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1 Introduction

Let C and D be nonempty closed and convex subsets of real Hilbert spaces H; and Hy,
respectively, and let H; and H; be endowed with an inner product (-,-) and the corre-
sponding norm | - ||. By — and —, we denote strong convergence and weak convergence,
respectively. Suppose that f: C x C — R be a bifunction. The equilibrium problem (EP)
is to find z € C such that

flz,x) >0, VxeC. (1.1)

The solution set of the equilibrium problem is denoted by EP(f). The equilibrium prob-
lem is a generalization of many mathematical models such as variational inequalities, fixed
point problems, and optimization problems; see [6, 14, 17, 18, 20, 35]. In 2013, Anh [2] in-
troduced an extragradient algorithm for finding a common element of fixed point set of a
nonexpansive mapping and solution set of an equilibrium problem on pseudomonotone
and Lipschitz-type continuous bifunction in real Hilbert space. The author proved the
strong convergence of the generated sequence under some condition on it. Since then,
many authors considered the EP and related problems and proved weak and strong con-
vergence. See, for example [1-4, 11, 21, 26, 41].

Moudafi [32] (see also He [25]) introduced the split equilibrium problem (SEP) which is
to find z € C such that

z € EP(f) N L7 (EP(g)), (1.2)
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where L: H; — H, is abounded linear operator and g: D x D — R be another bifunction.
It is well known that SEP is a generalization of equilibrium problem by considering g = 0
and D = H,.

He [25] used the proximal method and introduced an iterative method and showed that
the generated sequence converges weakly to a solution of SEP under suitable conditions
on parameters provided that f, g are monotone bifunctions on C and D, respectively.

Problem SEP is an extension of many mathematical models which have been considered
and studied intensively by several authors recently: split variational inequality problems
[12], split common fixed point problems [7, 13, 16, 19, 28, 31, 36, 38—40], and the split fea-
sibility problems which have been used for studying medical image reconstruction, sensor
networks, intensity modulated radiation therapy, and data compression; see [5, 8—10] and
the references quoted therein.

In this paper, motivated and inspired by the above literature, we consider a new extra-
gradient algorithm for finding a common solution of split equilibrium problem of pseu-
domonotone and Lipschitz-type continuous bifunctions and split fixed point problem of
nonexpansive mappings in real Hilbert space. That is, we are interested in considering the
following problem: let H; and H; be real Hilbert spaces and C and D be nonempty closed
and convex subsets of H; and H,, respectively. Let f: C x C — R and g: D x D — R be
pseudomonotone and Lipschitz-type continuous bifunctions, 7: C — Cand S: D — D
be nonexpansive mappings and L: H; — Hj be a bounded linear operator, we consider

the problem of finding a solution p € C such that
p € (EP(f) N F(T)) N L™ (EP(g) N F(S)) =: 2, (1.3)

where F(T) is the fixed points set of 7" and £2 # ¢. Under some mild conditions, the strong
convergence theorem will be provided.

The paper is organized as follows. Section 2 gathers some definitions and lemmas of
geometry of real Hilbert spaces and monotone bifunctions, which will be needed in the
remaining sections. In Sect. 3, we prepare a new extragradient algorithm and prove the
strong convergence theorem. In Sect. 4, the results of Sect. 3 are applied to solve split
variational inequality problems and split fixed point problem of nonexpansive mappings.

Finally, in Sect. 5, the numerical experiments are showed and discussed.

2 Preliminaries

We now provide some basic concepts, definitions and lemmas which will be used in the
sequel. Let C be a closed and convex subset of a real Hilbert space H. The operator P¢ is
called a metric projection operator if it assigns to each x € H its nearest point y € C such
that

ll = yIl = min{|lx - z|| : z € C}.

An element y is called the metric projection of x onto C and denoted by Pcx. It exists and
is unique at any point of the real Hilbert space. It is well known that the metric projection

operator P¢ is continuous.



Petrot et al. Journal of Inequalities and Applications (2019) 2019:137 Page 3 0of 18

Lemma 2.1 Let H is a real Hilbert space and C is a nonempty, closed and convex subset
of H. Then, for all x € H, the element z = Pcx if and only if

(x—z,z—y)>0, VyeC.
The metric projection satisfies in the following inequality:
IPcx = Pcy|l* < (Pcx — Pcy,x—y),  Vay € H, (2.1)

therefore the metric projection is firmly nonexpansive operator in H. For more informa-

tion concerning the metric projection, please see Sect. 3 of [24].

Lemma 2.2 ([23]) Let H be a real Hilbert space and T : H — H be a nonexpansive map-
pingwith F(T) # (). Then the mapping I - T is demiclosed at zero, that is, if {x,} is a sequence
in H such that x,, — x and ||x, — Tx,|| — 0, then x € F(T).

Lemma 2.3 ([42]) Assume that {a,} is a sequence of nonnegative numbers such that
ani1 < (1= ¥u)an + Yudn, VneN,
where {y,} is a sequence in (0,1) and {8,} is a sequence in R such that
(1) iMoo ¥ =0, Y o) v =00,
(i) limsup,,_, ., 8, <O.

Then lim,,_, oo a,, = 0.

Lemma 2.4 ([30]) Let {a,} be a sequence of real numbers such that there exists a sub-
sequence {n;} of {n} such that a,, < a,,.1 for all i € N. Then there exists a nondecreasing
sequence {my} C N such that my — 0o as k — oo and the following properties are satisfied

by all (sufficiently large) numbers k € N:
Ay < s ANA  Ap < Gy 1.
In fact, my = max{j < k: a; < aj.1}.

Definition 2.5 A bifunction f: C x C — R is said to be
« monotone on C if

fx,9) +f(r,x) <0, Vx,yeC;
+ pseudomonotone on C if
Sy =0 = fx)=<0, VxyeC;

« Lipschitz-type continuous on C if there exist two positive constants ¢; and ¢, such
that

fey) +f0.2) = f2) —aallx-yI* —ealy-zI?, ¥xy,zeC.
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Let C be a nonempty closed and convex subset of a real Hilbert space H andf: C x C —
R be a bifunction, we will assume the following conditions:

(A1) f is pseudomonotone on C and f(x,x) = 0 for all x € C;

(A2) f is weakly continuous on C x C in the sense that if x,y € C and {x,}, {y,} C C

converge weakly to x and y, respectively, then f(x,, y,) — f(x,y) as n — o0;

(A3) f(x,-)is convex and subdifferentiable on C for every fixed x € C;

(A4) f is Lipschitz-type continuous on C with two positive constants ¢; and ¢;.

It is easy to show that under assumptions (A1)—(A3), the solution set EP(f) is closed and
convex (see, for instance [34]).

We need the following lemma to prove our main results.

Lemma 2.6 ([2]) Assume that f satisfies (A1), (A3), (A4) such that EP(f) is nonempty and
0<pg< min{ﬁ, ﬁ}. Ifxo € C, and yo, zo are defined by

yo = argmin{pof (%,y) + 3 ly — %0lI* : y € C},
zo = argmin{pof (¥0,7) + %“J’ —x|*:y€C),

then
(i) po [f (x0,5) —f(x0,50)] = (o — %0,50 — ), Yy € C;
(i) llzo = plI* < llxo — pII* = (1 = 2poc1) %0 — yoll* = (1 = 2poc2) llyo — 201, ¥p € EP(f).

3 Main results

In this section, we present our main algorithm and show the strong convergence theo-
rem for finding a common solution of split equilibrium problem of pseudomonotone and
Lipschitz-type continuous bifunctions and split fixed point problem of nonexpansive map-
pings in real Hilbert space.

Let H; and H, be two real Hilbert spaces and C and D be nonempty closed and convex
subsets of H; and H,, respectively. Suppose that f: C x C — R and g: D x D — R be
bifunctions. Let L: H; — H; be a bounded linear operator with its adjoint L*, T: C — C
and S: D — D be nonexpansive mappings and #1: C — C be a p-contraction mapping. We
introduce the following extragradient algorithm for solving the split equilibrium problem

and fixed point problem.

Algorithm 3.1 Choose x; € H;. The control parameters A,, t,, &, By, 8, satisfy the fol-

lowing conditions:

- . 1 1 _ . 1 1
O<A<A,<A<miny —,—¢, 0<E§,u,,,§,u<mm ,

21" 26 24y 34,
- 1

B.€(0,1), 0 <liminf 8, <limsup B, < 1, 0<8<8,<d<——0,
=00 n—00 LIl

1 , >
o, € (0, 2—), nlirgloan =0, Xlza,, = 00.
=



Petrot et al. Journal of Inequalities and Applications (2019) 2019:137

Let {x,} be a sequence generated by

U = argmin{u,g(Pp(Lx,), u) + 3 ||u — Pp(Lx,)||*: u € D},
vy = argmin{u,g(u, ) + 3 |lu — Pp(Lx,)||*: u € D},

Yn = Pc(xy + 8,L*(Svy — L)),

tn = argmin{A,f (Y, ¥) + 21y — y411*: y € C},

2z, = argmin{A,f(t,,9) + 5|1y — yull*: y € C},

Tl = Aph(xn) + (1= 00,) (B + (1 = B) Tzp).

Theorem 3.2 Let Hy and Hy be two real Hilbert spaces and C and D be nonempty closed
and convex subsets of Hy and H,, respectively. Suppose thatf: C x C — Randg: Dx D —
R be bifunctions which satisfy (A1)—(A4) with some positive constants {c1, ¢y} and {d, d>},
respectively. Let L: Hy — Hj be a bounded linear operator with its adjoint L*, T: C — C
and S: D — D be nonexpansive mappings, h: C — C be a p-contraction mapping and

§2 #. Then the sequence {x,} generated by Algorithm 3.1 converges strongly to q = Poh(q).

Proof Letp € 2. So, p € EP(f) N F(T) C C and Lp € EP(g) N F(S) C D. Since Pp, is firmly

nonexpansive, we get

|Po(Lx,) - Lp||” = |Pp(Lx,) - Pp(Ip)|

< (Pp(Lxy) — Pp(Lp), Lx, — Lp)

(Pp(Lxy) - Lp, Lx, — Lp)

[|Po(Lx,) - Lp||* + L, — Lpl® — | Pp(Lx,) — L],

1
2
and hence

|Po(Lx,) - Lp|* < L, - Lp|® - || Pp(Lx,) — L, | . (3.1)

Since S is nonexpansive, Lp € F(S) and using Lemma 2.6 and the definition of u,, and v,,

we have

I1Sv, = LplI> = |[Sv, = S(Lp)|*
< Ivu—Lpl?
< |Po(Lx,) - Lp||* = (1 = 240,d0) | Po (L) — 0|

— (1 = 2undo) |ty = Vil (3.2)
for each n € N. From (3.1), (3.2) and the assumptions, we obtain

1SV, = LplI> < ILx, — Lp|)? = | Pp(Lx,) — Lx, | (3.3)

Page 5 of 18
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By (3.3), we get

(L(tn = ), SV — Ln) = (S — Lp, Svyy — L) — ||Svyy — L |1?

1
E[”SVM —Lp|® = ILxy = Lp|® = 1SV = Lx4]1%]

1 5 1
=-z ||PD(an) —Lx, || — =18V, = Lx, )%
2 2
This implies that

28n<L(xn _p)’SVn _an> =< _5;1 HPD(an) _an “2

= 818V, — Lt 1.
Since Pc is nonexpansive and by (3.4), we obtain

19 = pI? = || Pe(x + 8,L*(Sv — L)) — Pe(p) |
S || (xn —P) + 8nL*(SVn _an)Hz

= |lx, — plI® + 55 ||L*(SV,, - Lx,,)”2 + 28,,(x,, -p,L*(Sv, —Lx,,))

(3.4)

2
< [l = pII* + S2ULIPSVn — Lot > = 8, | Po(L%) = Ly ||” = 841l — L ||

)

= [0 = pI% = 8, (1 = SulILIZ) 1SV — Ly |1> = 8| Pp(L,) — Ly |°

then we obtain
lyn =PI < l1%: = pII.

By Lemma 2.6, the definition of ¢, and z, and the assumptions we have
lzn —pll < llyn—pl,

for each n € N. From (3.6) and (3.7), we get
llz = pll < ll% = plI.

Set g, = Buxy + (1 = B,) Tz,. It follows from (3.8) that

gn =PIl < Bullxn =PIl + (1 = Bu)ll T2u — pl|
< Bullxn = pll + (1 = Bu)llzu - pl

< llxx - plI.
By the definition of x,,; and (3.9), we obtain

[%s1 =PIl < || Ixa) = p|| + (1 = ) g — Pl
< || hxs) = B(p)|| + | (p) = p|| + (1 = &) %0 — P

(3.5)

(3.7)

(3.8)

(3.9)

Page 6 of 18
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< anplxn —pl +on|hp) - p| + 1 —an)lx. - pll

h —
< (1-an(1 = p)) Iy = pll + (1 - p)%pp”
h —
< max{llxn -pl, %pp”}
h —
< max{l|x1 -pl, ”(lpiip”}

This implies that the sequence {x,} is bounded. By (3.6) and (3.8), the sequences {y,} and
{z,,} are bounded too.
By Lemma 2.6, (3.6), the definition of g, and assumptions on 8, and §,, we get

g = pII* < Bullxn = pII* + (1 = B) | Tz — pII*
< Bullxn = pII* + (1 = B)llzw - pII”
< Bullxn = pI* + (1= )
X [llyn = I = (1 = 200e) 1y = tall® = (1 = 2262) 1 — 21
< Bullxn = pI* + (1 - Ba)
x [ltn = pI* = (1 = 220e) 190 = tull* = (1 = 200€2) 1 £ = 24 %]

= lln = pI* = (1= B)[(1 = 2Anc)llyn = tall® + (1 = 20,00) 16 — z4]I*].
Therefore,

s = pI? < o[ Bn) = p|* + (1 = )1 — pII?
< o[ 1ea) = p|* + (1= ) {12 = P11 = (L = B)[(X = 220n€0) 19 — tall?

+ (1 - 2)»,,62)”@, - Zn”Z]}’
and hence

(1- ,314)[(1 = 2X5c)llyn — tn”2 +(1=2x,0)1t0 - Zn||2]

< xn =PI = a1 =PI + M, (3.10)
where

M = sup{| | x,) = p|* = 1% — pI?| + (1 = B[(1 = 20060) 1y — L]l

+ (1= 2Xu62) Ity — z4lI*], m € N}
By (3.9), we have

%001 =21 = [en(ix,) - p) + (1 - @,)(qn - p)|*
< (1 -an)’llgn - pl* + 20‘n<h(xn) — P ¥n+1 _p>
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< (1= an)* 1% = P11 + 2au(h(xn) = (), %1 — p) + 20{(p) = P, %ns1 — )
< (1= an)* %0 = 1> + 2, p %0 = pll1%ns1 — Il + 200 (h(p) = P X1 — p)
< (=) llxn = I + awp (1% — pII” + %01 — 11%)

+ 20, (h(p) = P, Xns1 — )

= ((1 - C(n)2 + Oln,O) [l —P||2 + 0P |%n 41 —P||2

+ Zan(h(p) — D Xps1 —p). (3.11)
So, we get
Iotne1 =l < (1 - %)nxn -l
* 2(11—_02);” (2?f114;> * <1ip><h(”) P _’”))

= (1 -yl —pl?

anMO 1
' y"<2(1 —p) - p)<h(”) = Pr%ns1 ‘P))» (3.12)

where My = sup{||x, — p||>,n € N}, put y,, = % for each #n € N. By the assumptions on
o,, we have
[o¢]
nli)rgo ¥, =0, Z; Y = 00, (3.13)
=

Since Pk is a contraction on C, there exists g € §2 such that g = P h(q). We prove that
the sequence {x,} converges strongly to g = P h(g). In order to prove it, let us consider
two cases.

Case 1. Suppose that there exists 19 € N such that {||lx, — gl[};2,, is nonincreasing. In

this case, the limit of {||x, — g||} exists. This together with the assumptions on {o,}, {B,},
{X,,} and (3.10) implies that

tim {1y, — &l = Tim 116, -z, = 0. (3.14)
n—oQ n—0oQ
On the other hands, from the definition of x,,; and (3.8), we get

et = g1 < | A) = ) + (1 = ) | Butn + (1 = B) T20 g
= oy | hx) — gq|* + (1 - )
X [Bullxn = qll* + (1= B Tz — qI* = Bu(1 = Bu) 120 — Tzal*]
< [ hen) — g + (1 - )
< [Bullatn = ql* + (1= B)l16n = 112 = BuL = Bl — Tz ]

= a,||hx,) - g + (1= @)l — gl = Bull = B)llx — Tzul?],

Page 8 of 18
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and hence

Bu(l = B)(1 = @) 1%, — T2, 1% < | () — g || + 1 — g1

— %1 — qll*. (3.15)
Since the limit of {||x,, — g||} exists and by the assumptions on {,} and {8,}, we obtain
lim ||x, — Tz,| = 0. (3.16)
n—00
From (3.9) and (3.11), we have

l%s1 = qlI* = %0 — glI* = 204(h(xn) = @ X1 — q) < gn — qlI* = % — gl
<0. (3.17)

Again, since the limit of {||x, — g||} exists and o, — O, it follows that
lim (llgx — qll* = llxn — q1l*) =0
n—0o0

and hence

lim ||g, — gl = lim [lx, — gll,
n—00 n—00

and by (3.9), we get
lim ||x, —¢ll = lim ||z, —ql|. (3.18)
n—00 n—00

We also get from (3.6), (3.7) and (3.18)
nli)ﬁolo I —gll = nliglo lyn —qll- (3.19)

By (3.5) and (3.19),

lim ||Sv, — Lay|l = lim || Pp(Lx,) — L, | =0, (3.20)
which implies that

lim ||Sv,, — Pp(Lx,)| = 0. (3.21)

n— o0

It follows from (3.2) that

(1- 2Mnd1)||PD(an) — Uy ”2 + (1= 2upds) || un — Vn||2
< |Pp(Lx) - Lp|” - ISvs - Lp
(|Po(Lxn) = Lp || + 11Svs — Lol) (| Po(Lxn) - Lp| — ISV, — Lpll)

(|Po@xn) = Lp| + 11Svs = Lpll) | Pp(Lxs) = Sva .
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So,
lim || Pp(Lxy) — 1ty || = lim |, — v, =0, (3.22)
n—00 n—00

and hence
lim || Pp(Lx,) = va| = 0. (3.23)
n—00

From (3.20) and (3.23), we get
lim [|Lx, — v,| = 0. (3.24)
n—0oQ

It follows from x,, € C, the definition of y, and (3.20) that

Iy = %all = || Pc(%n + 84L*(Svy — L)) = Pc(x) |
< Hx,, +8,L*(Sv, — Lx,) —x, H

< SullLIISVn = Lxul| — O. (3.25)

Because {x,} is bounded, there exists a subsequence {x,, } of {x,} such that {x,,} con-
verges weakly to some x, as k — oo and

lim sup(x, — g, h(q) - q) = lim (x,, — g, h() - q)

n— 00

= <5c -q,h(q) - q). (3.26)

Consequently {Lx,, } converges weakly to Lx. By (3.24), {v,, } converges weakly to Lx. We
show that x € £2. We know that x,, € C and v,, € D, for each n € N. Since C and D are closed
and convex sets, so C and D are weakly closed, therefore, x € C and Lx € D. From (3.25)
and (3.14), we see that {y,, }, {¢,,} and {z,, } converge weakly to x. By (3.22) and (3.23), we
also see that {u,, } and {Pp(Lx,,)} converge weakly to Lx. Algorithm 3.1 and assertion (i)
in Lemma 2.6 imply that

)&nk (f(ynk:y) _f(ynkr tnk)) = (tnk _ynk’ tnk _y>

Z =Mt =Y Mt =51, VyeC,

and

ton (&(Po(Lny ), 18) — g(Pp (L), thy)) = (thny, — Pp (L ), thy — 11)

> — |ty = Po (L) | 41y, — 14

|, YueD.

Hence, it follows that

1
f(ynk,y) _f(ynk: tnk) + T||tnk _ynk””tnk —J’|| = 0: Vy € C)
ng
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and

1
g(PD(Lx,,k),u) —g(PD(ank),u,,k) + M_ H”nk —PD(Lx,,k)” 6y, —ull =0, VYueD.
i

Letting k — oo, by the hypothesis on {1,}, {it,}, (3.14), (3.22) and the weak continuity of
f and g (condition (A2)), we obtain

fx,y) >0, VyeC and g(Lx,u)>0, VueD.
This means that x € EP(f) and Lx € EP(g). It follows from (3.14), (3.16) and (3.25) that
Izn = Tzn |l < 2w = tull + [1£0 = Yull + 1y — %ull + %, — T2, || — O.

This together with Lemma 2.2 implies that x € F(T). On the other hand, from (3.21) and
(3.23), we get

[V = SVaull < ||V = Po(Ln) || + | Pp(Lxn) = Svu| — O,

and using again Lemma 2.2, we obtain Lx € F(S). Then we proved that x € EP(f) N F(T)
and Lx € EP(g) N F(S), that is, ¥ € 2. By Lemma 2.1, ¥ € £2 and (3.26), we get

lim sup{x, — g, h(q) — q) = (X — q,h(q) - q) < 0. (3.27)

n—00

Finally, from (3.12), (3.13), (3.27) and Lemma 2.3, we find that the sequence {x,} converges
strongly to g.
Case 2. Suppose that there exists a subsequence {#;} of {n} such that

%, = qll < ll%n; 41 —gll,  VieN.

According to Lemma 2.4, there exists a nondecreasing sequence {m} C N such that m; —

oo,
%m, = qll < I%m+1 —qll  and |lxx = qll < llxp1 —4gll, VkeN. (3.28)
From this and (3.10), we get

(1 - ,Bmk)[(l - 2)»mk01)||)’mk - tmk ”2 + (1 - 2)‘mkc2)”tmk — Zmy, ”2]
< WM + %y = g1 = %1 — gl

< QM.
This together with the assumptions on {«,}, {8,} and {1, } implies that

klggo Hymk - mk” =0, klggo ”tmk _kaH =0 and klirgo ”ymk _ka” =0.
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From (3.15), we have

2
Bing (1 = B )L = 0t ) 1%y, = Tz > < e | 1Cm) = || + Wt — @11 = N1%ms1 — qlI*

< e[| oty - qHZ'
By the hypothesis on {«,} and {8,}, we have
klirgo 1%, = Tz, |l = 0.
By (3.17), we get

_2amk<h(xmk) — @ Xm+1 — 61) = ”xmk+1 - 6I||2 - ”xmk - q”2
= 20 (W) = @ X1 — q)

< gy = qlI* = 1%m;, —qlI*> <O.
Since the sequence {x,} is bounded and «, — 0, we obtain
lim {|gy, —qll = lim [lx,, —q].
k—o00 k— o0
By the same argument as Case 1, we have

limsup(x,,, — q,h(q) — q) <O0.

k—o00

It follows from (3.12) and (3.28) that

O(mkMo 1
+
21-p) (1-p)

[%m 41 = qlI* < (1= Vi) 1%, = GlI* + Vg ( (n(q) = @ X1 — q))

amkMO N
21-p) (1-p)

< (= Y 1 ®ms1 — gl + mG< (1(q) - g, %me1 — q)),

and hence

OlmkM() 1

2 —p) T gy D~ B - q)).

Vo 1 = qlI* < ymk<

Since y,,,, > 0 and using (3.28) we get

OlmkM() 1
—_—+
21-p) (1-p)

”xk - 61||2 = ”xmk+1 - 61||2 = ( <1’1(61) — @ Xmyr1 — q>)
Taking the limit in the above inequality as kK — 00, we conclude that x; converges strongly
to g = Poh(qg). O

4 Application to variational inequality problems
In this section, we apply Theorem 3.2 for finding a solution of a variational inequality
problems for a monotone and Lipschitz-type continuous mapping. Let H be a real Hilbert
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space, C be a nonempty and convex subset of H and A: C — C be a nonlinear operator.
The mapping A is said to be

« monotone on C if
(Ax—Ay,x—y)>0, Vx,yeC;
» pseudomonotone on C if
(Ax,y—x) >0 = (Ay,x-9) <0, VxyeC;
« L-Lipschitz continuous on C if there exists a positive constant L such that
Ax — Ayl < Lllx—yl, Vx,ye€C.
The variational inequality problem is to find x* € C such that
(Ax*,x—x*)zo, VxeC. (4.1)

For each x,y € C, we define f(x,y) = (Ax,y — x), then the equilibrium problem (1.1) be-
come the variational inequality problem (4.1). We denote the set of solutions of the prob-
lem (4.1) by VI(C, A). We assume that A satisfies the following conditions:

(B1) A is pseudomonotone on C;

(B2) A is weak to strong continuous on C that is, Ax, — Ax for each sequence {x,} C C

converging weakly to x;

(B3) A is L;-Lipschitz continuous on C for some positive constant L; > 0.

Let H; and H, be two real Hilbert spaces and C and D be nonempty closed and convex
subsets of H; and H,, respectively. Suppose that A: C — C and B: D — D are L; and
L,-Lipschitz continuous on C and D, respectively. Let L: H; — H; be a bounded linear
operator with its adjoint L*, T: C — C and S: D — D be nonexpansive mappings and
h: C — Cbea p-contraction mapping. We consider the following extragradient algorithm

for solving the split variational inequality problems and fixed point problems.

Algorithm 4.1 Choose x; € H;. The control parameters A,, t,, &, By, 8, satisfy the fol-

lowing conditions:

0<A<hi,<i<L, O<p<p,<m<Ly  B,€(01),

0 <liminf g, <limsup B, < 1, 0<§§5,,§§< =
n—>00 n—>00 ILI|

1 , >
a, € (0, 2—), nlirgloan =0, Zan =0o0.

-p
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Let {x,} be a sequence generated by

up = Pp(Pp(Lx,) — nB(Pp(Lxn))),

Vi = Pp(Pp(Lx,) — pnB(un))),

Vn = Pc(xy + 8,L*(Svy — Lxy)),

tn = Pc(yu — AnAAyn),

zy = Pc(yn — MuAty),

Tl = Aph(x,) + (1= 0,) (B + (1= B) Tzp).

Theorem 4.2 Let A: C — C and B: D — D be mappings such that assumptions (B1)—
(B3) hold with some positive constants L1 > 0 and Ly > 0, respectively and 2 := {p €
VI(C,A) N F(T),Lp € VI(D,B) N F(S)} # 0. Then the sequence {x,} generated by Algo-
rithm 4.1 converges strongly to q = Poh(q).

Proof Since the mapping A is satisfied the assumptions (B1)—(B3), it is easy to check that
the bifunction f(x, y) = (Ax, y — x) satisfies conditions (A1)—(A3). Moreover, since A is L; -
Lipschitz continuous on C, it follows that

Sy +f(2) - f(x,2) = (Ax - Ay,y —2)
= —[lAx - Aylllly -zl
Z —Lillx=ylllly -zl
= eyl = Lyl VuyzeC.
Then f is Lipschitz-type continuous on C with ¢; = ¢; = %1, and hence f satisfies condition

(A4).
It follows from the definitions of f and y, that

) 1
ty = argmm{MAyn,y—yn) + 5“3"3’?1”2: VAS C}

1
= argmm{iny— ()/n _)"nAyn)”zz ye C}

= PC(yn - )\nAyn):

and similarly, we can get u,, = Pp(Pp(Lx,) — unB(Pp(Lxy))), vu = Pp(Pp(Lxy,) — 1uB(1,)),
and z, = Pc(y, — AAt,). Then the extragradient Algorithm 3.1 reduces to the Algo-
rithm 4.1 and we get the conclusion from and Theorem 3.2. O

5 Numerical experiments
In this section, we give examples and numerical results to support Theorem 3.2. In ad-
dition, we compare the introduced algorithm with the parallel extragradient algorithm,
which was presented in [27].

We consider the bifunctions f and g which are given in the form of Nash—Cournot
oligopolistic equilibrium models of electricity markets [15, 34],

fley) =(Px+ Q) (y-x), VxyeR, (5.1)
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gu,v)=(Uu+ vl (v-u), VYuveR™, (5.2)

where P,Q € R** and U, V € R”*" are symmetric positive semidefinite matrices such
that P—Qand U - V are positive semidefinite matrices. The bifunctions f and g satisfy con-
ditions (A1)—(A4) (see [37]). Indeed, f and g are Lipshitz-type continuous with constants
c1=¢Cy = %HP —Q|lland d; =d, = %HU — V||, respectively. Notice that, if b; = max{c;,d}
and b, = max{cy, d,}, then both bifunctions f and g are Lipshitz-type continuous with con-
stants b; and b,.

The following numerical experiments are written in Matlab R2015b and performed on a
Desktop with Intel(R) Core(TM) i3 CPU M 390 @ 2.67 GHz 2.67 GHz and RAM 4.00 GB.

Example 5.1 Let the bifunctions f and g be given as (5.1) and (5.2), respectively. We will
be concerned with the following boxes: C = ]_[f-(:1 [-5,5],D = ]_[;Zl [-20,20],C = ]_[f:1 [-3,3]
and D = H;Zl [-10,10]. The nonexpansive mappings T : C — C and S: D — D are given
by T = Pz and S = Py, respectively. The contraction mapping #: C — C is a k x k matrix
such that ||/|| < 1, while the linear operator L : Rk — R™ is a m x k matrix.

In this numerical experiment, the matrices P, Q, U, and V are randomly generated in
the interval [-5, 5] such that they satisfy above required properties. Besides, the matrices
h and L are randomly generated in the interval (0, l() and [-2,2], respectively. We ran-

domly generated starting point x; € R in the interval [-20, 20] with the following control

1
n+2

parameters: §,, = m, oy, = and w, = Ay The following three cases of the

_ 1
~ 4max{by,by}"
control parameter 8, are considered:

Casel. B,=10"10+ L

n+l”
Case 2. 8,=0.5.
Case 3. 8, =099 - 5.

Note that to obtain the vector i, in the Algorithm 3.1, we need to solve the optimization
problem

1
arg min{ung(PD(Lx,,), u) + 3 e = Pp(Lx,) ||2: ue D},
which is equivalent to the following convex quadratic problem:
1oy T
arg min Eu Ju+K'u: ue Dy, (5.3)
where J =21,V + I, and K = u,UPp(Lx,) — i, VPp(Lx,) — Pp(Lx,) (see [27]).

On the other hand, in order to obtain the vector v, we need to solve the following convex
quadratic problem:

1 .-
argmin{iuT]u+KTu: ueD}, (5.4)

where J = J and K = p, U, — jt, Vs, — Pp(Lx,). Similarly, to obtain the vectors ¢, and z,,
we have to consider the convex quadratic problems in the same way as in (5.3) and (5.4),
respectively. We use the Matlab Optimization Toolbox to solve vectors u,, v,, t, and z,.
The Algorithm 3.1 is tested by using the stopping criterion ||x,,1 — x,|| < 1073. In Table 1,
we randomly take 10 starting points and the presented results are in average.
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Table 1 The numerical results for different parameter B, of Example 5.1

Size Average times (sec) Average iterations

k m Case 1 Case 2 Case 3 Case 1 Case 2 Case 3
5 10 1.399695 1.957304 6.356185 37 54 171

10 5 2.168317 2916557 6.551182 56 75 179

20 50 2.834138 3.785376 8711813 58 80 186

50 20 5292192 6.570650 10418191 1M 138 220

Table 2 The numerical results for the split equilibrium problem of Example 5.2

Size Average times (sec) Average iterations

k m Algorithm 3.1 PEA Algorithm 3.1 PEA
5 10 0.862125 0.983111 31 44

10 5 1.037650 1.991282 36 83

20 50 1.607701 2618173 44 85

50 20 2.937581 7926821 80 258

From Table 1, we may suggest that a smallest size of parameter B, as 8, = 10710 + ﬁ,

provides less computational times and iterations than other cases.

Example 5.2 We consider the problem (1.3) when T = I« and S = Ip» are identity map-
pings on R¥ and R”, respectively. It follows that the problem (1.3) becomes the split equi-
librium problem which was considered in [27]. In this case, we compare the Algorithm 3.1
with the parallel extragradient algorithm (PEA), which was in [27, Corollary 3.1]. For this
numerical experiment, we consider the problem setting and the control parameters as in
Example 5.1, but only for the case of parameter B, is 1071° + ﬁ The starting point x; € R¥
is randomly generated in the interval [-5, 5]. We compare Algorithm 3.1 with PEA by us-
ing the stopping criterion ||x,,; — %,|| < 1073, In Table 2, we randomly take 10 starting
points and the presented results are in average.

From Table 2, we see that both computational times and iterations of Algorithm 3.1 are
less than those of PEA.

6 Conclusions

We introduce a new extragradient algorithm and its convergence theorem for the split
equilibrium problems and split fixed point problems. We also apply the main result to the
problem of split variational inequality problems and split fixed point problems. Some nu-
merical example and computational results are provided for discussing the possible use-
fulness of the results which are presented in this paper. We would like to note that this
paper convinces us to consider the future research directions, for example, to consider
the convergence analysis and the more general cases of the problem (like the non-convex
case) directions; one may see [22, 29, 33] for more inspiration.
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