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1 Introduction

In this article, we get new Lyapunov-type inequalities for the (2# + 1)th order problem

Y 4 (1) r(x)y = 0, (1.1)
y(k)(xl) :y(k)(xz) =0 fork=0,1,...,n-1, (1.2)
(1" 9" (1) = 5" (x2), (1.3)

where n € N, x1, x; are real numbers with x; < x,, r € C([0,00),R), and y is a real solution
(not identically zero) of (1.1)—(1.3).

In 1907, Lyapunov [1] got an important inequality. If » € C([0, 00),R) and y is a solution
(not identically zero) of the problem

Y +r(x)y =0, (1.4)
y(x1) = y(x2) = 0, (1.5)
then the inequality
x2
< / Ir(s)] ds (L6)
X2 — X1 x1

holds. Note that the constant 4 in (1.6) is the best possibility (see [2, p. 345], [3, p. 267]).
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With the help of Green’s function, Hartman [2] generalized the Lyapunov inequality
(1.6) as follows: If r € C([0,00),R) and y is a solution (not identically zero) on [x,x;] for
problem (1.4)—(1.5), then the inequality

1< fxz =22 =9 4 g (1.7)

1 X2 — X1

holds, where r*(x) = max{r(x),0}. It is obvious that the function M(x) = (x — x1)(x2 — x)

takes its absolute maximum value at %572, i.e,,
2
X1+ X Xo — X
M(x) < max Mx)=M(2—22)=(2=21) . (1.8)
X1 <x=<x 2 2

Thus, inequality (1.7) is a natural generalization of inequality (1.6).

In the literature, the authors found some Lyapunov-type inequalities for higher order
problems [4—24]. When we look at the work done in the literature, we see that the best
Lyapunov constant is obtained by taking the absolute maximum of the Green’s functions.
Lyapunov-type inequalities for higher order problems by using the Green’s function of the
same problem can be found in Agarwal and Ozbekler [4, 5], Beesack [8], Das and Vatsala
[10, 11], and Yang [24]. Moreover, by using Green’s functions corresponding to even or-
der boundary value problems, Lyapunov-type inequalities for boundary value problems
of order (27 + 1) can be found in Aktas et al. [7], and Dhar and Kong [12, 13]. To the best
of our knowledge there is almost no study about Lyapunov-type inequalities for odd order
problem that uses the Green’s function of the same problem. Therefore, our aim is to get
new Lyapunov-type inequalities for odd order boundary value problem by means of the
properties of Green’s functions corresponding to the same problem. Before introducing
our main results, we remember some important results obtained earlier.

Now, we give the definition of Green’s function for two point nth order linear boundary
value problems.

Definition A ([25, Definition 2.1]) Itis said that G,,(x, s) is a Green’s function for the prob-

lem
L,y(x)=0 forxel=[x,x;], U@y =0 fori=1,2,...,m, (1.9)
where
Loy(x) = ao(x)y™ (x) + a1 ()" V(x) + - - - + a,(x)y(x) forxel (1.10)
and
n-1
Uu(y) = (a;y(j)(xl) + ﬂ}y(j)(xz)) fori=1,2,...,mandm<n (1.11)
j=0

being a;, ,Bj" real constants foralli=1,2,...,m,j=0,1,...,n - 1, ai(x) is a continuous real
function for all k =0, 1,...,n, and ao(x) # 0 for all «, if it satisfies the following properties:
(G1) G, is defined on the square I x I.
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(Gy) Fork=0,1,...
IxI
(G3) dnl an

s<x <Xy.

<x<s<xyandx; <

(Ga) For each x € (x1,%5), there exist lateral limits 2 = G (x,x*) and 08 —1 (x,x7) (i.e., the

limits when (x,s) — (x,x) with s > x or with s < x); moreover,

91G, . 9G,, 1
dxn-1 (027) - dxn1 (0 )__uo(x)'

(1.12)

(Gs) For each s € (x1,%7), the function x — G, (x,s) is a solution of the differential equa-

tion L,y(x) =0 on x € [x1,s) and x € (s,x3]. That is,

"G, (x,s) 3" 1G,(x,s)
+ai(x

oxn 1 Jxn-1 ( )G (x7 )= (113)

ao(x)
on both intervals.

(Ge) For each s € (x1,%3), the function x — G,(x,s) satisfies the boundary conditions
U,(G,(-,s))=0fori=1,2,...,m

“( VG, (xl,s) ﬂia/‘Gn(xz,s)
=0

- =0 fori=1,2,...,m. (1.14)
P

J

The main importance of the above definition is that the integral operator, whose kernel

is a Green’s function, gives us the solution for the semi-homogeneous problem
Lyx)=0(x) forxel, Uy)=0 fori=1,2,...,mand m <n, (1.15)

where o (x) is a continuous real function. In fact,

y(x) = /xz Gu(x,8)o(s)ds forxel (1.16)

x1

is a solution of problem (1.15) [25].
In 1975, Das and Vatsala [10] obtained the following results for the (27)th order problem:

2 = (1) h(x), (1.17)

Y0 () = y(k)(xz) =0 fork=0,1,...,n-1, (1.18)
where 7 € N, x1, %, are real numbers with x; < x;, and y(x) # 0 for all x € (x1,x,).
Lemma A ([10, Lemma 2.1]) Let n € N. Then the following identity

(—x)(xr—5) " en (n—1+) i [s=x)@ -2 7
[ X2 — X1 ]Z( j >(S_x)} [ X2 — X1 ]

j=0

_ (_l)n—l(x _ S)Zn—l

Page 3 of 12
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S [ Gty T (L= L) [
X — X1 J X2 = X1

j=0
holds.

Lemma B ([10, Theorem 2.1]) Ify(x) is a solution (not identically zero) on [x1,x;] for prob-
lem (1.17)—(1.18), then

x2
y(x) = f Gon(x, s)h(s) ds (1.20)
x1
holds, where
1
Gou(x,s) =
9= G )
[l 52 (1) (5 — )T SR <5 <y, 121)
[(s—zlz)ja;i—x)]n Z]{i—ol (n—j1+j) (x _S)n—j—l[(x—;;l(;lz—s) Vi x <s<ux.

It is easy to see that from Lemma A and Lemma B that we have the symmetric property

of Green’s function G, (x,s), i.e., Ga,(x,s) = G, (s, x) for all x,s € [x1,%5].

Theorem A ([10, Theorem 3.1]) Ifr € C([0,00),R) and y(x) is a solution (not identically

zero) on [x1,%;] for the problem
Y@ 4 (1) r(x)y = 0 (1.22)

satisfying conditions (1.18), then the inequality
x2
@n-D[(n- D —2) " < / [(s—x1) (2 — )] (s) ds (1.23)

X1

holds, where r*(x) = max{r(x), 0}.

In 2016, Dhar and Kong [13] obtained the following results for the (2# + 1)th order prob-

lem:
y(2n+1) + (_l)n—lr(x)y =0, (1.24)
YD (x)) = y* D (xy) =0 fork=0,1,...,n—1, (1.25)
y(c) =0 forc € [x1,%], (1.26)

where n € N, x1, %, are real numbers with x; < x5, and y(x) # 0 for all x € [x1,x,] — {c}.

Theorem B ([13, Theorem 2.1]) Ifr € C([0, 00),R) and y(x) is a solution (not identically
zero) on [x1,%;] for problem (1.24)—(1.26), then the inequality

2n _ X2
an-1r / |r(s)| s (1.27)

Sulg —x1)>
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holds, where

N

n-1 j
S, = 222" 2]<n 1 +]> (2)B(n+ Ln+k-j), (1.28)

=0 k=0
B(a, B) = fol 5711 = 5)P~1 ds is the beta function for a, B > 0.

Theorem C ([13, Theorem 2.2]) Assume that r € C([0,00),R) and y(x) is a solution (not
identically zero) on [x1,x,] for problem (1.24)—(1.25).
(a) Suppose y(c) = 0 for c € (x1,%2) and y(x) # 0 for x € [x1,x3] — {c}. Then one of the
inequalities given below holds:

(i) Zrnit f’” r(s)ds,

Sn (xz —x1)
.s 221(2-1)!
(11) Sz(xz x1)2" < (S) dS’
o 22(2p1)) )
(iii) HE— <fo r(s)ds+ [?rt(s)ds,

where S, is given in (1.28) and
rt(x) = max{:Fr(x), 0}. (1.29)

(b) Suppose y(x1) = 0 and y(x) #0 for x € (x1,x,]. Then the inequality

2r@n -1t / o) ds (1.30)

Sulowg — 1)1

holds, where S, and r*(x) are given in (1.28) and (1.29), respectively.
(c) Suppose y(x3) = 0 and y(x) # 0 for x € [x1,%2). Then the inequality

2>"(2n - 1)! /"2
~(s)d 1.31
Sy — 22 x risds (131

holds, where S, and r~(x) are given in (1.28) and (1.29), respectively.

In this article, we investigate a new Lyapunov-type inequality for BVP of order (27 + 1)
given in (1.1)—(1.3). Firstly, we construct the Green’s function for the same problem. And
then, by bounding the Green’s function, we obtain new Lyapunov-type inequalities for
problem (1.1)—(1.3). Finally, we give some applications of the obtained inequalities.

2 Main results
In the following result, we construct Green’s function for the (27 + 1)th order differential

equation
y 2n+1) _ ( l)n 1 ( ) (21)
with the boundary conditions (1.2)—(1.3) inspired by Das and Vatsala [10].

Lemma 2.1 Ify(x) is a solution (not identically zero) of problem (2.1) with (1.2)—(1.3), then

o) = / G (,5)g(s) ds 22)

x1

Page 5 of 12
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holds, where

G2n+1 (x) S) =

1
(@n)!

[(x—x1)(x2—5) I Z{f_—ol (W—}H’) (s — x)™7[ (5—1) (22 —) ]j;

X2—X1 ] X2 —X1

X <85=<Xy (2.3)
(e=x1)( 1 (n-1+j [ s=x) o= 1, (x=5)*", '
[y 7 ()= )

X1 <s<ux.

Proof First of all, we show that the function Gy,,1(x,s) satisfies all the conditions of Defi-
nition A. Conditions (G1)—(Gs) and (Gs) are obviously satisfied. It is enough to show that
the function G,,1(x, s) satisfies conditions (G4) and (Gg).

Now, we show that the function G,,,1(x,s) satisﬁes condition (G,). Note that the func-

tion Ga,,1(%, s) has the same terms except for (x S

" forx <sands <x. Deriving 2# times
the function Gy, (x,s) with respect to x, it is easy to see that we have

2n 2n
a 3522;“1 (x,x+) _ il 8f22:1«1+1 (x, x_) -_1 (2'4)

Therefore, the function G,,,,1(x, s) satisfies condition (Gy).
Now, we show that function Gj,,1(x,s) satisfies condition (Gg). For x < s < &, in
the derivative of the multiplication of the functions [LX—S and > 7, (- ,1”)

x) I E2)@ D Y ghe term always includes (x — x;)* for k = 1,2,...,n, which is zero at
X9 —X1

x = x1. Deriving n times other term and taking x = x;, we get

n n n—-1
0" Gopr1 (%, 8) _ n![(s—xl)(xz —-s :| Z (- 1+; (2.5)
8x" X=X Xy — X1
j=0
Similarly, for x; <s < x, we have
n-1
3" Gane1(,5) a [=a)x -9 7" I
— (1)L ” ” 2.6
ax" X=X ( ) " Xy — X1 Z ( )
j=0
Thus, we get
(_l)n—l 0" Gane1(, 5) _ 0" Gape1(, 5) ) 2.7)
ax” x=x1 0x" x=x9

Therefore, the function G,,,.1(x, s) satisfies condition (Gg).

Thus, the function G,,,1(x,s) satisfies all the conditions of Definition A. It is said that
the function Gy,,1(x, s) is a Green’s function for problem (2.1) with (1.2)—(1.3). Then, from
(1.15)—(1.16), we obtain (2.2) for the problem. a

Remark 2.1 We note that from the boundary condition (—1)""1y" (x;) = y")(x,) in (1.3) is
not equal to zero from (2.5) and (2.6) since condition (Gg) is satisfied for s € (x1,x5).

Now, we prove the following lemma which is used by the anti-symmetric property of
Green’s function Gs,,1(%, 5), i.e., Goy1 (%, 8) = —Goyp1(s,x) for all x, s € [x1,x0].
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Lemma 2.2 Let n € N. Then the following identity
n n-1 . j
[(x—xl)(xz —S)] Z (n - 1 +/>(s_x)n_j[(s —x1)(x2 —x)]’
Xy — X1 s ] Xy — X1

+ (_l)n—l(x _ S)2r1

C [G=x)—x)]" A (n- 1+,
_[ Xy — X1 }]Z( >( -9

|:(x —x1)(%2 —S)]j
o ¥ 75

X2 — X1

(2.8)

holds.

Proof We use the induction principle. It is obvious that the equality is true when n = 1. If

so, then we have

(o)== oo Gom)m - -s) (2.9)

Xy — X1 Xy — X1

In the next step, we assume that the equality is true for n = m, and we prove that it is true
for n = m + 1. By using the left-hand side of (2.8) with n = m + 1 and (2.9), we have

@ —x) (2 =8)]" |~ (m+) i (5 =x) (2 —2) P
|: X2 — X1 ]iz(i>(s_x) ]|: X2 — X1 ]

Jj=0

Z <W1 +]) _x m+2—]|:(5 —99:21)_(9;21—96) i|]} + (=) (x _S)2m+2
_[<x—x1><x2—s)r[<zm>( [<s—x1)<xz—x)r“
= s—x)| —————

X2 — X1 m X2 — X1
_ Z (m —]1 +]> (S _x)m+2—j|:(s _99:21)_(921—90) i|]} + (—l)m(x _ S)2m+2

j=0

[(x x1) (%2 —s)} {( ) [ (s — x1) (02 x)r+1

Xg — X1 Xy — X1
~ <2m 1) 2|: 5— xl)(xZ_x)i| }

X2 — X1
+[(S—x1 X2 —X ]mm 1(’” 1+1) — sy
X2 — X1 =0

[(x —x1)(%s —S)]j
X _— .

X2 — X1

(2.10)

By using the formula

(m—‘1+j>:<m’+j>_(m‘—1+j> (2.11)
J j j-1

Page 7 of 12
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forj=1,...,m—1in (2.10), we have

[G—xﬂwz—@}m”[<2m>( Fx—xnuz—g}m
B P e x—s)| —————=
X9 — X1 m Xy — X1

m-1 . _ _ j
) (mfgw_gwh{ggszjﬂ]} 212)
p j X2 — X1
which is equal to
[l AT (7 1 g [ 2T .1
Xy — X1 —0 ] X2 = X1
=
This completes the proof. -

Remark 2.2 From Lemma 2.2, it is easy to see that the Green’s function Gy,,1(%,s) has got
the anti-symmetric property Go,1(x,s) = —Gays1(s, %) for all x,s € [x1,%2]. Then, we can
rewrite (2.3) as follows:

Gon1(,5)

1 [(x—xl)(xz—S)]n Z(l:—ol (n—}+j) (s— x)n—j[ (s=x1)(x2-%) ]j; X <5<xy

_ x2-%1 J *27%1 (2.14)
! - - -1 (n-14j it = —s)1j
@ | o= ()oY, 22

In the proof of Lemma 2.2, for x > s, (2.6) can also be obtained by using (2.14). Moreover,

we have Gyy.1(%,5) = %5 Gan(x, 5) for all x, s € [x1,%,].

Theorem 2.1 If y(x) is a solution (not identically zero) on [x1,%3] for problem (1.1)-(1.3),
then the inequality

15/ 2Iszl(aa«,S)lIr(S)Ids (2.15)

holds, where Gy,,,1(x, s) is as defined in (2.3) or (2.14), and |y(x,)| = max{|y(x)| : %1 <x < x,}.

Proof Let y®(x1) = y®(xy) =0 for k= 0,1,...,n — 1, (1) 19" (%) = y (x5) with x; < x5
and y(x) # 0 for all x € (x1,%;). Pick x, € (x1,%5) so that |y(x,)] = max{|y(x)] : x1 <x < xy}.
From (1.1) and (2.2) with g(x) = (=1)"r(x)y(x), we obtain

MhﬂifzmmM%JMWMﬂmﬁ» (2.16)
and hence
5] = 5] [ 162099 s (2.17)

Dividing both sides by |y(x,)|, we obtain inequality (2.15). (]
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It is clear that since G, (x,s) < Ga,(s,s) for all x,s € [x1, %] in the paper [10], we have the

following inequalities:
Xy —S
|Gone1(x,8)| < —Guls) form <s=x (2.18)
n
and
S—X1
Gone(x,8) < 2—G2n(s: s) forx<s<ux (2.19)
n

from Remark 2.2. Then we define

g G2Vl(sl S); §< R ’

G, (8):= 1 " 2 (2.20)
" S Gols,s); s> H572,

By using inequalities (2.18)—(2.20), we obtain the following theorem and hence the proof
is omitted.

Theorem 2.2 If y(x) is a solution (not identically zero) on [x1,x,] for problem (1.1)—(1.3),
then the inequality

15/ 2|G§‘”+1(s)||r(s)|a,’s (2.21)

*1

holds, where Gj,,,(s) is as defined in (2.20).

Now, we find the maximum of the function G,,,,1(x,s) for x <s < x,. Since

j ,

(s—x1Y=(s—x+x—2x) = ; (l/]n) (x — x1)" (s —x)y ™™, (2.22)
J .

(o —xY = (%o —s+s—x) = Z <IJ<) (x5 — )X (s — x) 7, (2.23)

k=0
and
e (1= 14\ (= x1)" (2 — )5 — %)™ (s — 1) (% — &)
G2n+1(x’5) = " ( } ) (271)‘(962 —xl)”"f (224‘)

for x < s < x,, we get

i I =10\ (\ (] Hi(x,s)
Gans1(x,8) = Z Z Z ( i ) (k) (m) m, (2.25)

j=0 k=0 m=0

where Hi(x, ) := (o — 1) (55 — 5)"* (s — x)"~"~* The function H;(x,s) takes its maxi-

mum value at the point

(2.26)

’

x1(2n +j—m) +x3(m +n) x1(k +n)+x(2m+j—k)
(%0, 50) = 3 - - ’
n+j 3n+j
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and its maximum value is

’

i x12n+j—m) +x(m+n) xi(k+n)+x:,2n+j—k)
! 3n+j 3n+j

(k) (4 ) (e — 2y )

= - —, 2.27
(j +n—k — m)krm=j-n(j 4 3p)j+3n @227)
Thus, we get
Gt (5,5) < Cul(xy — x1)*" (2.28)
n+1X,8) = ————, .
2l 2n)!
where
n-1 j j k+n m+n
k
Z Z " 1+} ((/:— il kflr/nn—]-'—:l) 3 /+3n (2.29)
o (]+n m) (j + 3n)
for x < s < x,. Since Goy41(%,8) = —=Go,,1(s,x) for all x, s € [x1,%,], we have
|G (x S)|<M (2.30)
2n+1 ] = (2]/[)! .

for all x, s € [x1,%2].
Thus, by using the result obtained in (2.15), we get the following main theorem, and
hence the proof is omitted.

Theorem 2.3 If y(x) is a solution (not identically zero) on [x1,x3] for problem (1.1)—(1.3),
then the inequality

@n! _ _ / " |r(s)] ds (2.31)

Culxy —x1)?"
holds, where C, is given in (2.29).

Remark 2.3 Note that if we take # = 1 in Lemma 2.1, then

o) = f " Galx, 9)g(s) ds (2.32)

x1
holds, where

e
_ 2(xg—x1 ’ —° ="
G365 =1 (e iopmismsy).

2(x2—x1) ’

(2.33)
X1 <s=<x.

Now, we find the absolute maximum of Green’s function (2.33). Consider Gz(x,s) =
(x—x1)(xp—s)(s—x)
2(x3~x1)

2 2
(v0,50) = (29572, 5220

Since Gs(x,s) = —G3(s,x) for all x,s € [x1,%,], we have

for x < s < x;. Gs(x,s) takes its absolute maximum value at the point
(2x1+x2 x1+2x2) _ (x-x1)?
3 3 /7 s -

), and its absolute maximum value is G3

2
|Ga(x,9)| < %Txl) (2.34)
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for all x,s € [x1,x;]. Thus, from (2.31) with n = 1, we have the following Lyapunov-type
inequality:

4 / " |r(s)| ds. (2.35)
(% —x1)? x1

We believe that constant 54 is the best possibility for problem (1.1)—(1.3) with n =1 in
view of the fact that if constant 54 in the left-hand side of (2.35) cannot be replaced by any
larger constant.

To extend oscillation criteria given below with the help of Lyapunov-type inequality, we
can use an alternative way and use (2.31) (cf. [26]): ¥"(x) and y”(x)y ! (x) are continuous
for x1 <x < x,, with y(x1) = y(x;) = 0, then

4 *
< / |y”(s)y’1(s)| ds. (2.36)
X2 — X1 X1

2n+1 2n+1

Thus, from (2.31), we get the following extension: If y?"+1(x) and y®**(x)y~!(x) are con-
tinuous for x; < x < xy, with Y% (x1) = yP(x3) = 0 for k = 0,1,...,m — 1, (1) 1y (%) =

¥ (x,), then

% / )y ) s, (2.37)

where C, is given in (2.29).
Finally, we consider another useful application of the Lyapunov-type inequality obtained
in (2.31) for the eigenvalue problem

Y@ 4 Ah(x)y =0 (2.38)

with the conditions in (1.2)—(1.3). Thus, if there exists a solution (not identically zero) y(x)
of problem (2.38), then the inequality

(2n)!
- <
Coloey —x1)?" [ 2 |h(s)| ds

[Al (2.39)

holds, where C,, is given in (2.29).
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