Zhao Journal of Inequalities and Applications (2019) 2019:144 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-019-2098-3 a SpringerOpen Journal

RESEARCH Open Access

®
A Schrodinger-type algorithm for solving the ==
Schrédinger equations via

Phragmén-Lindelof inequalities

Lingling Zhao'"

"Correspondence:
llzhaold@gmail.com Abstract

'School of Information and . . . . . v 1
Electrical Engineering, Ludong In this article, we consider the numerical method for solving the Schrédinger

University, Yantai, PR. China equations via Phragmén-Lindel6f inequalities under the order induced by a
symmetric cone with the function involved being monotone. Based on the
Phragmén-Lindelof inequalities, the underlying system of inequalities is reformulated
as a system of smooth equations, and a Schrédinger-type method is proposed to
solve it iteratively so that a solution of the system of the Schrédinger equations is
found. By means of the Schrédinger type inequalities, the algorithm is proved to be
well defined and to be globally convergent under weak assumptions and locally
quadratically convergent under suitable assumptions. Preliminary numerical results
indicate that the algorithm is effective.

Keywords: Schrodinger equation; Phragmén-Lindelof inequality; Schrodinger type
inequality; Convergence

1 Introduction

In this paper, we consider the following Schrédinger equation (see [18, 19]):

1
-Au+ V(x)u= (W * |u|")|u|p—2u, xeN", (1.1)
x

wheren23,0<ot<n,2—g<p§2*:2""" and
n o n-2

(A1) V e C(R",R") is coercive, that is,

lim V(x) = +oo.
|x]—+00
In 2016, Qiao et al. [19] first considered the bound and ground states for the nonlinear
Schrodinger equations under the condition

(A2) infrr V >0, and there exists a positive constant r satisfying
meas{x e R", |x—y| <r,V(x) <M} — 0

as |y| — oo, where M > 0 and meas stands for the Lebesgue measure.
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The nonlinear system (1.1) has been proved to possess wide application fields in many
real world problems such as anomalous diffusion [2, 4, 15], disease models [6, 9, 21], eco-
logical models [26], synchronization of chaotic systems [1, 27], etc.

Put

v = )

is the Nevanlinna norm (see [8]), problem (1.1) is equivalent to the following Schrodinger

problem defined by
min v(x), (1.2)

where x € R".
The Phragmén-Lindelof inequalities (see [23]) have the main objective to solve the so-

called Schrédinger Phragmén—Lindel6f subproblem model to get the trial step 7

2

’

Min TWi(r) = %”u(xk) + VS(xp)tT

Izl < A.
In 2015, a modified Phragmén-Lindel6f inequality was proved by Wan [23]:

Min ¢(t) = l||Lt(xk) + Vu(xp)t Hz,
2

14

)

Il < ¢ ||uulxr)

where p, ¢, and y are three positive numbers.
Recently, another adaptive Schrodinger Phragmén—Lindel6f inequality has been defined
by Qiao et al. [17]:

Min T My(z) = %”u(xk) + Bt |’

(1.3)
Il < || ulx) |,
where By is defined by
Bisis] B T
By = By - —2ok K Tk (1.4)

’
S/Z-Bksk ykTSk

Vi = U(xre1) — uxr) and sg = xx41 — k. This Schrodinger Phragmén—Lindel6f method can
possess the global convergence without the nondegeneracy (see [1, 7, 11, 26] etc.), which
shows that this paper made a further progress in theory. And there exist many applica-
tions about the Schrodinger Phragmén—Lindel6f inequalities (see [3, 25, 27, 28] etc.) for

nonsmooth optimizations and other problems.
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We further consider the Schrédinger Phragmén—Lindel6f model for the nonlinear sys-

tem u(x) at x; (see [17])
0 (@ + ) = ur) + Vulay) T d + %ﬁdz,

where Vu(xy) is the Jacobian matrix of u(x) at x.

(1.5)

It is well known that the above model (1.5) can be written as the following extension (see

[20, 23, 24]):

3
9 (ox +T) = ulor) + Vuuloer) T d + E(s,zlt)zsk,l.

(1.6)

If we set the Schrodinger Phragmén—Lindel6f matrix Vu(xy), then we can use the

Schrédinger Phragmén-—Lindel6f matrix B instead of it. Thus, our Schrodinger

Phragmén-Lindel6f model can be defined as follows:

2

’

1 3
Min Ni(z) = 5 u(xy) + Bid + i(s,zlr)zsk,l

Izl < e ut)|
where By = H;' and Hy is generated by

Hier = VI HiVi + peses]
= V;T[V/L?'lk-ﬁk-l + pk—lsk—lsz:l]vk + psks]

= [VI;T Tt VZ:WI+1]Hk—m+1 Wromat - -+ Vil

t Pk-m+1 [V1<T-1 s V]z:m+2]sk—m+1slz:m+1[vk—m+2 "

4+ ...

+ ,OkSkS;:r,

where py = ﬁ, Vi=1- ,okyks,z_ (see [23] etc.).
Kk Yk
Let t,f be the solution of (1.7). Define

Ati(7f) = v(w + ) — vixe),
and predict reduction by

Pu(tl) = Ni(t?) - Ni(0).

(1.7)

Vil

(1.9)

(1.10)

Based on definitions of Ark(t,f ) and Prk(r,i7 ), we design their ratio by

~ At(z?)
TPy

1.11)

Therefore, the Schrédinger-type algorithm for solving (1.1) is stated as follows.
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Algorithm

Initial: Let By = H, Le " x R bea symmetric and positive definite matrix. xy € %" and
0 =0. p, ¢, and € are three positive constants. Let [ := 0;

Step 1: Stop if || x (x7)|| < € holds;

Step 2: Solve (1.7) with A = A, to obtain ¢}’;

Step 3: Compute Ag;(gf), Pgl(gf), and the ratio rlQ. If rlQ <p,leto=0+1,goto Step 2.
If v} > p, go to the next step;

Step 4: Set x11 = x; + 6, yi = x(x1) — x (x1), update By = H;} by (1.8) if y7 ¢’ >0,
otherwise set B, = By;

Step 5: Letl:=1+1and o =0. Go to Step 1.

In this paper, we further focus on convergence results of the above algorithm under the
following assumptions.

Assumptions
(A) Define the set £2 by

2 = {xlpx) < p(xo)}. (1.12)

It is easy to see that §2 is bounded.
(B) The nonlinear system x (x) is twice continuously differentiable in £2;, which is an
open convex set containing 2.

(C) The following Phragmén—Lindel6f relation

[0V Ge) = Bilx ]| = O([ <7']) (113)

holds.

(D) The sequence matrices {8;} are uniformly bounded in §2;.

It follows from Assumption (B) that (see [10, 22])
| Vx)* Vx| <My, (1.14)
where M is a positive real number.

2 Convergence results
We first have the following new Phragmén—Lindelof inequalities.

Lemma 2.1 Let r,f be the solution of (1.1). Then

|1 Bicea (i)

1 .
Pfk(r,f) < _EHBku(xk)” mln{Ak, M12

} £0(82) @.1)
holds.

Proof Define

»
J(u) = |Vl + u? dx — / / ) |u(y dxdy.
g 2p Jon Jon X —=y|*

Page 4 of 14
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It follows from (1.7) that
L . p-154
= inf — S5,
Jo <J1 wﬁj(u)</o+ op oo

Consider V(x) is a minimizer for both S, ,. By the continuity of 7, we know that

_1 2
Tuo +tV) <jo+ L2821,
2p
where 0 <t<y.
So
J(ug +tV) == ||u0 +tV|?* - —B(uo +tV) - / h(ug +tV)dx
o

2
—J(uo)+—[|V|| —%B(V)]+B(uo>+3(tw Blup +1V)

1 2
<o+ Lsi ).
2p

It follows from ¢ > y that

1 1.
J(ug +tV) = 2 luo + £V ||% - 2—B(u0 +tV) - / h(ug +tV)dx
-p 9w

1 £2 1~
= —|luoll® + t/ VuoVV +ugVdx+ — | VI||I* = —B(u)
2 g 2 2p
1. ~ ~ 1.
+ — [B(uo) + B(tV) = B(ug + tV)| - —B(tV')
2p 2p

hugdx — htVdx

N7 N7

_ 2ron s 115 7
= J(up) + VI B(V) |+ 2 B(uo) + B(tV)

2 2p
14 p-2
~Blug+£V) + 2p / |20 ()P |20 D) 1P 200 (y) dxdy]
g Jown e — y|®
. p-1 5
—Say -
<Jo+ zp P

Here, we use that (J'(uo),tV) = 0 and V(x) is a solution of (1.1). By the definition of r,f
[14, 16] and it being the solution of (1.7), we get

P Ay
P’k(’k)fp”( T (xk))

1 |:a2A2 I1BeBru)lI> o 49 (s Braalr))*

+o —
2 K Bru(xe) |12 K4 | Bru(oy) |1+
(s]_, Bru(xy))? (u(xx) T BiBru(xy))
+ 32 A2 ) T sk — 20 A
K Besia > Bl

3072 (s, Bru(xi))?s] BkBku(xk)]

| Bruxe) 1|3
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_ 2 IBBa)l* - (o) BiBuleer) ,
_2[“ Bl 2 B *O(Ak)}

< —o:AkHBku(xk) ” + EazA,%M,Z + O(A,Z()

for any « € [0, 1].
Therefore

1
’Ptk(r,f) < Or_<nair§11[—ozAkH Biu(xy) || + EazAiMlz] + O(A,%)

B
< 2| Buutap)] min{Ak, ”#(lfk)”} L0(82). .

Lemma 2.2 Let Assumptions (A), (B), (C), and (D) hold. Then

[an(ef) - Pu(ef)| = o(I "),

where Ty is the solution of (1.7).

Proof 1t follows from (1.9) and (1.10) that

[Ank(z) = Pri() | = [v (e + ) = Ne(w)]

5 [l + Vel + o[ )|

2

3 2
— lluxr) + Bkt,f + E(s,zlt,f) Sk_1

)T Vuler)t, - ule)” Beel + O([[<7])?)
+o([[°) +o([ 1)

< [[[Vaw) - BJu| | + o(£]")
+o(|f ) + o[ =£]")

= o([[[")- -

Theorem 2.1 Let Assumptions (A), (B), (C), and (D) hold. Then Algorithm either finitely
stops or generates an infinite sequence {xi} satisfying

Jim ()| =0, (2.2)
where {xi} is defined as in Algorithm.

Proof We know that ¢~ (u) is a continuous function of #. Consequently, the manifold A~
disconnects D?(") in exactly two connected components I/, and Uy, where

U = {u EDI’Z(m") :u=0or ||ulp< t‘( “ )},
llullp

L,Z_{ueuw ") lullp > ¢ (W)}
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So DY2(M") = A~ UlU; UlUy. In particular, uy € A* C Uj. Since

( ug +tW ) ug +tW
llzzo + WD/ lluto + W ip

we have
_ Uy +tW
O<t | ———— <G
lzzo + WD

uniformly for t € R.
On the other hand,

o + tWlip = el Wllp = lluollp = Cos

where t > £.
So that we can fix a positive number £, such that

_ M0+lf0W
luo + toWlp >t | ———— |,
lluo + Lo Wi
which yields that
u0+t0WeL{2.

Combining this and the fact uy € U;, we know that
Ug + 11 WeA

for some 0 < £; < &o.

So
N+2-o 2N
3 N+2-«
c = 1/1‘1_f1(u) < Orfntzgo I(ug +tW) < ¢y + AN 2o SHL

And there exists a minimizing sequence {u,} C A~ satisfying

1
I(uy) <1+ —;
n
1
I(w) > I(u,) - ZHM—WHD,

where we A™.
So that

1 1
e+ 1> 1uy) = = lunllp — —=Buy) - | h(x)u,dx
2 2.2% -

11 ) 1
= (57503 ) llh = (1= 575 )1l haalo

o

which implies ||u, || has an upper bound.
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It follows from {u,,} C A~ that

2*
ol o'

2
SHL

lualld < (2-25-1)

Thus, ||u,||p has a uniform positive lower bound.

Similarly,

I(u,) — c1, I'(u,) =0 inH™.

By Lemma 2.2 and
N+2—o 2N
<o+ ———=—SN7,

4N - 2o

we obtain that

h(x)u;dx>0 and u; € A",

n"

which leads to a contradiction.
In the case s > 0. Applying Lemma 2.1 to u; and |u; |, we know that there exists ¢~ (|u1])
such that

t(lm])lur] € A~
Moreover,

A(Ml) :|2<9§%2

t(lml) = to(lm ) = to(w1) = [m

So

/h(x)uldx=/ h(x)|uq|dx,
g g

which implies that #; > 0. According to the maximum principle, we get u; > 0.

It is easy to see that ||u,|| is bounded, which yields that

2
[

2 2
lall” = Iwall” + VI + 0(1), 11— o0,

and

/ wa@)PIwuOF
R"

=yl
P I3 i i
:/ de+/ de+on(l)
i o — y|* oo le=yl®

as 7 — OQ.
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So

cej(w»:lnwnnti/ GO L [ iy, d
ik

2 2p lx — yI* gin
1 1 o) P 1w ()P
= _||Wn||2_—/ de_ h(x)w, dx
2 2p Jon lx —y1* 9n
1 1 14 14
b2l - —/ L\l dw—/ hx)vd + on(1)
2 2p Jon  lx—yl* g

_ Lo Lz
=JW) + 5 2 2pB(Wn) +0,(1)

and

p-1_45
Sap -

%Ilwnll2 - %B(Wn) +04(1) <
Notice that
o(1) = (J' (@), tn) = ' W), v) + wi1* = Bw,) + 0(1),
which yields that
llwal* = Bw,,) = o(1).

It follows from (2.4) that

= W ||
Il = Blw) < =5
ap
and
119;155_1 - 1(1 _ l)Sppl
p 2 p
1 1

1 1.
E ”Wn||2 - EB(Wn) +0,(1)

p-1F

=1
< 2 Sep s

which also leads to a contradiction.

Suppose that

klggo | Beua(xi) | =0

holds. Using Assumption (C) we get (2.2). It follows from (2.5) that the subsequence {k;}

satisfies

“Bk/”(xk/)” Z &

(2.4)

(2.5)

(2.6)

Page 9 of 14
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Set
K = { k||| Beu(xi) | = €}
So we assume that
[utx)] = &

holds, where k € K.
It follows from the definition of Algorithm and Lemma 2.1 that

1 £
_ _ Pk —mi Phkeo
> o) -] = =D pPre(d) = sz mm{c ke, o }s.
keK keK keK
Lemma 2.2 gives us that the sequence {v(xy)} is convergent, which yields that
1 . e
Zp— min| ke, — te < +00.
2 M;
keK

Then py — +00 when k — +00 and k € K. It follows that

1 2
min  qu(c) = 5

’

3 2
u(xe) + Brt + E(Sz:ll') Sk_1

2 (2.7)
sit. 7] < c""_IHu(xk)H
is unacceptable.
If we put x;,; = ¢ + 7}, then we have
v(x) = v(g,) (2.8)

~Pri(ry)

By applying Lemma 2.1 and the definition of A, we know that

1 e
~P1i(1)) > = min{ e, — le.

By applying Lemma 2.2, we know that
V(1) = vik) - Pre(ry) = O(”TIQHZ) = O(cz(Pk—l))‘

So

V(Xeyq) — V) O(c2Pre=1)
Prr(ty) = 0.5min{c? ¢, A%lz}g + 0@ Dg2)’

By applying px — +00 as k — +00, we know that

V() — v ()

—1, keKk,
-Pri(ry)

which also gives a contradiction to (2.8). O

Page 10 of 14
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3 Numerical results
This section reports some numerical results of Algorithm.

3.1 Problems
Define

u(®) = (11 (%), V), ..., v, ()

Problem 1 The Schrédinger differential function (see [12])

n
vi(x) = 2<n +1(1 = cosx;) — sinx; — Zcosxj) (2sinx; — cosxy),
j=1

where [ =1,2,3,...,n.

Initial guess:

(101 101 101 \”
=\ 100n" 1001”1001 )

Problem 2 Logarithmic function
X
vi(x) =In(e; + 1) — —l,
n
where[=1,2,3,...,n.
Initial points:
x=1,1,...,1)7.
Problem 3 Schrodinger differential function (see [5, pp. 471-472])

v1(x) = (2 -0.2x1)x1 —xy + 1,
ui(x) = (2 — 0.2x)%; — X1 + X1 + 1,

Up(x) = (2 - 0.2x,)x, —x,-1 + 1,
where [=1,2,3,...,n.
Initial points:
%0 =(-1,-1,...,-1)7.
Problem 4 Trigexp function (see [5, p. 473])

Uy (%) = 3x3 + &y — 4+ 2sin(x; — %) sin(x; + x2),

Ui(x) = —2x-1 €17 + 3oy (4 + 3x7) + 20141
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—sin(x — xi,1) sin(x; + xi41) — 2,

Up(x) = =2x,_1€ 17 4+ 3x, — 2,
where [=1,2,3,...,n.
Initial guess:
%9 = (0,0,...,0)7.

Problem 5 Let u(x) be the gradient of

Then
ux) =€ -1,
where /=1,2,3,...,n.

Initial points:

(1)
X0 = —,—,...,1 .
nn
Parameters: ¢ = 0.2, € = 1072, p =0.03, p =3, m =6 Hy is the unit matrix.
The method for (1.3) and (1.7): the Dogleg method [13, 25].
Code experiments: run on a PC with Intel Pentium(R) Xeon(R) E5507 CPU 2.27 GHz,
6.00 GB of RAM, and Windows 7 operating system.
Code software: MATLAB r2017a.

Stop rules: the program stops if ||u(x)|| < le —4 holds.
Other cases: we will stop the program if the iteration number is larger than ten hundred.

3.2 Results and discussion
The column meaning in the following tables:

Dim: the dimension. NI: the number of iterations.

NG: the norm function number. Time: the CPU-time in seconds.

Numerical results of Table 1 show the performance of these two algorithms about NI,
NG, and Time. It is not difficult to see that both of these algorithm can successfully solve
all these ten nonlinear problems.

It is easy to see that the NI and the NG of Algorithm have won since their performance
profile plot is on top right. And the Time of Algorithm YL has superiority over Algorithm.
Both of these two algorithms have good robustness.

4 Conclusions
In this paper, we considered the numerical method for solving the Schrodinger equations
via Phragmén-Lindel6f inequalities under the order induced by a symmetric cone with
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Table 1 Experiment results

Nr Dim  Algorithm Algorithm YL Nr Dim  Algorithm Algorithm YL
Ni NG Time NI NG Time NI NG Time NI NG Time
1 300 9 18 1093567 1m 22 1778411 6 300 3 6 1279208 5 6 0.7176046
800 9 18 5246314 1M 22 7.176046 800 3 6 5397635 5 16 2.88601
1600 8 14 215453 11 22 4257267 1600 3 6 29.88979 5 16 1639571
2 300 4 10 11.27887 6 7 1185608 7 300 5 14 3.790824 12 49 1435209
800 4 10 4594229 6 7 4071626 800 5 14 2252654 12 49 469563
1600 4 10 25138 6 7 22.588% 1600 5 14 1020403 17 83  19.23492
3300 4 10 2808018 64 125 8642455 8 300 1 2 1294808 3 6 0.2808018
800 4 10 10.74847 78 129 5226034 800 1 2 5694037 3 6 0.8580055
1600 4 10 7080885 68 99 262.5653 1600 1 2 31.091 3.6 3775224
4 300 2 2 09112052 6 17 1.092007 9 300 13 19 11.01367 12 15 1.60681
800 2 2 2839218 6 22 3.08882 800 9 15 4095026 11 17 7.191646
1600 2 2 14.08689 6 22 1327569 1600 10 19 2993191 10 16  38.07984
5 300 3 6 1731611 6 7 0936006 10 300 3 9 4558416 40 50 1244888
800 3 6 5.616036 6 7 3650423 800 3 9 11.62207 40 50 4943672
1600 3 6 3032659 6 7 2244854 1600 3 9 7307087 41 53 3657911

the function involved being monotone. Based on the Phragmén—Lindelof inequalities, the
underlying system of inequalities was reformulated as a system of smooth equations, and
a Schrodinger-type method was proposed to solve it iteratively so that a solution of the
system of the Schrodinger equations was found. By means of the Schrédinger type in-
equalities, the algorithm was proved to be well defined and to be globally convergent un-
der weak assumptions and locally quadratically convergent under suitable assumptions.
Preliminary numerical results indicate that the algorithm was effective.
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