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We consider the following inequality:

p)7 < max plnH)

HeGry_k

which is a variant of the notable slicing inequality in convex geometry, where L is an
origin-symmetric star body in R"” and is p-measurable, i is a nonnegative measure
on R", Gr,,« is the Grassmanian of an n — k-dimensional subspaces of R”, and C is a
constant. By constructing the generalized k-intersection body with respect to &, we
get some results on this inequality.
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1 Introduction

The notable slicing problem in convex geometry asks whether there exists a constant
C such that for any positive integer # > 1 and any origin-symmetric convex body [1] L
in R”

LI < C* max [Ln&Y|, (1.1)
gesn-1

where &1 is the hyperplane in R”, perpendicular to & passing through the origin, and

|L| stands for volume of proper dimension. There is a lot of literature focusing on this

problem. We refer the reader to [2-5] [6, Theorem 9.4.11] for the history and more

results. Iterating (1.1) one gets the lower slicing problem asking whether the inequal-

ity

ok k
IL|" <C* max |[LNH| (1.2)
HeG;

Tn—k

holds with an absolute constant C, where 1 < k < n and Gr,_; is the Grassmanian of
(n — k)-dimensional subspaces of R”; see [7, 8].

A more general problem considered in [9] is: Does there exist an absolute constant C
such that for every positive integer 7 and every integer 1 < k < n, and for every origin-
symmetric convex body L and every measure p with nonnegative even continuous density
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in R”,

w(L) < C* max u(LNH)LY, (1.3)
HeGry,_i
where |L| stands for volume of proper dimension?

This question is an extension to that of (1.2), general measures taking place of volumes,
a major open problem in convex; see [4, 10—12]. By this reason, (1.3) is also called slicing
inequality in convex geometry; see [9, 13].

In the literature [9] one proved (1.3) for unconditional convex bodies and for duals of
bodies with bounded volume ratio. And it also was proved that for every X € (0, 1) there ex-
ists a constant C = C(A) such that (1.3) holds for every positive integer n, for every origin-
symmetric convex body L, the codimensions of whose sections in R” k > A#n, and for every
measure ¢ with continuous density.

Inequality (1.3) gives a link between ©(L) and (L N H), which denote different dimen-
sional measures. Observe (1.3) and we found that there are two kinds of measures with
respect to L, u(L) and the Lebesgue measure |L|. Therefore, we consider a problem that
whether the Lebesgue measure |L| in (1.3) could be replaced by the general measure (L),
that is, whether the following inequality holds:

WD) <C* max (LN H) (1.4)
HeGr,_k
for some constant C. Inequality (1.4) is a variant of (1.3) and but more concise than (1.3).
And inequality (1.4) is the purpose of this article. Next, we introduce the main tool em-
ployed in this article and the program of this article.

The k-intersection body, introduced by [7, 14], plays an important role in the solution
to the Busemann—Petty problem, which is equivalent to the slicing problem; see [6, 7,
9, 15-17]. In this article, we define the generalized k-intersection body with measure w,
and denote by BP;, the class of generalized k-intersection bodies with measure u, with
BP} being the class of k-intersection bodies. If 1 is the Lebesgue measure on considered
set, then the generalized k-intersection body with measure « becomes the k-intersection
body, and BP}, becomes BP}. Using the outer measure ratio distance from x.-measurable
set L to the class B’P”YM, denoted by o.m.r.(L, BP,’;M) (see (2.3)), we get inequality (1.4) for
some constant C. We also give a comparison of o.m.r.(L, BP,ZM) and o.v.r.(L, BPY)

om.r.(L,BP;,) < Cov.r.(L,BP}),

for some constant C, which depends only on u. Then the results for o.v.r.(L, BP}) [8, 9,
13] can transfer to that for o.m.r.(L, BP,:‘_M).

This article is arranged naturally. In Sect. 2, we define the class of generalized k-
intersection body with measure u, BP} W and the outer measure ratio distance from -
measurable set L to the class BP; . The main results are exposed in Sect. 3. Section 4
contains the proof of the main results. Finally, in the last section, we give the conclusions

and some remarks.

2 Preliminaries
The k-intersection body plays an important role in the solution to the Busemann—Petty
problem, which is equivalent to the slicing problem. An analog to the k-intersection body
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plays an important role in the solution of our problem. In this section, we will construct
the class of generalized k-intersection body with measure u, BP}, and define the outer
measure ratio distance from p-measurable set L to the class BP}! -

Let g be a continuous nonnegative even function on R” (g(x) = g(—x) for x € R”; see [9]).
For any Lebesgue measurable set A in R”, let

J(A) - /A g dx,

where dx is the Lebesgue measure. Then p is a nonnegative measure on R”, and function
g is called the density of measure w1 [9]. At this time, A is called pu-measurable, and (A)
is the p-measure of A.

A closed bounded set L in R” is called a star body if every straight line passing through
the origin crosses the boundary of L at exactly two points different from the origin and
the origin is an interior point of L, where the Minkowski functional of L defined by

[[%]| = min{fa > 0:x € al}
is a continuous function on R”; see [9]. The radial function of a star body L is defined by
pr(®) = %]} forxeR” and x #0;

see [9]. If x € S"~! then p.(x) is the radius of L in the direction .

The generalized k-intersection body was introduced in [9]. An origin-symmetric star
body L in R” is a generalized k-intersection body, and write L € BP, if there exists a finite
Borel nonnegative measure 1; on Gr,_x so that for every ¢ € C(5"!) (class of continuous

functions on §*°1)

/ 19174 0(6)d6 = / Rt (H) dpua (H),
sn-1 Gryk

where R,_; : C(§"!) — C(Gr,_t) is the (1 — k)-dimensional spherical Radon transform,
defined by

R, _rp(H) = / o(x)dx

sn=1nH

for every function ¢ € C(5"!) and for every H € Gr,_¢.

Putting the measure p into the generalized k-intersection body, we define the gener-
alized k-intersection body with respect to measure . An origin-symmetric star body K
in R” is called a generalized k-intersection body with respect to measure p, denoted by
K e BP;! u (or K € BP}! g), if there exists a nonnegative finite Borel measure p1 on Gr,_
such that for every ¢ in C(5"!)

Tl x
/ (n | r“g(re)dr) w@)do= [ Rosot i, 2.1)
sn-1 0 Gry—k

where g is the density of measure .
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Note that when g =1 (namely u is the Lebesgue measure), BP;, becomes BP'.
For a convex body L in R”, the outer volume ratio distance from L to BP} is defined by

1
K|\"
ov.r.(L,BP}) = inf{ (%) :LCK,Ke BP,?}; (2.2)

see [9].
Similarly, for a Lebesgue measurable convex body L in R”, we define the outer measure

ratio distance with respect to measure u from L to the class 5Py, by

)

1
:LCK,KeBP" \. 2.3
w(L) ) k’“} (23)

o.m.r. (L, BP/ZM) = inf{ (

Now we turn to the main results in the next section.

3 Main results and discussion

In this section, the goal is to establish the inequalities, namely that similar to (1.4), which
reveals the relationship of the general measures of origin-symmetric star bodies and their
n—k (1 <k <n-1)dimensional intersection bodies, and is a variant of the classical slicing

problems (1.3) in convex geometry.

Theorem 3.1 Let L be an origin-symmetric star body in R" and p-measurable with density
g, and m = infecx{g(x)} > 0. Then, for1 <k <mn-1,

k n—k
nk n k{n\" |S}171|T
(M(L)) < (o.m.r.(L, B’P,w)) <Z> W H?Garf_k w(L N H). (3.1)

Theorem 3.2 Let L be an origin-symmetric star body in R" and j-measurable with density
g R= % diam(L), and

ozt 1
n—1
/ " g(ré)dr > — (3.2)
0 n
forall 6 € "1, Then, for1 <k <mn-1,
ek n Kk, K |S"_l|%
(w@) ™ < (o.m.r.(L,BP,)) R'n max u(LNH). (3.3)

|Sn_k_1 | HeGry_k

By Theorem 3.2 and the relationship (Proposition 4.7) between o.m.r.(L, BP; ) and
o.v.r.(L, BP}), we have the following.

Theorem 3.3 Under the assumptions of Theorem 3.2,

2k n-k
ok ank (M ™ e 1SH
(/L(L)) < (o.v.r.(L, BPk)) (m) R'n =y HgnG%f_k w(L NH), (3.4)

where m = infyepn g(x) > 0 and M = sup,,pn g(%) < +00.
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Theorems 3.1 and 3.2 both contain the coefficient: the outer measure ratio distance with
respect to measure u from L to the class BP} . Moreover, the coefficient in Theorem 3.1
is also relevant to the measure u, the coefficient in Theorem 3.2 is also relevant to the
diameter of L.

Under the assumptions of Theorem 3.2, the outer measure ratio distance with respect
to measure u from L to the class BP} W o.m.r.(L, BP! M) can be replaced by the outer
volume ratio distance from L to BP}, o.v.r.(L, BP}'), which essentially is o.m.r.(L, BP}! u)
specialized by letting 1 be the Lebesgue measure. This result is stated as Theorem 3.3.

The coefficient in Theorem 3.3 is also relevant to the measure .

4 Proof of the main results

First, using the polar formula for volume of a star body L we get a useful formula

1
L= [ 1ol as. @)
n Jsn-1
To prove Theorem 3.1, we first give the following result.
Lemma 4.1 Let K be in BP} ¢ and p-measurable with density g, and m = infycx g(x) > 0.

Assume that f is a continuous nonnegative even function on K, and € > 0. If for every H

Grn—k:

| rwas=e,
KNH

then, for1 <k <mn-1,

k n—-k
n\ ISt k

Proof Writing the integrals in spherical coordinates, we get

/K F)ds= fsn_l < /0|e|1<1 LE(r6) dr) 5

and

lont
_ n—k-1
Ime(x) dx = /Smm (./o r f(r@)dr) do

B
_ Rn_k( [ r"-k-lf(n)dr) (H).
0

So the condition of the lemma can be written as

Il
Rn_k< / ) r"-k-lf(r.)dr) (H)<e, forallH e Gr,_;.
0



Yu Journal of Inequalities and Applications (2019) 2019:139

Integrate both sides with respect to the measure p; that corresponds to K as a generalized
k-intersection body with respect to measure u by (2.1). We get

-
/ Rn_k< / r"-k-lf(mdr) (H) djua (H) < £101(Gro). (43)
Gry_k 0

Estimate the integral in the left-hand side of (4.3) using K € BP}! . and m > 0, then we
have

-1
M-I

[
_ /5 N (n /0 . r"-lg(re)dr> /0 R ke ' (r6) dr df

. 911 .
/ X 911 / " f(r0) dr df. (4.4)
Sn— 0

r”‘k‘lf(%)dr) (H) dp (H)

Nl

>m

Noting that ||6]|z! > r in the right-hand side of (4.4), we get

lonzgt lonzt
/S » 1611 /0 "KL (r0) dr db > / Y (r0) drde = /K f(x)dx. (4.5)

sn-1

Now we estimate p11(Gr,_x) in the right-hand side of (4.3).
By the assumptions of Lemma 4.1 and the integral transform of spherical coordinates,
we get

(K) / x)dx = /s" ) /”01( g(r0)drdo. (4.6)

Using 1 = R,_x1(H)/|S"*~1| for every H € Gr,_y, definition (2.1) and Hélder’s inequality,

we have

1
(G = o | sl

1 L x
—|S" =y l<nf e g(r@)dr) do
Sn

|§"- 1|— I0HK )
< |S”k I < / 1/ - g(r@)drd@) . 4.7)
SYI

Putting (4.6) into the right-hand side of (4.7), we have

_1, =k
1S" 1|

- |Snk1|

k
n

xlk‘

p1(Grug) < n (u(K))". (4.8)

Combination of (4.3),(4.4),(4.5) and (4.8) gives

Sn 1 n k
/Kf(x)dxf (m) ||sn Ll e (1) "e,

which completes the proof Lemma 4.1. d

Page 6 of 13
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Next let us prove Theorem 3.1.

Proof of Theorem 3.1 Set constant C > o.m.r.(L, BP{ ). Then there exists a star body K €
BP}, such that L C K and (u(K))# < C(u(L))

Let f = gxz, where x; is the indicator function of L, then f is nonnegative on K.

Put & = maxpecr, ; [y *) dx = Maxpyegr, , [;-y &%) dx = maxpegy, , (L N H). Apply
Lemma 4.1 to f and K (f may be not continuous, but we do an easy approximation) and
we have

% n—1 ”T’k k
M(L)=/L‘g(x)dx:/1;f(x)dx§ (%) ||6:9n_7k|_1|(u(1<))ﬁ ax w(L NH)

m
HeGry,_k
k n-k
(P
<C (m) Ty (pL(L)) HgnG%f_k w(L NH). (4.9)
Let C — o.m.r.(L, BP} ) in (4.9). Then
k e
(L) < (o.m.r.(L, BP}, ))k i HM( (L))é max (L NH)
M = WHTLT . ’ k:ﬂ m |S"’k’l | l'l’ HEGrn,k /’L ’
ie.,
k n-k
st W k(1) IS
(//L(L)) < (O.VJ". (L, Bpk,u)) (Z) W H[e%arfik /,L(L N H),
which completes the proof of Theorem 3.1. O

To prove Theorem 3.2, we need to apply the following lemma which comes from the
proof of Lemma 4.1.

Lemma 4.2 Assume that K is in BP; ¢ and ji-measurable with density g, m = infycx g(x) >
0. Let f be continuous nonnegative even functionon K, 1 <k <n-1and e >0.If

fx)dx <e forall H € Gryy,
KNH

then

-1

[Cf

g (100) e, (4.10)

LT
r"lg(rd) dr) / %L (r0) dr d6
0

Now we use Lemma 4.2 to prove Theorem 3.2.

Proof of Theorem 3.2 Set constant C > o.m.r.(L, BP; ). Then there exists a star body K €
BPy, such that L C K and

1
n

(1K) = C(W) " (4.11)

Page 7 of 13
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Put f = gx1, where x; is the indicator function of L, then f is nonnegative on K.
Let
HeGry,_j HeGry,_j HeGry,_j

&= max / f(x)dx = max / gx)dx= max w(LNH). (4.12)
KNH LNH

Apply Lemma 4.2 to f and K (f may be not continuous, but we can do an easy approxima-

tion) and we have

ot £ e
/ (n / r"g(rd) dr) / "L (r0) dr db
sn-1 0 0

———— (uK))"e. (4.13)
By L C K, we get
lo1;" < el (4.14)

for every 6 € §”!. Then (3.2) and (4.14) implies

-1 k -1
o1 noIOIR
/ (nf r”lg(rQ)dr> f r"’k’lf(re)drde
sn-1 0 0
leng? £ ez
2/ (n/ r”lg(ré)dr) / r"’k’lg(re)drde
sn-1 0 0

1 lenzt 1+
> R 1 <n/ r”‘lg(re) dr) do
Sn= 0

> %M(L). (4.15)

N

Combination of (4.11), (4.12), (4.13) and (4.15) gives

n-k
1 K|S
et = Con e (L)

Nt

max w(LNH). (4.16)
HeGry,_g

Let C — o.m.r.(L, BP} ) in (4.16). Then

—k
n-k S”_l VIT
n-k k k
Rk 15

(/,L(L)) < (o.m.r.(L, B’P,ﬁ’,ﬂ)) max w(LNH),

|S”_k_1| HeGr,_x
which completes the proof of Theorem 3.2. d

In order to prove Theorem 3.3, we need using Proposition 4.3~4.7 below.
First, in R” the dialation of a generalized k-intersection body with respect to measure p

is also a generalized k-intersection body with respect to measure p.

Proposition 4.3 IfK € BP,Z”g then TK € BPZg(T 1y where T is a dialation in R”.

Page 8 of 13
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Proof Suppose that Tx = ax (a > 0) for all x € R”, where a is a constant. By the definition
of K € BP} < (see (2.1)), there exists a nonnegative finite Borel measure 1 on Gr,_ such

that, for every ¢ in C(S"1),

lolk .
/ (n/ r”_lg(rO)dr) ©(0)do = / R,_xo(H)du,(H). (4.17)
sn-1 0 Gry_k
Then from
100% = a6l foreveryd e S,

and (4.17) it follows that

ol .
ak/ (n/ r”‘lg(ré)dr> ©(0)do
sn-1 0
lol;L , x
=/ (nf r”_lg(—e) dr) ©(0)do
sn-1 0 a

_ f Ry_xp(H) dpia(H),
Gry—k

where j15 = a¥pu; is a nonnegative finite Borel measure on Gr,_. This implies that aK €

BP yo1y i TK € BPL 1. 0

For given generalized k-intersection body, we can construct a generalized k-intersection

body with respect to some measure p.

Proposition 4.4 Suppose that K € BP} and

1
+00 u
||(9||,_<1 < (n/ r”_lg(re)dr) forevery 6 s
0

Let the star body D satisfy

Ions
n/ 7" lg(r0) dr = 011" forevery e st (4.18)
0
Then D € BPy,.
Proof This result follows from the definitions of BP}’ and BP} ¢ O

Proposition 4.5 Under the assumptions of Proposition 4.4, let m = infycgn g(x) > 0 and
M = sup,pn g(x) < +00. Then

1
Mlin

1
KCDC—TK
m n

Proof By (4.18) for every 6 € §"~!

m||Bllp" < 161" < MIIB1Ip"s

Page9of 13
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which implies

1

101" < 161l5" < LH@H*1
Ml/n K —= D — mlin K>

pox(0) < pp(0) < pr(0),

1
M1/n mlin

where pg is the radial function of K. Therefore,

1
K CDC —oK. 0

Proposition 4.6 Suppose that K € BP}!, m = infycgn g(x) > 0 and M = sup,pn g(%) < +00.
Let the star body D satisfy

lenst .
n/ r”_lg(MH r9) dr=10|" forevery e st (4.19)
0
Then K C M7D € B’P,Zg and
1
wMiD) M (4.20)
wK) ~— m

Proof Similarly to the proof of Proposition 4.5 and Proposition 4.4, we get
1
K CM»D e BP,.

By the polar formula for integrals and (4.19),

M(M%D):/l g(x) dx

MnD

(] ey
= / / " “1g(r6) dr do
sn-1.Jo

lons' .
= Mf / r"tg(M7r0) drdo
sn=1.Jo

M
:—/ 101" do
n sn-1

= MIK),

which implies

= =

wkK)  fegW)dx

wMiD)  MIK| M
m’ O

Next using Proposition 4.6, for given measure p with density function g, we have a result
ono.m.r.(L, BP} ) and o.v.r.(L, BPY).

Page 10 0of 13
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Proposition 4.7 Let L be an origin-symmetric star body in R" and j-measurable with

density g,
m = inf g(x) >0, M=supg(x)<+oo and 1<k<n-1.
xeR” xeR”"
Then
M\" "
om.r.(L,BP;,) < (Z) ov.r.(L, BP}). (4.21)

Proof By Proposition 4.6 and the definition of o.m.r.(L, BP,ZM) (see (2.1)) and (2.2)), we
can get Proposition 4.7. g

Proof of Theorem 3.3 Combining Theorem 3.2 and Proposition 4.7, we can get Theo-
rem 3.3. g

5 Conclusions
This article discusses the following inequality:

n=k

w()7 <C* max w(NH), (5.1)

HeGry,_j

which is a variant of the notable slicing inequality in convex geometry but more concise,
for some constant C, for every positive integer # and every integer 1 < k < n, and for every
origin-symmetric convex body L and every measure & with nonnegative even continu-
ous density in R”. The k-intersection body, introduced by [7], plays an important role in
the solution to the Busemann—Petty problem, which is equivalent to the slicing problem.
By constructing the tool of generalized k-intersection body with measure p and relevant
concepts, we get (5.1) for some constant C.

Next, we give some remarks as the end of this article. Equation (4.21) gives a relationship
between o.m.r.(L, BP} u) and o.v.r.(L, BP}'). Combining this result with Theorem 3.1 or
Theorem 3.2, we get estimates for (L) and maxyegy, , (L NH), in which o.m.r.(L, BPIZM)
is replaced by o.v.r.(L, BP}'). Theorem 3.3 can also follows from the combination of (4.21)
and Theorem 3.2.

The combination of (4.21) and Theorem 3.1 yields the following theorem.

Theorem 5.1 Let L be an origin-symmetric star body in R" and jv-measurable with density
&

m = inf g(x) >0, M=supg(x)<+oo and 1<k<n-1.

n
x€R xcR”

Then

nok WM S
(/,L(L)) "< (o.v.r.(L, BP,:’)) T hn max w(LNH). (5.2)

ISR e

It is worth noting that Theorem 5.1 can also be derived from Corollary 1 in [9].
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Another point that needs noticing is that all the estimates for o.v.r.(L, BP}) (for exam-
ple, [8, 9, 13]) can lead to different results on ©(L) and maxyegr, , u(L N H), just using
Theorem 3.3 or Theorem 5.1.

For example, there is an estimate [8] for o.v.r.(L, BP}) as follows.

Theorem 5.2 (see [8]) Let K be a symmetric convex body in R"” and 1 <k <n-1. Then

nlog &
o.v.r.(K, BP,?) <c %, (5.3)
where ¢ > 0 is an absolute constant.
Then this result united with Theorem 3.2 can yields the following.

Corollary 5.3 Under the assumptions of Theorem 3.2,
k 2k n—k
n-k nlog 2Nz M\ " , «|S""

L) " < —K& — [ —— LNH), 4

(@) ™ =<c ( P ) <m> R'n RE=Y Hgg:f?ku( ) (5.4)

where m = infyern g(x) > 0, M = sup, g« g(x) < +00, and ¢ > 0 is an absolute constant.

The shortcoming of this paper is that the direct estimate of the outer measure ratio dis-
tance with respect to measure u from L to the class BP; o 0-m.r.(L, BP; u) is not offered,
and Theorems 3.1-3.3 contain the coefficient relevant to the measure p or the diameter
of the star body L.

We want to obtain the best result as follows:

n-k
nw(L)" <C* max w(LNH),
HeGr,_j
where C is an absolute constant, irrelevant to © and L. But we have not realized it at
present.
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