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1 Introduction and preliminaries
The uniform convergence of a sequence of operators to a continuous function was in-
troduced by Bohman [9] and Korovkin [16]. Through g-calculus various modifications of
Bernstein operators [7] have been studied so far [10, 18, 31]. The (p, g)-integers are the
generalization of the g-integers, which has an important role in the representation theory
of quantum calculus in the physics literature. Recently, the approximation by the (p, q)-
analog of a positive linear operator has become an active area of research. For the theory
and numerical implementations of the (p, g)-analog of Bernstein operators introduced by
Mursaleen et al. [22] and other (p, g)-analogs, the reader may refer to [1-5, 11-15, 19-21]
and [32]. For most recent work on the (p, g)-approximation we refer to [8, 24, 26].

The (p, q)-integer, (p, q)-binomial expansion and the (p, g)-binomial coefficients are de-
fined by

[mlpq = , m=0,1,2,...,p>qg>1,
P—-q

(a +b),,, = (a+b)(pa + qb) (P*a+q’b)---(p"'a+q" ')

k
(m=-r)m-r-1) r(r-1) | M r
=Xp t oq° a,
r
pq

r=0

|:mi| _ (]!
r e [r]pg!lm — 1]y
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It can easily be verified by induction that

k
(1+ @) +qa)(P? + fa) - (" + g a) = 3 p "4 g |:m:| .
p4q

The (p, g)-analog of Euler’s identity is defined by

m-1

m
i) 305250 7] o
pq

s=0 k=0

Letf:[0,1] — R and g > p > 1. The (p, q)-Bernstein operators [22] of f is defined as

- k
B, ,(f3x) = Zf(M>p,,,k(p, gx), neN, (1.1)

=0 pk—n [n]p,q

where the polynomial p, «(p, ¢; %) is given by

k

s=|

1 |n ey Tt
pn,k(p,q;x)=m{ } p &[] -a%), x€l01l0<g<p<l. (12
p pa

For p=1, By (f;) turns into the g-Bernstein operator. We have

By (fi0)=f©O), By (i)=f(), neN. (13)

The following (p, q)-difference form of Bernstein operators [25] is given by

(1.4)

n n—1 n—r
V4 [l]p,q p [r]p,q
B(f= Y ag [0 1, 2
o g g
where f[xg, 1, ...,%,] indicates the nth order divided difference of f with pairwise distinct
node, that is,

Flxol =f(o)y  flxo,x1] = f 1) —f (x0) ’

X1 —Xo
f[xo;xb...,xn] :f[xl’“"x”] _f[xo,...,x,,_l]
[xn—xO]

and Ay, , is given by

n [7lpq! @) r-1)
)\_Z,q = |: :| p 2 q 2
r
p

2
Il

) (1 ~ p”l[llp,q> <1 _ P"Z[Z]M> . <1 _ fw) (1.5)
[n]p,q [n]P:q [Vl]p,q
0 _ 1 _ n —_
and A, =21,,=1,0=<A; <1,r=0,1,...,n

In this paper, some qualitative approximation results for the (p, g)-Bernstein operators

n . : 1 .
By, ,(f;x) have been obtained for the Cauchy kernel = with a pole « € [0,1] for g >p > 1.
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The main focus lies in the study of behavior of operators By q(f ;) for the function f,,(x) =
Py q —, X ZP"q" and f,,(p""'q7"") = a, a € R and the extra parameter p provides flexibility
for the approximation.

The time scale J,,, for g > p > 1 is denoted and defined as

Jpg = Oy U{p T} (1.6)

Here, we consider the (p, g)-Bernstein operators with the Cauchy kernel —, o € [0,1].
The previously obtained results [27-30] lead to the following conclusions.
o Ifa =0, thatis, f(x) = %, x #0and f(0) = a, then, for g > 2,

f&), xelyq

00, x&J,4.

lim B} (f;x) =

n—oo P4

(1.7)

e fael,,\[0,1] thatlsfx)—

nli)rgoBZ,q(f;x) =f(x), xel,,

Furthermore, as n — o0, Bz,q(f ;x) = f(x) uniformly on any compact subset of (—«, )
and BZ,q(f; x) — oo for |x| > o, x ¢ J, 4. Therefore, it is left to examine the case o € J, ; \ {0}
which is exactly the subject of the present paper. Let the function f,,, : R — R be defined
by

%’ xeR Ly
fnl) = G2 M NyacR. (1.8)
a, x=p"q"

2 Some auxiliary results
In this section, we prove some important lemmas.

Lemma 2.1 For the function f,, defined by (1.8), we have
(a) formeN,

lim By (fwsP'q”) =fu(Pq”), jE€No\ (m,m +1}.
Besides,
lim B) m,pmq’”‘) =—00, and

n—00

lim B” q(fm;P—(mH m+1) fm( m+1 —m+1)) _

n—00

p"q" m+1],,
P‘l(q - 1)[m]p,q

(b) Form=0,
Jim B, (ip'a”) =fo(P'a”), jeNo

By, (fo; -) approximates fo on Jp,q.
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This describes the behavior of B, (fs; ) on the time scale J, .

Proof (a) From (1.2), we can easily see that p,, ,_x(p, ¢; P/q7) = 0 for k > j, whence

min{k,j}

_ [n - k] o
B (fip7d) = Z f( ”)pn,nk(p,q;p’q ). (2.1)
Besides
. L . [n=Klp, -
lim pyi(p,gsP'q7) =8 and  lim qu =g (2.2)
Pq

Thus, 1im,,_, o0 fu( Rt i (0, G P ) = (" q )8 for all k # m.

(nlp.q
Now by easy calculation, we have

-0, j: m,
. [n—klpg i —j g™
T pg g ) = VP ey
nlingof( [Vl]p,q Prnn-k (P; qu’q ) pLg-Dmlpg’ j=m+1,
0, >m+ 2,

and combining with (2.1) and (2.2) yields the result.
(b) It can be obtained easily from (1.3) and (2.2) as f; is continuous at all points p/q 7,
jeN |

The next lemma is related to the coefficient of By _(fo; -)

Lemma 2.2 Let f,, be a function as in (1.8). If By (fin; x) = Y ko Cf,’Zxk and {2—’;‘: Zp"g "

fork=0,1,2,...,n, then

)\Pq —m(k+1) m(k+1)
o A - , (2.3)
i (1 _ prm lqm[l]p,q)(l _ prm= 2 m[z]p‘q) . (1 _ prm qm[k]p‘q)
[n]p,q [”]p,q [”]p,q
where )‘i:Z are given by (1.5).
Proof Consider f,,(z) = —+—, which is analytic function in C \ {p"g"}. It is well known

z—p"q
that [17] the kth order divided difference of f can be expressed as

1 f f(©)de
270 S (¢ —x0)(& —x1) - (¢ —xx)

f[x())xl)“ka] =

where L is contour encircling xy, ..., % and f is assumed to be analytic on and within L.

Hence, when the nodes 0, 224, Zra  Wba 16 ingide £ and the pole a = p™q™" is out-
[”] pq [”]pq [Vl}p,q

side, one has

f[O, P"l[l]p,q,“qpnr[’"]p,q] 1 ‘(f Jm(&)dt _ ‘ (2.4)
Lr(C -

[n],, [n], 2mi [I]pq s P
P4 P4 )+ (¢ ST
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By the residue theorem

P g Pl ”]pq] fin(2)
0, E R b
f[ [1]pq (]pq P o Koz - pri )

[nlpq
Jm(2)
= ~Reseprgn k (z—pr lpa )
P g
p—m(k+1)qm(k+1)
R —m—j Ulpa
[T —prms B

Since f,,,(z) = fiu(x) for z = x € [0, 1], the statement follows from the divided difference rep-
resentation (1.4). O

Now, we find the asymptotic estimates for the coefficient C;' in the next lemma

Lemma 2.3 We have

2j—m
lim n( P m_] ik ]p'q> = <p' ,£>
n— 00 [n]p,q qg" q oo

forj>m,q>p>1.

Proof ltis clear that

(npq

n—j 0
10g1_[(1 n— Wl—/ ]pq) Zlog< n m—J m [n— k]p,q> _ Zapq
k=1 k

where

n—m—j m [n—=Klp,
pa _ log(1 - p"™"7q" =7 21),  k<mn,

]
I, "p.q
n 0 k> n.
Since
. n— k
it < 10g<1 _ W%) ‘
pq

A U VR B .
q-p (1pq T q-p

=

which gives Y 2

° |a2?| < 0o, and by the Lebesgue dominated convergence theorem, we
= 1%,n Y g g
have

i B ) 51

(npq par

o0

=2 Jim

k=j

( pn—m—qu [n— k]P:q ))
(npq
- )
)
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as a result
n-j
k
lim lOgH( nm]qm[n ]P‘I)_logl_[< nkmqk>’
n—00 pile [ ]pq i P
which completes the proof. d

The following lemma gives an upper bound for n —m — 1.
Lemma24 [fmeN, k=0,1,2,...,n—m—1, then
’Cfﬂ < Conpap™™"q"™",
where C in RHS is a positive constant, whose value need not to be addressed.

Proof For n>m + 1 and from (2.3), we have

—m(k+1) m(k+1)

)4

_ p"’ m-1 m[l]pq P
(1 [nlpq )(1 [”]pq

q

|C£:Z|§ nm2

m[2] n—m—k m[k],
pq)'”(l_P [n]‘;q pq)

p—m(n—m)qm(n—m)

<
= ~ 21-m-1) g _ pA-m=2)4 "[2)pq o B Pn—m—kqm[k]p‘q ’
(1 n—1 )(1 [np.q ) (1 [1lpq )

—Mmn N
|G| <
TP oo

Further, we discuss the nature of Cy,_,;41,45- .., Cy, as follows. O

Lemma 2.5 FormeN,g>p>1,

X ~ —(m+1)n _(m+1)n
’Cizj—qm,n‘ Cogmp q » H—> 0.

Proof Using (2.3), we obtain the following

-m(n-m+1) m(n—-m+1)

’ ‘ = )\P4 p 1 .
n m n— th( _ p”’m’lqm[l]p,q)(l B prm- 2 m[2]pq) ( B pn—m—(n—m)qm[n_m]p’q)
[V’]p,q ["] [”]qu

From Lemma 2.3, we have

m+1
v
m+1 ’ E)Ooq

o]~ (£ 8)ocp" (P — q™)

m+1
(53 Docd™'p ™" 0" (0" - 4") (2.5)

(g; Ié)ooqm(m—l)pm(m—l) (pm _ qm) ’

cri _ Cfn,qp—n(mﬂ)qn(mﬂ).

n-m,n

m(n—m+1)p—m(n—m+l)pm (pn _ 6]")

The nature of the remaining coefficients Cy_11,1, - .., Cy is given as follows. O
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Lemma 2.6 Forj=1,2,...,m, we have

c1 (=pr=j=1)  jG=1)
lim np;n”n =(-1Y p T q7.
C
Y24

Proof Using (2.3) and (1.5), we get

_ ["‘m]p'q . m—j+1 [1=m+j-1lpq
ch1 e ( ) (d-p [nlpq )
n—m+j,n n— mn(l p_lq [n m+1]) (1- p_,q W)

(nlpq

m—j+1

lim Cfl’qmﬁn _ (l_lg_m)(l_lqam /+1)
= q_)
v

100 qumn (1_1%)(1_

c . m (=-plr—j-1)  jG=1)
lim — ZH]’” =(-1Y j p 2 q7.
y2U)

n— 00 C{: o

Corollary 2.7 The following estimate holds:
|C§(’,’Z| < Cp}q,mp—(m+l)nq(m+l)n’ k=0,1,2,...,n, (2.6)
and Cy 4 is independent of both k and n.

Corollary 2.8 We have the following:

Chromm+ -+ Couippajn® + -+ + Cpppt”
lim —~ P 2 = (50, D (2.7)
n—00 Cn—m,n

Proof The statement follows from Rothe’s identity [6],

m
| m (n)(n—j-1)  jG-1)
wpan=Y V|| p 7 q7.
j=0 J H

pq

3 Main results

+ First we consider the case when pole a € J, 4\ {0,1}.

Now, we obtain the results that concern with the uniform approximation of f,,,(x), m € N
by its (p,q)-Bernstein operators. It may be noted that, while the case when « € [0,1] \
Jp,q can easily be examined by using the result and method of [27], the condition « € J,4

requires a different approach.

Theorem 3.1 Ifm € N, then By, (f,;%) — fin(x) as n — oo uniformly on any compact sub-
set of (—p!m+Dgm+h), plms1) glme1)y

Proof We consider the complex (p, q)-Bernstein operators given by

.q3%) = Zf( k,,[ )pnk(pq,x) neN,zeC, (3.1)

Page 7 of 11
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and the function f,,(z) =
L = p"q . Then

W}”’)’ z € C. Let n be large enough to satisfy the condition

[”]p q

(fm:z)—z Pq k’

m+1

where C . is given by (2.3). Let p € (0, pt ~(m+1) Therefore for |z| < p the following

estimate is vahd by Corollary 2.7:

n
1
Bz,q(fmiz)| < k2=0:| k| <Cpym Z —(m+1) (m+1) ) <Cpgm 1 —p’(’“”)q(”‘”)p)'

Hence it follows that the operators {B) (f,:,2)} are uniformly bounded in the disk {z:

|z| < p} and convergent on the sequence {p/q7}%° ., having an accumulation point at

Jj=m+2
0 to the function f,(z) analytic in this disc. Using Vitali’s convergence theorem, we
have By, (fins2) = fiu(z) (m — oo) uniformly on any compact set in {z: |z| < p} as p €
(0, p"*V g+ was arbitrary. This completes the proof. O

Next we demonstrate that, outside of the interval, operators diverge everywhere except
a finite number of points.

Theorem 3.2 Ifm e N, then limn_><>Q (s %) = 00 for || > plml) g=mD) |y o pm+d) ¢
q Y, x A plim=Dgim- 2)...,1.

(m+1)

q "D, x o pin-

(m-1) q (m_l),P(’”_z)q_('"‘z), ..., 1, the situation has been ana-

lyzed in Lemma 2.1(a). We take x satisfying |x| > p""~Vg~("-1) different from these values.

Proof For exceptional points p

Let n > m be sufficiently large such that (2.3) holds. By Lemma 2.4, we obtain

> n—m-1 —m n-m
x)" ™M — 1
Cp’qu <C —mk mkxk -C (p q
kX:O: k,n = Lmp,q kX:O: p q mp,q 7p_mqu_ 1
— 0((p—(m+1)q(m+l)x)”), 1 — 00.
Hence
By, (3 ) Z CAx* + o (p D gtmeDx)"
k=n-m
= C x""g,(x) + o((p" " Vg Px)"),  n— oo
By Lemma 2.5, |Ci/2,,| ~ Cpqm(¥)(p~ "V g"*Dx)" as n — 0o whenever |x| > p("+Dg=m+D),
since lim,,_, o0 2,(%) = (% p, @) # 0, when x & {p"*Dg=0m+1) 1}, IZI
&n'\X b q

Lemma 3.1 Let fy be given by putting m =0 in (1.8). If B, ,(fo;%) = 3}, C, vAaxk then

-1

_k Klpg
(1 —19" [,,]p,q)

Cod = , k=0,1,2,...,n-1, CPi=a+
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Proof For k =0,1,. — 1, on a specific choice of the contour £, such that the nodes
0, Elt; ‘Z o gj" 1 are 1n51de L while the pole « = 1 is outside, formula (2.4) implies
pa
P _ M _ -1
kn = 1k _illpay ~ (K]
[Tfo(1 - ) (1 - prot ey’
since by (1.3), B, (fo; 1) = fo(1) = a and the statement is proved. O

Corollary 3.2 Fork=0,1,2,...,n— 1 with q > p > 1 we have the following result:

’Cpq|<i_

-p

+ Now, we consider the case when pole o = 1.
Here the point of singularity x = 1 is one of the nodes %. Consider the function f;

1
fw = {Fr TR (32)

a, x=1.

Theorem 3.3 Iff; is given by (3.2), then the following holds:
(1) Forallx e (-1,1],

11mB (fo, = fo(x)

n— 00

and the convergence is uniform on any compact subset of (-1, 1).
(2) Forallx e R\ (-1,1],

lim B (fo, =
n— 00
Proof (1) Since By (fo; 1) = fo(1), we need to prove only the uniform convergence of the

compact subset of( 1,1). For any p € (0,1) and |z| < p. From Corollary 3.2, we have

n-1
Zcpq k q )
k=0 p
Apart from that,
! 1 nq
|Chizt| < lal + ZW < lal +n|CY| <lal + —,
ko 1=pP" "5 9-pP
["]p,q
whence

, nq
A2 < lalp” + 0" = < Coa

Therefore, we conclude that the operators B, (f;z) are uniformly bounded in any disk
{z: |z| < p} where p € (0,1). From Lemma 2.1(b) and Vitali’s convergence theorem we

arrive at our result.

Page9of 11
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(2) Given that x satisfies |x| > 1, by Able’s inequality, we have

n-1
: " =1, |x|" 2
> et < B (gl v 2l ) < |x|_1(1+ ﬁ)cu
k=0
Meanwhile,

n-1 1
Chi'| =\ 2 T gy [ el " 2 (= lal)

k=0 L =P

[n]p,q

Thus, |B q(fo, x)| = nlx" — (Cpgx + lal)|x|" — oo as n — oo.
Atx = -1, we have

n—1 n-1
1
Byy(foi=1) =3 1)+ (a+ D | 1),
k=0 ko 1-p oy
and again applying Able’s inequality,
P k 2p
ch (1| < Conl +2ICpornl <1+
r-q
On the other hand
n-1
n
a+ s k[k]p,q -1)" = n-lal,
k=0 Mlpg
which implies that
B” (fo;-1)| > 1 2p
|pyq(ﬁ)’_ )|—"—|ﬂ|— +p—_q — 00, n— Q. 0

Remark For justification of the statement that the extra parameter p provides flexibility
for approximation, one can see Remark 1 of [23].

Moreover, since for g > p = 1 we recapture the g-Bernstein operators studied in
[30], it is clear that the interval of uniform convergence for By, in Theorem 3.1, i.e.

(=p™*Lg™L, p1gm*Y), is larger than the interval of uniform convergence (—g"*,¢q"*1),

obtained by Theorem 2.1 in [30].
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