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1 Introduction and notations

The general framework of the sublinear expectation space was introduced by Peng [13]
and it is a natural extension of the classical linear expectation space with the linear prop-
erty being replaced by the subadditivity and positive homogeneity. This simple generaliza-
tion provides a very flexible framework to model uncertainty problems in statistics or fi-
nance. Peng [14] introduced the independent and identically distributed random variables,
G-normal distribution and obtained the weak law of large numbers and the central limit
theorem in sublinear expectation spaces. Since then, many authors began to investigate
the limit properties, especially the law of large numbers in sublinear expectation spaces.
For instance, Chen, Wu and Li [5] gave a strong law of large numbers for non-negative
product independent random variables; Chen [2] obtained the Kolmogorov strong law of
large numbers for independent and identically distributed random variables; Zhang [21]
gave the necessary and sufficient conditions of Kolmogorov strong law of larger numbers
holding for independent and identically distributed random variables under a continuous
sublinear expectation; Zhang [22] obtained a strong law of large numbers for a sequence
of extended independent random variables; Chen, Hu and Zong [3] gave several strong
laws of large numbers under some moment conditions with respect to the partial sum
and some conditions similar to Petrov’s; Chen, Huang and Wu [4] established an exten-
sion of the strong law of large numbers under exponential independence. There are also
many results on law of large numbers under different non-additive probability framework.
The reader can see [1, 6, 12, 18] and the references therein.
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However, none of these papers investigate the growth rate of the partial sums. The main
purpose of this paper is to explore the growth rate of the partial sums and investigate the
strong law of large numbers for general random variables in sublinear expectation spaces.

In classical probability or expectation space, Fazekas and Klesov [9] gave a general ap-
proach of obtaining the strong law of large numbers for sequences of random variables by
using a Hdjek—Rényi type maximal inequality. This general approach made no restriction
on the dependence structure of random variables. Under the same conditions as those in
Fazekas and Klesov [9], Hu and Hu [10] obtained the growth rate for the sums of random
variables. Sung, Hu and Volodin [17] improved these results and applied this approach
to the weak law of large numbers for tail series. Tomdacs and Libor [20] used the prob-
ability Hijek—Rényi type maximal inequality to prove the strong law of large numbers.
More results and applications of this approach in classical probability space can be found
in Fazekas [8] and the references therein.

In this paper, we will extend the approach used by Fazekas and Klesov [9] and Huand Hu
[10] to sublinear expectation spaces. In Sect. 2, we firstly show the equivalent relations be-
tween Kolmogorov maximal inequality and Héjek—Rényi maximal inequality both in the
moment and capacity types in sublinear expectation spaces. Based on these, we establish
several strong laws of large numbers for general random variables in sublinear expecta-
tion spaces and obtain the growth rate of the partial sums in Sect. 3. As an application, a
strong law of large numbers for negatively dependent random variables is obtained since
the Kolmogorov type maximal inequality for negatively dependent random variables has
been proved in Sect. 2. In Sect. 4, we give another application. We consider the normaliz-
ing sequence {log n},>1 and get some limit properties in sublinear expectation spaces.

In the remainder of this section, we give some notations in sublinear expectation spaces.
We use the framework and notations in Peng [14] and [15]. Let (§2, ) be a given measur-
able space and 7 be a linear space of real measurable functions defined on (£2, F) such
that if Xy,..., X, € / then ¥(X,...,X,) € 2, for each ¥ € Cj1;,(R"”), where C;;p(R")

denotes the linear space of functions y satisfying

YO =¥ @] = C(L+ 1™+ 12")ly - 2],
for all y,z € R”, for some C > 0,m € N depending on .

Here and in the sequel, N denotes the set of all non-negative integers and N* denotes
the set of all positive integers. In general, C;1;,(R") can be replaced by Cj14,(R"), which
is the space of all bounded and Lipschitz continuous functions on R”. The space .77 is

considered as a space of random variables.

Definition 1.1 A sublinear expectation E on 7 is a functional E : 7 — R U {—00, 00}
satisfying the following properties: for all X, Y € J#, we have
(a) monotonicity: E[X] > E[Y],if X > Y;
(b) constant preserving: E[c] = ¢, for c e R;
(c) subadditivity: E[X + Y] < E[X] + E[Y] whenever E[X] + E[Y] is not of the form
00 — 00 Or —00 + 00;
(d) positive homogeneity: E[AX] = AE[X], for » > 0.
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The triple (§2, 5, E) is called a sublinear expectation space. Given a sublinear expectation

E, let us denote the conjugate expectation £ of E by
E[X]:=-E[-X], forallX e 7.

Lemma 1.2 (Lemma 2.4 in Peng [14]) A functional E defined on ($2, 7€) is a sublinear
expectation if and only if, there exists a family of linear expectations (finite additive) {E, :
0 € O} such that

E[X] = renachg [X], forallX e 7.
oy
Obviously, for all X € 57, £[X] < E[X]. Furthermore, (E, £) can generate a pair (V,v) of

capacities by

V(A) := sup Eg[I4], V(A):=1-V(A°), forallAeF,
0e®

where {Ey : 0 € @} is the family of linear expectations in Lemma 1.2 and A€ is the comple-

ment set of A. It is easy to check that V' is subadditive, monotonic and
EX]=V(A) <E[Y], EX]=vA)=<E[Y], UX<L1=<Y,X,Ye. 1)
Moreover, if Iy € 52, then V(A) = E[l4] and v(A) = E[14].

Remark 1.3 Zhang [21] introduced another way to define the capacities generated by
(E, &), that is,

V(A):=inf{E[X]: 4 <X, X e},  ¥A):=1-V(A), forallAeF.

Under this definition, V is also subadditive, monotonic and (V/, ¥) satisfy (1). The relation
of these two pair of capacities satisfy #(4) < v(4) < V(A) < V(A), for all A € F. More
properties about (V,7) can be found in Zhang [21]. It is easy to see that Theorem 2.2,
Proposition 2.5 and Theorem 2.7 in this paper still hold when (V/,v) is replaced by (V, ),

respectively.

Definition 1.4
(i) In a sublinear expectation space (§2, 7%, E), a n-dimensional random vector Y is
said to be independent on another m-dimensional random vector X under E if for

each test function ¥ € Cy;p(R™*”) we have

E[y (X, V)] = E[E[y (x V)]|, ]

whenever ¥ (x) := E[|¥(x,Y)|] < oo for all x and E[[¥(X)]] < 00.
(i) A sequence of random variables {X,},>1 is said to be independent, if X,,,; is

independent on (X3, ...,X},) for each n > 1.
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Definition 1.5 (Definition 1.5 in Zhang [21]) In a sublinear expectation space (£2, 77, E),
a n-dimensional random vector Y is said to be negatively dependent on another m-
dimensional random vector X under E, if for each pair of test function y; € C;;,(R™) and
U € CrLip(R"), we have E[1(X)y2(Y)] < E[y1(X)]E[¢2(Y)], whenever /;(X) > 0 and

E[y2(Y)] = 0, E[[¢1(X)¥2(Y)I] < 0o, E[|¢1(X)]] < 0o, E[|2(Y)]] < 0o and either y; and
Yy are coordinatewise nondecreasing or yr; and v, are coordinatewise non-increasing.

2 Kolmogorov type and Hajek-Rényi type maximal inequalities
For convenience, let max,cq2;=0and ) ,_,a;=0if A= 0.

Let {X;};>1 denote a sequence of random variables in the sublinear expectation space
(£2,.¢,E) and the partial sums of random variables be S, = )", X; for all n € N* and
So = 0. The constant ¢ may be different in different places.

Theorem 2.1 Let {o;}]., be a sequence of non-negative numbers and r > 0. Then the fol-
lowing two statements are equivalent:
(i) there exists a constant ¢ >0, such that, foranyk=1,...,n,

E[max 1S4l ] < ch:al; ®)

1<i<k

(ii) there exists a constant ¢ > 0, such that, for any nondecreasing positive numbers
(B}, and any k =1,...,n,

I% k
o
} Z o 3)

E[max

1=<i<k

Bi

Proof In (ii), for [ = 1,...,n, let f; = 1, then we can get (i) from (ii). Now we turn to the
proof of (i) = (ii). The proof is based on the idea of the proof of Theorem 1.1 by Fazekas
and Klesov [9].

Fix any nondecreasing positive numbers {f;};_,. Without loss of generality we can as-
sume B; = 1. For any fixed k € {1, ..., n}, define the following notations:

Ai={l:1<l<kand2 < B/ <2}, ieN,
I=max{i:A; #0},

) max{l:l€A;}, ifA;#0,
m(i) = ieN, and m(-1)=0.
m(i-1), ifA; =0,

It is easy to see that / < oo, m(0) > 1 and {m(i)}°_; is nondecreasing. Then, by the subad-
ditivity of E and inequality (2), we have

]E|:1H<1?<)3< ] Z_;E[Ilréix ] ZZ‘E[maxlSﬂ]

Bi

1

I m(i)
< 2”E[max |S,|’] <N 27 g
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I i m(j) 1 m(j) I
STy Y wey 3oy
i=0 j=0 l=m(j-1)+1 j=0 l=m(j-1)+ i=j
m(j) m(j)
SxY2 Y wenyr Y Yy
j=0 l=m(j-1)+1 j=0 l=m(j-1)+ '3
I m(j) K o
5 MM S 31
]OIm(]1)+1 11'31
Therefore, the proof of this theorem is completed. O

Theorem 2.2 Let {a;}]., be a sequence of non-negative numbers and r > 0. Then the fol-
lowing two statements are equivalent:
(i) there exists a constant ¢ > 0, such that, forany k=1,...,n,any € >0,

1<i<k

k
V(max 1S;| > e) <ce” Za;; (4)

(ii) there exists a constant ¢ > 0, such that, for any nondecreasing positive numbers
(B}, and anyk =1,...,n,any € >0,

S, k o
2L > e) <d4ce™ = (5)

V' max
< Bi = B

1<i<k

Proof In (ii), for [ = 1,...,n, let B; =1, then we can get (i) from (ii). Now we focus on the
proof of (i) = (ii).

Fix any nondecreasing positive numbers {;}}, and fixany k € {1,..., n}. Without loss of
generality we can assume 1 = 1. We use the same notations A;, I and m(i) defined in the
proof of Theorem 2.1. Then, by the subadditivity and monotonicity of V and inequality

(4), we have
I
V| max §ZV max—>e
1<i<k ﬁl o leA; ,3[

I

< V(max NE eZl/r)
. leA;
I

< V(max NE 62‘/’)
- I<m(i)
i=0
1 m(i)

<) 27 q

i=0 I=1
Through the proof of Theorem 2.1, we have
m(i)

Zce 7 Za1<4ce - —
I=1 ’31

Hence, the proof of this theorem is completed. d
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Remark 2.3 Inequalities (2) and (4) are Kolmogorov maximal inequalities in the moment
and capacity types, respectively. As well, inequalities (3) and (5) are Hajek—Rényi maximal
inequalities in the moment and capacity types, respectively.

At the end of this section, we give two Kolmogorov type maximal inequalities for neg-
atively dependent random variables in sublinear expectation spaces. Before we do this,
we prove two propositions which will be used in the proof of Kolmogorov type maximal
inequality.

Proposition 2.4 Let {f;}!; C C;Lip(R") and {g;}!"} C CiLip(R™) be coordinatewise nonde-
creasing or coordinatewise non-increasing functions. If n-dimensional random vector Y is
negatively dependent on m-dimensional random vector X under E, then (fi(Y),...,f,, (Y))
is negatively dependent on (g1(X), ..., gm, (X)). In particular, =Y is negatively dependent on
-X.

Proof For any test functions ¥, € Cyrip(R™) and vy € Cy1ip(R™) such that ¥, (g1(X), ...,
&my (X)) = 0 and E[y(fi(Y), ..., [, (Y))] =0,

]EUWI (gl(x): oo rgml (X))WZ(fl(Y)r oo 1fn1 (Y)) ‘] <00,

E[lY1(@(X), ..., &m XD < 00, E[|¥2(fi(Y),....fu; (Y))] < 0o and either v and v, are
coordinatewise nondecreasing or ¥; and ¥, are coordinatewise non-increasing, de-

fine Y1 () = Y1(@ (). gm (1)) and ¥a() = Y1(fi(-)s-.., £, (). Then ¥y € Crrip(R™) and
¥y € CyLip(R") are coordinatewise nondecreasing or y; and v, are coordinatewise non-
increasing. Meanwhile U1(X) > 0 and E[¥,(Y)] = 0, E[|¥1(X)¥»(Y)]] < oo, E[|¥1(X)]] <
00, E[|(Y)|] < 0o. Therefore, by the definition of negatively dependence, we have

E[¥1(e1(X), -, & (X)) V2 (Ai(Y), ..., fiy (V) ]
= E[¥1(X)¥2(Y)] < E[v1(X)|E[¥2(Y)]
=E[y1(g1(X), ... gm X)) JE[v2(AY), ... o (Y))].

Hence (fi(Y),...,f,; (Y)) is negatively dependent on (g;(X),...,gu, (X)) under E. d

The following proposition gives the Chebyshev inequalities in sublinear expectation
spaces which have been proved in Chen, Wu and Li [5]. But the proof there is not valid for
the capacities defined by Zhang [21] (see Remark 1.3 in this paper). We give a new proof
here which is also valid for the capacities defined by Zhang [21].

Proposition 2.5 (Chebyshev inequalities) Let X be any random variable in 7 and f be
any nondecreasing positive function in Cypip(R). Then, for any € e R,

ELFO0)

VX =€) < ———, VX >e)< 70

f(€)

E[f(X)]
€

Proof Notice that

IXEG <'@ eH

~ fle) ’
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then this proposition can be deduced directly from (1) and the positive homogeneity of E
and £. O

Theorem 2.6 (Kolmogorov maximal inequality in moment type) Let 1 < p <2, {X;}}.,
be a sequence of random variables in sublinear expectation space (§2, 7, E) with E[X]] =
EX)) =0 foralll =1,...,n. If Xi is negatively dependent on (Xi,1,...,X,) for all k =
1,...,n—1, then

n
E| P| <2 Y E[xp) 6
max |S)1’ | < 1213 [1X17] ©)
Proof By Proposition 2.4, we know that —Xj is negatively dependent on (—Xz,1,...,—X,)

forallk=1,...,n—1.So by Theorem 2.1 in Zhang [21], we have

E| max (-5))[ | <27 S E[p]

1<il<n

I=1 I=1

max Sl‘p] < 22_pZH:E[|XZ|”], and E[

1<i<n

Notice that
» » »
max |S;P = (max |Sl|> < |max Sl‘ + |max (=S))| ,
1<i<n 1<i<n 1<i<n 1<i<n
taking EE in the above inequality, we can obtain (6) from the subadditivity of . 0

Theorem 2.7 (Kolmogorov maximal inequality in capacity type) Let 1 <p <2, {X;}]; be
a sequence of random variables in sublinear expectation space (§2, 7, E) with E[X]] =
EX) =0 forall I = 1,...,n. If Xy is negatively dependent on (Xis1,...,Xy) for all k =
1,...,n—1, then, for any € >0,

V(max |S;] > e) <23Pe? ZE[|X;|”]. 7)

1<i=<n
=1
Proof By Proposition 2.5, we have

V(max 1S >e) < e_p]E[mlax |Sl|1’].

1<i<n 1<i<n

Then inequality (7) can be deduced from Theorem 2.6. d

3 Strong laws of large numbers and the growth rate of partial sums

In this section and the sequel, we consider the sublinear expectation E can be represented
by

E[X] = sup Ep[X], forall X € J7,
PeP

where P is a nonempty set of o -additive probabilities on F. It is easy to check that

E[X] = inf Ep[X], forallX e 7,
PeP
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and (V,v) can be rewritten as

V(A) = sup P(A), v(A) = inf P(A), forallA e F.
PeP peP

Clearly, V is inner continuous and v is outer continuous, that is, V(4,) 1 V(A), if A, 1 A4;
and v(4,) | v(A),if A, | A, where A,,A € F, n > 1 (see Lemma 2.1 in Chen, Wu and Li
[5]). Theorem 3.2 shows that these properties also hold for E and €.

Definition 3.1 (Definition 3 in Denis, Hu and Peng [7]) A set B is a polar set if V(B) =0
and a property holds quasi-surely if it holds outside a polar set.

Theorem 3.2 (The monotone convergence theorem)
(i) Ifrandom variables X, + X and there exists a constant ¢ such that X,, > c
quasi-surely for all n > 1, then E[X,,] T E[X].
(i) Ifrandom variables Y, | Y and there exists a constant ¢ such that Y,, <c
quasi-surely for all n > 1, then E[Y,] | E[Y].

Proof 1t is easy to see that (i) is equivalent to (ii). So we only prove (i). By the monotonic-
ity of E, we know E[X,,] nondecreasing and E[X] > lim,_, .c E[X},]. On the other hand, it
follows from the classical monotone convergence theorem that

E[X] = sup Ep[X] = sup lim Ep[X,] < lim E[X,].
PeP pPep =0 n—00

Therefore (i) is proved. O

Let ¢ be a positive function satisfying
— ()
Z—<oo and O<g@(x) 100 on[co00)for somec>0. (8)

For convenience, we define % =00, — =0 and ¢(c0) = 0.

1
o0
Remark 3.3 For any 0 < § <1 and o € R, functions |x|® and |x|°(log |x|)* satisfy (8).

Lemma 3.4 (Lemma 1 in Sung, Hu and Volodin [17]) Let {a,},>1 be a sequence of non-
negative real numbers such that a, > 0 for infinitely many n. Let v, =y .- a; for n € N*
and ¢ be a positive function satisfying (8). If Y oo, a, < 00, then Y -, ango(%) < 00.

Proposition 3.5 Let {b,},>1 be a nondecreasing unbounded sequence of positive numbers,
{a,}n=1 be a sequence of non-negative real numbers, and ¢ be a positive function satisfying
(8). Let r be any fixed positive number and for n € N*,

00 1 -1/r

= b’ = ol =
Vy = Zot,bl and B, lnflla;n bl<p<w> .
=n

IFY 2 aub,” <00, then Yy " auB,” < 00 and lim,_, o Z—Z =0.
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Proof Firstly, we consider that there exists an integer m such that o, = 0 for all n > m,
thus B, = maxj<j<m b,»go(vli)’”’ for n > m. Obviously, > 72 a,B," < co and we can get
lim,, o0 2—: =0 from lim,,_, o b,, = 0.

Secondly, we consider that «,, > 0 for infinitely many 7. It is easy to see that 8, < B,:1
and B, > bngo(i)’”’, for n € N*. Then, by Lemma 3.4, we have

o0 o0 1
Zanﬁ;’ < Zay,b;’w(a) < 00.
n=1 n=1

Therefore, for any k < n, we have

1\-1/ 1y-1
maxy <i<x big(5)"" maxe<i<n big(5) r
= +

by, by

maxi <<k biw(%)‘”’ < 1 )_W
+ol — .
b,

B
b,

Vk

Let n — oo, we get limsup,,_, o, = (p(i)‘”’ since lim,,_, o, b, = 00. Then let k — oo, we
have limsup,,_, =0 since lim,,_, o v, = 0 and ¢(x) 1 co asx 1 co. Hence lim,,_, o, ’Z—Z =0.
The proof of this proposition is completed. d

Theorems 3.6, 3.8 and 3.9 give several strong laws of large numbers and the growth rate
of the partial sums for general random variables in sublinear expectation spaces.

Theorem 3.6 Let {b,},>1 be a nondecreasing unbounded sequence of positive numbers and
{an}us1 be a sequence of non-negative numbers. Let r and c be any fixed positive numbers
and ¢ be any positive function satisfying (8). For n € N*, let

00 -1/r
Vy = Zaibi_’ and B, = max bjp| — .
1<i<n Vi

i=n

If for each n € N¥,
B[ max 15, ] < Yo ©)

andy 2, b, < 00, then lim,_, o ‘Z—Z = 0 quasi-surely with the convergence rate i—z = O(%)
quasi-surely.

Proof Step 1. We firstly consider that there exists an integer m such that «,, = 0 for all
n > m, then B, = max;<;<y b,'go(vii)’”’ for n > m.

In this case, the sequence {8,},>1 is bounded and it follows from the monotone conver-
gence theorem (Theorem 3.2) that

o0
]E[sup|S,,|’] = lim E[max |S,-|’] < CZ"‘!’ <00,
n—0o0 i:1

n>1 1<i<n

thus sup,,-.; 1S,| < co quasi-surely.
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Therefore lim,,_, o Z—Z = 0 quasi-surely since lim,_, o b, = 0o. Because of Z—Z = Z o, we
obtain the convergence rate of i—z = O(f—:) quasi-surely.

Step 2. We consider that o, > 0 for infinitely many n. By Proposition 3.5, we have
Y anpy,” <00, and lim,_« B,b;," = 0. It follows from Theorem 2.1 that

]E|:max —

1§l§n

.
]<4cZ—<4c —<oo
11'31

By the monotone convergence theorem (Theorem 3.2), we have

S| >
2L ]54 Zﬁ—<oo
!

B =

1<i<n

] = lim E[max

Sy
]E|:sup
n>1 ,Bn

So sup,-4 |;—Z| < 00 quasi-surely and

Sn

0=
Bnl

sup|—
n>1

Su|
by,

bn

Hence, lim,,_, o i—z = 0 quasi-surely and i—z = O(g—:) quasi-surely. The proof of this theorem
is completed. 0

Proposition 3.7 Under the assumptions of Theorem 3.6, the following statements hold.:
(i) if the sequence {B,}n=1 is bounded, then S” = O(1) quasi-surely;
(il) if the sequence {By}u>1 is unbounded, then 2L = o(1) quasi-surely.

Proof (i) Assume that {8,},>1 is bounded by a constant D > 0. Then

o0 o0
E o, <D" E auB,” <oo
n=1

n=1

It follows from the monotone convergence theorem (Theorem 3.2) that

[sup|S | ] = llm E[max |SII’] <cZal< 0.

nz1 =1

Therefore sup,., |S,| < oo quasi-surely. Since {8,},>1 is bounded, we obtain " =0(1)
quasi-surely.

(ii) We turn to the case that {8,},>1 is unbounded. Now {8,},>1 is a nondecreasing un-
bounded sequence of positive numbers. It follows from Proposition 3.5 that ) oo, &, 8, <
00. Then, by Theorem 3.6, we get lim,,_s o 32 = = 0 quasi-surely, that is, —Z = 0(1) quasi-
surely. O

Theorem 3.8 Under the assumptions of Theorem 3.6, the following statements hold:
(i) if the sequence {B,}n=1 is bounded, then i—z = O(fj—:) quasi-surely;
(ii) if the sequence {Bu}u=1 is unbounded, then g—’; = o(f—:) quasi-surely.

Proof Due to = ;" bu these two statements can easily be got from Theorem 3.6 and

Proposition 3.7. |
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Theorem 3.9 Let {b,},>1 be a nondecreasing unbounded sequence of positive numbers
and {a,},>1 be a sequence of non-negative numbers and r be any fixed positive number.
ForneN, let

o] 1 -1/r
Vy = Zaibi" and B, = flgl?gxn bgp(;) .

. L
=n

Assume that y ., a,b,” < 00 and there exists a constant ¢ > 0 such that for any n € N* and

any € >0
VI max |S;| > € <CE—VE oi. 10
(1<i<n| il = ) = — i ( )

Then the following statements hold:
(i) lim,_ oo i—z = 0 quasi-surely and “2’—: = O(’Z—Z) quasi-surely;
(ii) if the sequence {By}u>1 is bounded, then ;—Z = O(1) quasi-surely and i—z = O(‘:—:)
quasi-surely;
(ili) if the sequence {B,}n>1 is unbounded, then g—z = 0(1) quasi-surely and i—z = o(f—z)

quasi-surely.

Proof (i) By Theorem 2.2, we have for any » € N* and any € > 0

n
N
>e€ | <4dce —

i i
)
i=1 "t

( S
V| max |—
1<i<n| B

i

So for any k € N*, it follows from the inner continuity of V' that

S

n

V(s 5
u
| B

From Proposition 3.5, we have Y i ;87" < 0o. Therefore

>k) =0.

By the monotonicity of V, we have

>k) < lim V(max

n— 00 1<i<m ,3

n 4

zk) <4k 2
i=1 Bi

Sn

lim V(sup
k— 00 n>1|Pn

Sn . Sn
V| sup|— >kt ) < lim V{sup|—
n>1 ﬁ k— 00 n>1 ﬁ

Consequently sup,...; |S,|/B, < oo quasi-surely. Due to

n

= oo> = V(m{sup S
k=1 n>1

>k) =0.

Bn

n n

Sul _ 1Sul Bn
by Bu by

and Proposition 3.5, we have lim,,_, “Z—Z =0and i—’:{ = O(%) quasi-surely.



Huang and Wu Journal of Inequalities and Applications (2019) 2019:143 Page 12 0of 18

(ii) If the sequence {B,},>1 is bounded by constant D > 0, then

o0 [o¢]
E o, <D’ E a,B,’ < oo.
n=1 n=1

So for any k € N¥, it follows from the inner continuity of V and (10) that

v(sup 1S,] > k) < lim v(max 1S > k) < ck"iai.
i=1

n>1 1<i<m
Therefore

lim v<sup 1S,] > k) —0.

n>1

By the monotonicity of V, we have

V(supISy,| = oo) = V(ﬁ{sup|$,,| >k ) fklirgo V(sup|S,,| >k> =0.

n>1 k=1 n>1 n>1

Consequently sup,..; |S,| < 0o quasi-surely. Hence, 2* = O(1) quasi-surely and Z—: = 0(z)

Su Bu
Bn bn
quasi-surely.

(iii) If the sequence {B,},>1 is unbounded, then, by Proposition 3.5 we have

oo
E auB,’ < oo.
n=1

From (i) of this theorem, we get lim,,_, », S,,/8,, = 0 quasi-surely, and thus S,,/b, = o(B,/b,)
quasi-surely. O

The result of Theorem 3.8 is more precise than Theorem 3.6. When the sublinear expec-
tation space degenerates to the classical probability space, Theorem 3.8 and Theorem 3.9
give more precise results than Theorem 2.1 in Fazekas and Klesov [9], Lemma 1.2 in Hu
and Hu [10], Theorem 3.4 in Témdcs [19] and Theorem 2.4 in Témdcs and Libor [20].

Theorem 3.10 (Strong law of large numbers for negatively dependent random vari-
ables) Let 1 <p <2, {X,},>1 be a sequence of random variables in sublinear expectation
space (2,7, E) with E[X,,] = £[X,,] = 0 for all n € N*. If X is negatively dependent on
(Xks1 - - -» Xan) for all n,k € N* and {b,},>1 is a nondecreasing unbounded sequence of
positive numbers with

5 ElXa"] o0,

n=1

SN

then

S
lim =

=0 quasi-surely
n—o00 b

n
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with the convergence rate i—z = O(Q—Z) when {By,}u>1 is bounded, “z—z = o(g—;‘) when {B}u>1 is
unbounded, where for n € N*,

1 -1/p 0
:Bn = max bt(p<_> ’ Vn = ZEUXl'p]bl_p

1<i<n V;
and ¢ is any positive function satisfying (8).

Proof Set oy = E[|Xk|?] for all k € N*, then, by Theorem 2.6, we have

we can deduce this theorem from Theorem 3.6 and 3.8. O

4 An application to the logarithmically weighted sums

By using Theorem 3.6 and 3.8 to the logarithmically weighted sums, we can get Theo-
rem 4.2, which sharpens the result of Theorem 8.1 in Fazekas and Klesov [9] and Theo-
rem 2.5 in Hu and Hu [10] under the same condition in the classical probability theory and
extends it to the sublinear expectation space. Some of our idea for obtaining Theorem 4.2
come from these papers.

Lemma 4.1 (Lemma 8.1 in Fazekas and Klesov [9]) Set g(i,j) = ],.(:i %for i <j. Then, for
any 0< B <land 1<y <2, wehave

j ok

1 1
ZZ <1+/3117/3§

k=i =i

g (i,)).

>~
=0

Theorem 4.2 Let {X,},>1 satisfy the following condition (11):

there exist constants 8 > 0,c > 0 such that

B
|E[(Xx - EXd)) (X -E[X)))]| < c(é) , 1=<i<k (11)
Then
1L X -EG) .
nlirrolo Togn ; X =0 quasi-surely (12)

and for any € € (0,1/2),

n

1 Z Xy — E[X] 1 —surel
=0 uasi-surely.
logn — k (log m)¢ 1 4
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Proof Without loss of generality we may assume 0 < 8 < 1. Using the assumption (11) and
Lemma 4.1 we have foralli<j, 1<y <2

L X —EXd\’ TR T 1 a1
EKZ%HSZCZZWF_}@S?C >

k=i k=i =i k=i

By Theorem 1 in Longnecker and Serfling [11], we get, for every P € P,

i 2 n 14
Xk—E[Xk] 4c 1
E o e Ay — -,
[l a5 (51)
then
L X — B | ac (1)
k= k c

where A, is a constant defined in Theorem 1 of Longnecker and Serfling [11]. Since
Y o1 1k = O(1)logn as n — oo, we denote

oy, = (log(n + 1))y — (logn)”
and then by (13) we have for all n > 1

X — E[Xk]
]E[f?afx kZ k

where c; is a positive constant. Due to lim,,_, o, y# (logn)? ~!/a, = 1, there exists ng > 3,

2 n
} —a 3w
k=1

¢y > 0 and ¢3 > 0 such that, for all # > #n,
conY(logn)’ ' < a, < csnt(logn)? L.

Take b, = log(n Vv 2), then

o0
Vi = E ot,,b;,2 < 00.
n=1

Hence by Theorem 3.6, (12) holds.
Meanwhile, for n > ng, we have

Cy C3

(logn)’2<v, = Zaibfz < 5 (log(n - 1))1/72.

i=n

Therefore, for any § € (0,1), n > ny,

512
c
By = max by?? > (2_2) (log n)!=27)312,

1<i<nmn
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which implies {B,},>1 is unbounded since 1 — (2 — y)8/2 € (0,1/2). Therefore, by Theo-
logn Y X -ElXz] IE[Xk] is 0(B./b,) quasi-surely.

On the other hand, for # > ny, we have

rem 3.8, the convergence rate of

B, = max l?,v;S = max f,,, max b; vw}
1<i<n no<i<n

872
< max{ﬁno, (26_—3)/) (log ) (log(n — 1)) v 25/2}

312 2-y)8/2
log3
< maxj By, s 082 (log n)'- (2-7)812
2-y log 2

Since {B,},>1 is unbounded, for sufficient large n, we have

b < ca(log )22,
b,

where ¢, = (52 )5/2(1°g3) 2782 et e = (2 —y)8/2, then € can be any value in (0, 1/2) since

log2
8 isan arbitrary number in (0, 1) and @ Y er[x"] =0 i gl,,)e) quasi-surely. a

Throughout the sequel of this section, the sublinear expectation spaces and the random
variable sequence {X,,},,>; are further supposed to satisfy the following two assumptions.

Assumption 1 The sublinear expectation spaces (§2, 77, E) and (.5, %7, ]]T]) satisfy for all
X € 5 (or ) and f, € Cprip(R), f, | 0: E(or E)[f,,(X)] J, 0.

Assumption 2 Having fixed the ratio A > 1 as a constant, the sequence {X,},>1 is
a sequence of independent random variables in any fixed sublinear expectation space

(82,0, E) with E[X 1=¢[X,] =0,5,=E[X?] and ¢, = \/E[X?], for n > 1, and 0 <

inf,~1 02 < sup,., G, < 00. For n > 1, denote Sy = 0, S, = Y1, X; and 0, := 2572, ), :=

Tt =, Byi= /> 0k Wy i=

A random variable £ is G-normal distributed (denoted by & ~ N(0,[0%,5%])) under a
sublinear expectation E, if and only if for any f € Cp1ip(R), the function u(t,x) = IE[f(x +
VtE)] (x € R, t > 0) is the unique viscosity solution of the following G-heat equation:

du—G(02,u) =0, (xt) €R x (0,00),
u(0,x) = f(x),

where G(a) = 1]E[a§2] a € R, is determined by the variances 52 := E[£2] and 0’2 := £[£2].
If 52 = o2, then G-normal distribution is just the classical normal distribution N (0,52).

Lemma 4.3 (Theorem 5.1 in Song [16]) Let (§2, 77, E) and (ﬁ, %7, IE) be sublinear expec-
tation spaces satisfying Assumption 1 and {X,},>1 be a sequence of random variables in
(82, 7, E) satisfying Assumption 2. Then there exist a constant o € (0, 1), depending on A,
and a constant Cy; >0, depending on «, A such that, for any n > 1,

E[1X;[?*] “
sup |E[f(W;)] - E[f(£)]| < Cus sup = B )

[flLip=1 1<i<n ;
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where & is G-normal distribution under E with the fixed ). and VE[£2] = %, VEE?] = %
and |f |vip is the Lipschitz constant of f .

Theorem 4.4 Let (2,7, F) and (£2, A, E) be sublinear expectation spaces satisfying As-
sumption 1 and {X,},>1 be a sequence of random variables in (82, 7€, E) satisfying As-
sumption 2. For the o in Lemma 4.3, if sup;- E[1X;]1***] < 00, then, for any f € Cy1ip(R), we

have

. 1 -EfW)]  ~

nll>n<>lo logn kXﬂ: k =Elr@)] (14)
and

L REFW] 4

nlingo 10gnZ k : =8[f(.§)], (15)

k=1

and the convergence rate is O(IO{}M), where & is G-normal distribution under E with the

fived \ and E[E*] = 2, VE[E?] = .

Proof We can get (15) by considering —f in (14). So we only need to prove (14). It follows

from Lemma 4.3 that

. 1 GEFWO)l ~

limsup logn; ; —E[f(%‘)]‘
. 1 G EF(Wl -EF )]
_h;?lsip oz kX:I: P ‘

< limsup 1 Z|EV(W/<)]/<—EV(§)]|

n—00

k=1

n

1 iCa ]E Xi 2+a , o
< limsup ZlflLZ i sup {4“0210( ](%k) }

n—oo logn 1 1<i<k ;

n

1
< limsup |f|LipCy sup E[|X; >+ -
,Hooplf LipTat TP [ ]logn “ k(inf;1 02)(kinfis1 07)%

_|f|LipCa,ASupi21E[|Xi|2+a] . 1 Z 1
(infizllg)h% n—oo logn k=1

=0.

Therefore, equality (14) holds and the convergence rate is O(loén). d

Theorem 4.5 Under the assumptions of Theorem 4.4, for f € Cy1ip(R) satisfying the fol-
lowing condition (16): forall 1 <[ <k,

there exist constants B,c > 0 such that

IN?
[E[(rovi) - Bl v (v - o)) <¢( ) e
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we have
I &f(W) ~
nlLrI;o Togn ;ﬂ 3 0 = E[f(é)] quasi-surely, (17)
and the convergence rate is o((log;n)e),for any € € (0,1/2).

Proof Under the condition (16), it follows from Theorem 4.2 that, for any € € (0,1/2),

1 if(wk) ~E[f(Wi)] _ o( 1

Togn 3 (log ) > quasi-surely.

k=1

On the other hand, from Theorem 4.4, we have

lim — ZEV(Wk)]—EU(g)]=o< 1 )

n—oo logn o k logn

Consequently, we can get (17) and the convergence rate. O
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