[a+1],
-1 -g"") - (b-a)1-q)+(1-q")o
- 1 _qa+1

b-a)1-g"")-b-a)1-9)+(1-g)1-q)(b-a)
1 _qa+1

=

b-a-¢%)
- 1 _qa+1

Sb—ﬂ,

which implies that (31) holds.
Now we are in a position to prove the Hermite—Hadamard type of quantum Hahn inte-
gral inequality.

Theorem 6 Let the function f and the constants q, w, 6 be as in Theorem 5. Then, for o > 0,
we have

(b - @2 (a)) Lyla+1)
(W + a) = m(afq,af)(b)
3 I:q[a]qf(a) +f(b)  wle], (f(b) —f(a))} (32)
[a + 1], [ + 1], b-a

Proof To get the fractional quantum Hahn Hermite—Hadamard inequality, we will use a
method similar to that in Theorem 5. Firstly, we define a function /#*(¢) by

W (8) =f(A) +f(A)(E - A),

where A € [a,b] is defined in (31). For « > 0, by taking the fractional (g, w)-integral of
order « with Example 1, we get

(alf ) (B) = F(A) (g, (D) () + f(A) (Ll 1) () = A(uLf, (1)) ()]

- o [b-a) b-a)®
- Iyla+ 1)f(A) +f (A)|: Ty(o+1) A=A Tyla+ 1):|
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-y
N 1)f(A)

< (ul2,f) ®). (33)

In the next step, we use the line k() over the curve of f which is defined in (28). By the

fractional (g, w)-integral of order « and Theorem 1, one has

b) —
(2,00 = ez, )6 + (X0 L) otz e

(b~ a)g OO i+ (f(b) —f(a)>(b—a)§“”>
T Iya b- Ty +2)

B b-a)’ (f(b) —f(a))(b - oD (a))
T T+ [f(“)+ (b-a)e+1], }

- [q[ama) +f() ol (f(b) f(a))]
- Tylo+1) [a+1], [a+1], b-a

> (ul2,f) (®). (34)

Combining both of inequalities (33)—(34), we obtain the desired result in (32). The proof
is completed. O

Remark 2 If o = 1, then inequality (32) is reduced to (25). If w = 0, then (32) is reduced to

f<b+q[ot]qa> - F(oz+1)( )(b)_ qlal f(a) + f(b) (35)

w+1lly /)~ (h-a)® [@+1], '

which corrects the result in Theorem 3.3 [17], where (b —a);a) is defined by (10) with 6 = a.
In addition, if « = 1, then (35) is also reduced to (30).

3 Some results on fractional integral inequalities for two unknown functions
In this section, we prove some fractional integral inequalities for two unknown functions.
Let g be a (g, w)-integrable function on [a, b]. Assume that:

(Hs) There exist ¥ and v, (g, )-integrable functions on [a, ] such that

Yi(t) <g(t) <yn(t) forallte [a,b).

Theorem 7 Let (Hy) with q; = q, w; = w, i = 1,2, and (Hs) hold. Then, for a, > 0, the
fractional Hahn integral inequalities are true on [a, b):
(i) (algf) (t)(algaﬂpZ)(t)"'(u w‘pl)(t)(a Ihug)(t) >
(aly o/ )(2) )alfog)(®) + (al] w<ﬂ1)(t)(a Ly 2)(8).
(1) (al2 O a2 )(O) + (I )l 0) =
(1%, OO + G2 YD) O L) O).
(iii) (a2g,¥1)( £)(alh 1) () + (aly,8)(2) Y alfof ) () >
(1@ O alhop)) (0) + (L2, Y1) O el ) O).
(i) (L2, &) Ol )O) + (I, ¥2) D) (a lfwwz)( )=
(a1, 2) () (alhf )(2) +( o8O alhwp)(2).
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Proof To prove (i), from (H;) and (Hs), we use the fact

(¥2(1) =) (f(p) = ¢1(p)) = O,

which yields

Va(T)f (p) + 1(p)g(7) = g(T)f (0) + Y2(T)er(p).

By multiplying both sides of the above inequality with (¢ — 9¢q(p))((,a_1)/ (@), p €lat)
and applying the Hahn (g, w)-integration, we have

Yo () (L2 ) 0) + 8(0) (L2001 )(8) = 0) (L2 ) (0) + Y2 (T) (L1 0):

Multiplying both sides of the last inequality by (£ — ¢ (Dq(r))((f I 7(B), T € [a,t) and taking
the (g, w)-integration with respect to 7 on [a, t), we get to inequality (i).

Finally, for proving (ii)—(iv), we use inequalities (¢2(7) —f(7))(g(0) — ¥1(p)) = 0, (¢1(7) —
JS(@)Wri(p)—g(p)) = 0,and (f () — ¢2(7))(g(p) — ¥2(p)) = 0, T, p € [a, b], respectively. This
completes the proof. O

Theorem 8 Suppose that (H3) holds and assume that:
(Hs) 0<r1(t) < g(t) < ¥n(t) forall t € [a,b).
Then the following inequalities:
V) (L V1V Ol 010287)(0) < Nl (0191 + 0202)f2) (1),
VD) (al o 2102) (Ol of YO L1 ¥2) ) L8 (1) <
L(WL2 i) (O (alh¥18) () + (a2 02 ) (O alhV28) (D),
are satisfied.

Proof For 1 € [a,t], t > a, we find that

(el [0

A"(wl(r) g(r))zo (36
and

~ @_mr))

b= <g<r> @)= (37)

Multiplying above two inequalities, that is,

[ o(D) _@)(@_w))
AB‘(wlm @ ) \e@) " vm) =

we obtain

(@1 ¥1(D) + @2(D)Ya(D)f (2)g(2) = Y1 (D) a(T)f () + 01 (T)a(T)g* (7). (38)

Next multiplying both sides of (38) by (¢ — gqﬁq(t))(;’_l) /T,(a) and (g, w)-integrating with
respect to T from O to ¢, we have

(alf (0191 + 2U2)f2) (0) = (odl Y1 ¥af ) (0) + (010287 (D).
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By using the AM—GM inequality, that is, x + y > 2. /%y, x,y € R*, we obtain

(ul,‘;w(wlwl + @av)fg) (t) = 2\/ S U1vaf?) () (o], GoP1928 2)(®).

To prove (vi), we use the fact that

(Ql’z(f) _,@)(@ B §01(T)) -0
Yi(p)  glo) ) \glp) vnalp)) ~

for 7, p € [a, b], which implies

o1 (T)f (D) Y1(0)g(p) + @2 (T)f (T)¥2(0)g(p)
> Y1(p)¥2(0)f* (1) + 91(T)e2(1)g2(0).

By the method used in Theorem 7 with AM—GM inequality, we get the requested inequal-

ity in (vi). The proof is completed.

Corollary 5 Assume that (Hy) holds and also the following condition is satisfied:

(H7) 0<n<g(t) <N foralltela,b].
Then we get the Polya—Szego type fractional Hahn integral inequalities:

. Iawfz )(®)(al, wg mn MN \2
(vi) el SO0 - 1 1/MN M2,

(Vlll) (- ﬂ)(oﬁﬁ) Iaafz Iq g mn @)2
a+1)Fq(ﬂ+1 mf )2 — 4 MN mn’ *

qwg

Lemma 1 ([18]) If A and B are nonnegative constants, then
A"+ (A-1)B* - 2AB*' >0 fori>1,

and
A+ (A -1)B* -AAB"' <0 forO<i<l,

where the equality holds if and only if A = B.

Theorem 9 Suppose that the assumptions of Theorem 8 hold. Then, for t € [a,b], we

have

(afgw(%!ﬂzg Y1) (@) + (A - 1)(a1;w(1ﬂ11ﬂ2f - o1v19)") ()
Mol (@292 — 1 Vf ) (Y rof — ovg) ) @®), A1,

and

(alg, (p212g — Yiva)) () + (O - D)(alf, (b1¥of - o1v19)) ()
< Madl, (92128 — V1 Yraf ) (Y1 ¥af — p1v1g) (@), O0<i<l

Page 13 0f 18
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Proof Set the constants A, B as in (36)—(37), respectively. For any A > 1, we obtain from
Lemma 1 that

(Ql)z(f)g(f) - %(z)f(r))A o 1)<1ﬁz(f)f(f) - mr)g(r))*

Y1(1)g(7) Yo (1)g(7)
- ((ﬂz(f)g(f) - wl(f)f(f)) (dfz(r)f(r) - wl(r)g(r))“
- Y(t)g(r) Yo(t)g(T) ’

Multiplying both sides by (1 (t)¥2(t)g(t))*, we have

(@2(T)¥ra(1)g(x) - 1#1(7)1#2(7)10@)))\ + (A = D) (Y1 () (r)f (1) - <,01(T)1/f1(f)g(f))A
> (20 ¥a(1)g(1) = Y1 (D) Y2 (2)f (0)) (Ya ()Y (T)f (1) - <P1(T)1ﬁ1(f)g(f))xil,

which implies inequality (41) by multiplying by (¢ — ¢ q§q(r))é°‘_1)/ I';(a) and applying Hahn
(¢, w)-integration. In a similar way, the proof of inequality (42) can be obtained. The proof

is completed. O

Corollary 6 If (Hy) and (H7) hold, then we get

(alf ,(MNg = nNF*)(£) + (n = 1) (oI5, (NS — mng)*)(2)

> h(alf,,(MNg — nNf)(nNf - mng))(8), A>1,
and

(g, (MNg = nNFY) (@) + (= 1) (oI5, (nNf — mng)")(2)
< A(ﬂl(‘;w(MNg — nNf)(nNf - mng)k_l)(t), O<Ai<l.

In particular case, if M = N, m = n, and ) = 2, we have

(M2 )2 (a1, )0 + 4D (o ) 0

> 4(mM> + m> M) (all‘;,mfg)(t).

Next, we are going to prove the Griiss—Cebysev type fractional Hahn (g, w)-integral in-
equality on the interval [a, b]. Let us prove the fractional (g, w)-Korkine equality on the

interval [a, b].

Lemma 2 Let f,g : [a,b] — R be (q,w)-integrable functions. Then, for 0 < g <1, w > 0,
0 € [a,b), and a > 0, we have

1

5 {ale, (F(5) = £ (1) (g(s) - g(r) } (B)

(b-a)

_ m(aliwfg)(b) — (a2 ) D) (L2, (b). )
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Proof From Definitions 2 and 4, we have

{af22 (F5) - () (e05) - £(n) } &)

1 bt N B
qu(oz)/a /a (b_G(pq(S))L 1)(h—9¢q(r))(9 b
x (£(9) = () (&(5) = () a dyo5a dgeor

_ (b—“)éa) b—o®,(b) - i i+l (a-1) i i

by ®y(b) e
(SRSt it o)

i=0
b— @ (b) 3 i i+ o— i

x ( Ifq(aq) ;:q (b— @i (b)) l)g(9¢q(b)))
b—o®,(b) ° ; . . i

i ( i 2 (b0 '®); 1)g(equ(b)))
b i (b) 3 i i+ o— i

" (% ;q (b2} ) l)f(eCDq(b)))

b= (b-ePy(b) S ., i
Fq(a+01)( I'Z(OZI) ZCI(b—(KDq 1(b))é Uf((,cbq(b))g(gQ)q(b)))

i=0
_20b-a)’ (b_m

b o |
e+ \ T, (07)( ) >4 (b2 0), 1)f(ed”(b))g(aq);(b)))
1 1 i=0

q
b= Py(b) e
_2< I—Z(Olq) Zq (b_6¢q l(b))(ﬁ 1).f(8¢q(b))>

i=0

b ®y(b) X e
X( I'Z(aq) gq(b—gq)ql(b)); ”g(9<pq(b)))
2(b - )

ula -2 ala ala ,
(e +1) ( q’“‘fg)(b) ( q,wf)(b)( q,a)g)(b)
which is (2), as desired. The proof is completed.

The following example is needed to prove our next result.

Example 2 Let f(t) = t? and g(t) = ¢, t € [a, b]. Then the fractional Hahn (g, w)-integral of
order a >0 of f(¢) from a to b is

(lgof ) ) = (alg,(t —a+ a)*) ()

= (algo(t = @)*) () + 2a(ul, (¢ — @) (b) + & (ulf, (1)) (D)
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_ LB e, 28 ey & @

" T,(@+3) (b-a)™ + e +2) (b-a)™"+ T+ 1) (b-a)
- [rq(s)(b—aa>g+1<a))(b—9q>g(a>) 2a(b-o5a) 4
S Tya+1) [o + 2] e + 1], [o +1],

In addition, from Example 1, the square of (aI;wg)(b) is

@ 2 _ 1 (@+1) a @ 2
[(I2,8)(B)]" = [ TS b-a)y + T 5= }

[C-0P5@)b-a)  ab-a) T
_[ 1, @+l) Fq(a+1)i|

_(b_a)g<a>[(b—e¢g(a)>2 2a(b - 4 P%(a)) 2}
T+ w12 w1, )

Theorem 10 Letf,g: [a,b] — R be Ly, Ly-Lipschitzian (q, w)-integrable functions, that is,

[f(s) =f(r)| < Lils -7,
lg(s) - g(r)| < Lals 7|

(44)

forall s,r € [a,b)], L1,Ly >0. Then, for0<g <1, w >0, 0 € [a,b], and o > 0, the following
inequality holds:

(b-a)y”

Tt s 1) i@ )= (7))ol 8) 0

qle)g(b—a); (b - 40 ()

[o + 1]421[0‘ + 2]qrq2(a +1) (45)

=Lily
Proof From inequalities (44), we have

|(F(s) =f()(g(s) —g(r)| < LiLa(s—1)*

for all s,r € [a,b]. Taking the double fractional Hahn (g, )-integration of order o with

respect to s,r € [a, b], we get

(25| (F(s) = £ (1) (g(s) - g()) ) B)
< LiLy(uL}2,(s = )?) (b)

(b - a)(Ga) a 2 o o

= L1L2 [m (a]q’ws )(b) - Z(HIq’wS)(b)(an‘wr)(b)

q

b-ay o
s )(b):|

b— (@)

=2L1L, [% (al2,5%) (b) - ((QI;ws)(b))Z} (46)
q

Page 16 of 18
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Applying the results from Example 2, it follows that

b-a) , )
r,,Taﬁ) (al58”) ) = () (B)”

_(b-a) (b~ P4 (@) [rq(sxb—eqb;“(a» ) (b—aq>g<a))]

[a + l]quZ(oz +1) [a +2], [a+1],

(b-a) (b g (a) [q(b ~a)(1-q)(1-¢")  qo(-¢* +24" - 1)}
S a1l e+ ) [ (-1 -g*?)  (1-g*)(1-q**?)

_alely(b-a)" (b~ @5 (@)

[ + 112[o + 2], T2 + 1) (47)
Hence, (46) and (47) lead to
_ 2(a) _ a 2
(o2 () — ) 20s) — ) ) ) = 2141, T =0 (0= 024(@) (48)

[o + 112[er + 2], T (e + 1)

Applying Lemma 2 to (48), we deduce the desired inequality in (45). This completes the
proof. d

Remark3 Ifa =1,q — 1, and w = 0, then (45) is reduced to the classical Griiss—Cebysev

integral inequality as follows:

1 b 1 b 1 b Lle(b—ﬂ)z
|m‘/; f(S)g(S)ds— (mﬁ f(S)dS) <E/H g(s)ds)‘ ST
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