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1 Introduction
Leth:I C R — R be a convex function with a < b and a,b € I. Then

b
h<“+b)5ﬁfa h(x) dx < w (1.1)

2

Inequality (1.1) is well known in the literature as the Hermite—Hadamard inequality.
A number of mathematicians have devoted their efforts to generalize, refine, counterpart,
and extend the Hermite—Hadamard inequality (1.1) for different classes of convex func-
tions and mappings. For several recent results concerning inequality (1.1), we may refer
the interested reader to [1, 10, 14, 27, 33, 34, 39].

Let us recall some definitions and known results concerning convexity.

Definition 1.1 ([33]) A function /1:1 C R — R is said to be convex on an interval [ if the
inequality

h(rx + (1= A)y) < Mh(x) + (1= A)h(y)

holds for all x,y € I and A € (0, 1).

Definition 1.2 ([1, 33]) A function: /: [0, b] — R is said to be m-convex if
h(ra + m(1 - 1)b) < Ah(a) + m(1 — A)h(b)

holds for all 4, b € [0,b] and A € [0,1] and for some m € (0, 1].
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Definition 1.3 ([1, 33]) Let (&, m) € (0,1]%. A function: /: [0, 5] — R is said to be (&, m)-

convex if
h(ra +m(1 - 1)b) < A%h(a) + m(1 - 1*)h(D)
holds for all 4, b € [0,b] and A € [0, 1] and for some m € (0, 1].

The Riemann-Liouville integrals J=, 4(t) and J; /(t) of order o > 0 are defined in [5]
respectively by J2, h(t) = J)_h(t) = h(¢),

1

Jo h(t) = TOZ) /t(t— W h(u)du, t>a

and
1 b
Jih(t) = m/}: (w—-0*h(u)du, t<b

for h € Li([a,b]) and « > 0, where I" denotes the classical Euler gamma function which
can be defined [17, 22] by

1,,W
'(w) = lim 7

n
A T we WECN 02
k=0

or by
'(w)= / wWle™du, Rw)>O0.
0

Recently, the following integral identity and the Riemann—Liouville fractional integral
inequalities of the Hermite—Hadamard type for (o, m)-convex functions were obtained.

Lemma 1.1 ([26, Lemma 2.1]) Let h: [a,b] C€ R — R be differentiable on an interval (a, b)
with a < b such that ' € L1([a, b]). Then

b-al (! (3a+b b
Qa(a,b):l—;[/o (1—u°‘)h< ur = (l—u))du

1
—/ u"‘h’(ﬂu+ 3a+b(1—u)) du
A 4

! o, fa+3b
+/0(1—u)h< 2 u+b(1—u)>du

1
_/0 u"‘h’(a;bu+ algb(l—u)) du:| (1.2)

for o >0, where

_ 1[ h(a) + h(b) a+b 4 r(a+1)[ ,  (3a+b
Quah =3[ (57 ) |- (25

o a+b o a+3b o
+J [(3ﬂ+b>/4l+h< 5 ) +J] [(a+b)/2l+h( ) ) +J [(a+3b)/4]+h(b):|'
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Theorem 1.1 ([26, Theorem 3.1]) Let i : [0,00) — R be differentiable on [0,00) and I’ €
Ly([a,b]) forO <a<banda >0.1If |1 |1 is (o1, m)-convex on [0, %]forsome (a1, m) € (0,1]?
and q > 1, then

)‘< b-a 1
- 16(a+1)|:(a1+1)(a+a1+1

q\ 1/q
h’(BZer) ) +a((a+1)
m
h,(a+b> q>1/q
2m
q q\ 1l/q
h/(d—+b) +mo (g + 1) h/(u+3b> )
2 4m
q q\ l/q
(230 w(2 . (1.3)
4 m

+mop(ay + o +2)
Theorem 1.2 ([26, Theorem 3.2]) Let ki : [0,00) — R be differentiable on [0,00) and h' €
Ly([a,b]) forO <a<bando > 0.If |I'|1 is (o1, m)-convex on [0, %]forsome (ot1,m) € (0,117

and forq>1and qg>r >0, then

b-a g-1 1t 1 T
’Qa(a,b)|§ 16 {(a(q—r)+q—1) |:ar+a1+1|h(a)|

h/(3d+b> q]l/q
4m
+131-”q(2q_r_1,1>[3(r+1,“1+1)’h’(3“+b>
o q-1 « o 4
1 ap+1 (a+b\ |1
+m|{B(r+1,— | -Blr+1, Wl ——
o o 2m
+( q-1 )l”q 1 ”<a+b)
alg-r)+q-1 ar+o;+1 2
W a+3b\|1Ve
4m
1 2g-r—-1 1 1
s (B = ()
o g-1 "« o 4
1 1 b\ |1V
+m<B<r+1,—)—B(r+1,al+ )) h’(—) ] }, (1.4)
o o m

where B(s, t) denotes the classical beta function which can be defined [18, 19] by

1/q
|Qu(a, b )] |:((a +1)(erg + 1| (a)|*

h/(3ﬂ+b) 1
4

+ may(ay + 1)

+moap(a + o +2)

+ ((oz + 1)(a1 + 1)

+a<((x+1)

moy

+
(ar+ D(ar+a;+1)
q

q

moy

+
(ar+1)(ar+a; +1)
q

1
B(s,t) = / w1 -wtdu, st>0.
0

For more information about the Hermite—Hadamard type inequalities for («, 71)-convex
functions, please refer to the papers [2, 3, 6, 15, 21, 26, 28—30, 32, 35, 38] and closely related

references therein.
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2 Areview for generalized fractional integral operators
Now we recall some necessary definitions and mathematical preliminaries of the general-
ized fractional integrals which are defined by Sarikaya and Ertugral in [24].

Let ¢ : [0,00) — [0, 00) satisfy the condition fol @ dt<oo.

We now define the left-sided and right-sided generalized fractional integral operators
arI,h(t) and -1, h(t) by

w@ﬁ@):/wwy_ﬁﬁhQOdu, t>a (2.1)

and

b
w@mn=/ “”1ﬂmmdm t<b. (2.2)

The most important feature of generalized fractional integrals is that they generalize some
types of fractional integrals such as the Riemann-Liouville fractional integrals [25, 26,
31], the k-Riemann-Liouville fractional integrals [11, 36], the Katugampola fractional
integrals [7, 8], conformable fractional integrals [23, 37], the Hadamard fractional in-
tegrals [16], and so on. These important special cases of the integral operators in (2.1)
and (2.2) are mentioned below.

1. If we take ¢(u) = u, the operators in (2.1) and (2.2) reduce to the Riemann integrals

¢ b
Ia+h(t):/ h(u)du, t>a and Ib—h(t):/ h(u)du, t<b.

t

2. If we take @(u) = %, the operators in (2.1) and (2.2) become the

Riemann-Liouville fractional integrals

L+h(t) = ﬁ ft(t— W h(u)du, t>a

and
b
I-h(t) = ﬁ /t (u—8)* h(u) du, t<b.

3. Ifwe take ¢(u) = %, the operators in (2.1) and (2.2) are the k-Riemann—Liouville
fractional integrals

1 t
[u+ — _ alk-1 ,
Kh(t) K@) /; (t—u) h(u)du, t>a

and

b
Iy xh(t) = / (u—-0)"* () du, t<b,
t

kI (@)

where

o0
Ii(a) = / ut-Leut Ik du, R(x)>0
0
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and

o

(o) = k1 < X

>, R(x) >0,k>0

are given in [13, 20].

4. If we take p(u) = 2 exp(—lfT“u), the operators in (2.1) and (2.2) reduce to the
right-sided and left-sided fractional integral operators with exponential kernel for

ae€(0,1)

I;ﬁh@):é/texp<-1?T“(t-u)>h(u)du, t>a

and

b
IZﬁh(t):é/ exp(—l_a(u—t))h(u)du, t<b

o

which are defined in [9].
Recently, Sarikaya and Ertugral [24] established the following trapezoid inequalities for
generalized fractional integrals.

Theorem 2.1 ([24]) Let h: [a,b] — R be differentiable on (a, b) with a < b. If |I'| is convex
on |a, b), then

‘hm) thO) L )+ oL ()]

2 T 2A(1)
W (a)| + |H(b) b—a [
< a ; A(lc)z | u|A(1—u)—A(u)|du,
where
A(u):/ouM dt< oo

Theorem 2.2 ([24]) Leth: [a,b] — R be differentiable on (a, b) witha < b. If |i'|1 is convex
on [a,b] forp,qg>1 cmd}% + é =1, then

‘h(a) +h(b)  w I h(b) + - 1,h(a)

2 2A(1)
b—a [ K@)+l B)1] [ P
< 2A(1)[ 5 ] [/0 \A(l—u)—A(u)| du] .

In [4], Ertugral and Sarikaya established the following trapezoid inequalities for gener-
alized fractional integrals.

Theorem 2.3 ([4]) Leth: [a,b] — R be absolutely continuous on I° such thath' € L,([a, b])
with a,b € I° with a < b. If the mapping || is convex on [a, b), then
V(0)h(b) + A(0)h(a) 1

- = 5 [wlh(®) + - L,h(a)]
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§b h()|/|Vu)‘udu+

_a , 1
—a|h (x)|/0 |A(u)|u du

-a,, 1
~ )] [ 186]a-u au

where

1 1
A(M)=/t Mdt<oo and V(u):/t Md

Theorem 2.4 ([4]) Let h: [a,b] — R be differentiable on (a,b) with a < b. If |W'|1 for g > 1
is convex on [a, b), then

’h(a)+h(b) 1 [+ L,h(B) + ;- 1,h(a)]

2 T 2A(1)

b—x 1 » 1/p |h/(ﬂ)|q+|h/(b)|q 1/q
LG

—x[ (! s 1T IR @) + | (b))
_a[/o AW du] [—2 ] ,

where L + 1 =1.
r 4

Ny

Most recently, Mohammed and Sarikayain [12] established some generalized fractional
integral inequalities of midpoint and trapezoid types for twice differential functions.

Theorem 2.5 ([12]) Let h: 1 C R — R be a twice differentiable function on I° such that
h’' € Li(la,b]) with a,b € I° and a < b. If the function |h"| is convex on [a, b], then

2

[(agp)- Loh®) + ez, Lh(a)] - W(”h(a > b)‘
(b -a)?

=

1
(@] + o)) [ |aw] e
0
where
t u b;ﬂ
A(t):/ V(u)du<oo and V(u):/ Mds<oo.
0 0 S

Theorem 2.6 ([12]) Leth:I C R — R be twice differentiable on I° such that h" € Li([a, b])
witha,b € I° and a < b. If |h"|1 for g > 1 is convex on [a, b], then

a+b
[(u_gb)+1¢h(b) + (#),lwh(a)] - 2V(1)h( 5 )‘

(b-a) ([ (IR @)+ 3R B\
<ot (/0 |A(u)|"du> {( oA )

+ <3|h”<a)|q + |h”<b)|q>”‘f}

4
b—a)? 1 lp
5(22/‘;) (/0 |A(u)|"du) (| (@) + 0"

where L + 1 =1.
r 4

),
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Theorem 2.7 ([12]) Leth:1 C R — R be twice differentiable on I° such that h" € L,([a, b])
with a,b € I° and a < b. If |W"| is convex on |a, D], then

‘ h(a) + h(b) 1

T~ 3 L WD) ¢ oy L]

2

o [ 18] au(pia ) |

<
- 8<15(0)

Theorem 2.8 ([12]) Leth:1 C R — R be twice differentiable on I° such that h" € L,([a, b])
witha,b € I° and a < b. If |1 |1 for q > 1 is convex on |a, b], then

‘h(a) + h(b) 1
- q>(0)[

2
(b a) ( f A )”" { (|h"<a>|q+3|h”(b)|q>”‘f
- 4

+ <3|h”<a)|q + |h"<b)|q)“q}

(a5 T h(B) + (035, T, ()]

2

4

2 1 1
< 7([?_61) (/ \A(u)|p du) p(|h”(a)| + |h”
0

— 2349 (0)

),

where L + 1 =1.
rq

3 A generalized fractional integral identity
Before stating and proving our main results, we formulate the following important frac-

tional integral identity.

Lemma 3.1 Let f : [a,b] — R be a differentiable function on (a,b) with a < b such that
feLi(la,b]). Then

fla)+£(b) a+b 2 3a+b
2 +2f( 2 >_A(1 [ “’f< >

by ¢f<a+3b>+
b-al [t , 3a+b a+b
~8A(D) [/o VW( 4 - )>
1

_/0 A(t)f’<at+ 3”4+b(1—t)) dt+[01V(t)f’(a13bt+b(1—t)) de

+ 21 3h(1 _ t)) dt], 3.1)

a+b

ab)lwf(b)}

+
ms
=2
S
~
~
Sy
~
N
)
v

where

t o((b=a Lo((ka
A(t):/ Mdljmoo and V(t):/ Mdu<00-
0 t
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Proof Integrating by parts gives

b—a (! (3a+b a+b 1
IIZSA(I)/O wt)f( s T (l_t)) 4= A + VO]

1 b-a
I:V(O)f(a+b> /0<P((;)t)f(3a;bt a+b(1_t)) ]

Changing the variable x = 3‘”1’ L+ ‘”b( — ) yields

3a+b

1 a+b 4 (p(‘”b x)
I = 2A l)|: () )f< ) /”z;b Txf(x) dx:|

2

2:(1)[ (0)f<a+b> s wf(ﬁb)}

Similarly, we obtain

b-a [! , 3a+b
Izz—m A A(t)f‘ ((lt+ T(l—t)) dt

1 o((=2)1) 3a+b
- sa sy - [ HE (w200 ) ai]

3a+b
'M[A(”ﬂ“) w(*57)}

b-a a+3b
I3 = 8A) J, ()f( t+ b(l—t)> dt

1 go((b“)t) a+3b
2A(1)[ 0)f (b) — / f( Lt b(l—t)) dt]

~ (assny Lf (B)]

and

b-—a (! /3a+b a+b
14:"8A(1)/o AW( 4 (l_t))
a+b 1(,0((1?%“))5) 3u+b a+b
- ([A(Df( ) [ f( 7 “‘”) ]
1 a+b a+3b
() 2]

where we used the fact that A(1) = V(0). Adding [1, I5, I3, and I, results in identity (3.1).
The proof is thus completed. g

Remark 3.1 Since A(1) = V(0), we can write identity (3.1) in Lemma 3.1 as

f(a);f(b zf(a+b) V?O)[“ wf<3a+b)

b b
(tastys (,;f<a+ ) a+b+¢f<ﬂ+3) (es30)- (pf(b)}
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b-al [} 3a+b a+b
=8V(0)[/0 VW( PR (1_))
1
- / A(t)f/(at —t)) V(t)f (‘”31’
0 0
1
+b(1—t))dt—/ t)f(‘”b “+3b(1—t)) }
0
Remark 3.2 Under assumptions of Lemma 3.1, if ¢(¢) = ¢, then identity (3.1) reduces to
1[ f(a) +f(b) a+b 1 b
ST ()] [ e
b-al (! (3a+b a+b
=0 [/O (1—t)f< R A (l—t))dt
o 3a + a+3b
—/0 tf(at+T( —t)> dt+/ (l—t)f(
+b(1_t))dt-/tf<“+b ‘”Sb(l—t)) }

which has been proved in [26].

Remark 3.3 Under assumptions of Lemma 3.1, if () = %, then identity (3.1) reduces

to identity (1.2).

Remark 3.4 Under assumptions of Lemma 3.1, if () = then

1[f(a) +f(b) a+b 421 (o + 1) 3a+b
5[ 2 +f< 2 )] = apn [I“”‘f( 7 )
b 3b
3a+b +kf(ﬂ+ ) a+b +kf(ﬂ+ ) a+3b kf(h]
=b1—6a[/01(1_ta/k)f/<3a;-bt a+b(1_t)>
1 b
—/ t"‘/kf/(at+ (1—t)> dt
0
+f1(1—t“/k)f<a;3bt b(l—t))
0

_/ glkp <d+b a;%(l—t)> dti|-

Remark 3.5 Under assumptions of Lemma 3.1, applying ¢(£) = é exp(—le"t) gives

f(a)+f(b) a+b 2(1 —a) 3a+b
() T ()

a a+b o a+3b
+I(¥)J(T) +7 (#yf(T) a+3b j(b)]

b-a 3a+b

1
= S[ITp(—A)] I:fo [exp(—At) - eXp(—A)]f/<

Page9of 17
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a+b
+

1- t)) dt - /1[1 - exp(—At)](t)f/ (at + 3a+
0
/l[exp( —At) — exp( A)]f <a +3b
0

1
_/0[ expl( At)]f(a+b a+3b (l—t)) ]

b(l—t)) dt

t+b(1—t)) dt

4 Generalized fractional integral inequalities of Hermite-Hadamard type
Now we are in a position to state and prove our main results.

Theorem 4.1 Let f : [a,b] — R be a differentiable function on (a,b) and f’ e Li([a, b))
for0 < a<banda>O0.If the mapping |f'|? for q > 1 is (a, m)-convex on [0, £ -] for some
(01, m) € (0,1]?, then

() )
J(” ' b) (%bylwf(” f”) + (aasb)-lwf(b)”
- :A‘(f)[( aelar)” (alra +A2y(3z;b)
([rwerar) (o (5]
([t (alr (552
([t (el (452)] 0

where the constants Ay, A, B1, and B, are defined by

q\ Vq

N———"

q\ Vq

l/q]

1 1
A1=/ 1 A(0)] de, A2=/ m(1-t1)|Ar)| dt,
0 0
1 1
31:/ 1|V (9| dt, BZ:/ m(1-t)|V()| de
0 0

Proof Using Lemma 3.1, the well-known power mean inequality, and the (o3, m)-convexity
of |f’|7 on [0, %] gives

‘f(ﬂ);rf(b) 2f<6l+b> o |:a ¢f<3a+b>
¢f<u+b) (%h)+[¢f<a;3b>+
b-—al ! ’ 3a+b
5—8A(1)[/0 |A(t)|L/(at+—4 (1—t)>‘dt
1
+/0 |V(t)|v<3a4+bt+a;b(l—t))'dt

3b)_1¢,f(b):| ‘
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+ [l (25t 2 0-) o

[l (s o) o

s ([ s [ [

sty () o]

([ weres) [ wor(e ()
=l () ) o]

o ([1aenae) [ [1aoi(e (52

-l (42 ) o]

([ worae) [ ve( (=)

=l (2) ) o] )

SA(I)[(/| (t)|dt)l "’ (A lf(a)|q+A2P< 4;1[9)

([ o) (52 o (5)

(oo el (558 (52 )

([ woro) ™ G (2ol ()]

This completes the proof. O

IA

q) liq

Remark 4.1 Under assumptions of Theorem 4.1, if ¢(¢t) = £ and m = «; = 1, then

l%[f(a);f(b) +f<a;b)]_bia/a”f(x) dx
=252 (5) (e (=))”
()b ()
(=R (=)

which was proved in [26].

q 1/q
. 2V/(b)|‘f) }
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Remark 4.2 Under assumptions of Theorem 4.1, if (t) = 7, then the inequality in The-
orem 4.1 reduces to inequality (1.3).

Corollary 4.1 Under assumptions of Theorem 4.1, if p(t) = T then
1[f(a) +f(b) o a+b _4“/k‘1Fk(oz+1) . f 3a+b
2 2 2 (b —a)x/k an 4
a+b a+3b
If‘?mub kf(T) Io{a+b) ,kf( 4 ) Iaa+3b kf(b iH
b-a 1 V4T /a
Z 41 | q
516(5+1)|:(a1+1)(5+a1+1):| H(k+ )(“” @l
@ + Dl 3a+b\ |1 af (e |- 3a+b\|
+ mop o] + + % x + 7
a a+b\|1M
+ma1<a1+—+2)‘f’(—> i| |:(—+1)(a1+1)
k 2m k
P,(oﬁb) P(awb) q]”q
X + ma (o + 1)
2
d 1) at+h @ 211 ﬁ e
vl ot 5 +ma1 ot ot - .
Corollary 4.2 Under assumptions of Theorem 4.1, if oy = 1 and ¢(t) = exp(——t) then

‘f(a)+f(b) 2f<a+b>_ 2(1-a) [ﬁf(sﬁb)
2 “

S

1 -exp(-A) 4
a+b a+3b
T (557 + T (50 + T 10|

b-a A +exp(-A) -1\ N
Esa[l—exp(—A)J[( A ) <A3V(d)|
A, V(Sa + b) q>1/q N <A exp(-A) + exp(-A) — 1)11/q
4m A
( P<3a+b) V<a+b>
X | B3 + By
4m

q>1/q
(A + exp(-A) — )l-“q(Asp,(a + b) q +A4V(a + Sb)
4 4m

Aexp( A)+exp( —A) - )1_1/‘1

q) 1/q

: (BgP (“%) ()]

l-ab-a A% +2Aexp(-A) + 2exp(-A) - 2
= o 2 ) 3= 2A2 ’
m(A +exp(-A) - 1)

A? ’

where

Ay =
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A?exp(-A) + 2A exp(-A) + 2exp(-A) — 2

B; = A2 ,
m(A? + 2A + 2exp(—A) — A% exp(-A) - 2)
By = JA2 .

Theorem 4.2 Let f : [a,b] — R be a differentiable function on (a,b) and f' € L,([a, b]) for
0 <a < b. If the mapping |f'|1 is (a1, m)-convex on [0, %]for some (a1, m) € (0,1]2, g > 1,

and g >r >0, then

‘f(a)+f (a;b) A(l)[ad‘pf(&wb)
e (757) vt (57 v wf“”]l

q) 1/q

(e (%5)
W)
o)
2))

_SA(I)[(/| ClEE
() ol
([ 1a0rf ar) (el (57 v

([ ) (o (52)

where the constants Cy, Cy, D1, and D, are defined by

-a

»a

L
o
~

b
L

q> 1/q

1/q
} (4.1)

—r

-Q|»Q
o
A
\-/
—
L
oy
N
>
-

1 1
C1=/0 1 A®)| dt, szfo m(1-t")|A@)| dt,
1
D2=/ m(1-t)|V(e)| de.
0

1
Dlzf 1|V ()| dt,
0

Proof By Lemma 3.1, the well-known Holder inequality, and the (o1, 71)-convexity of |f’|?

on [0, %], we have

‘f(ﬂ);rf(b)Jrzf(d;b)_ 2 |:a ¢f<3a+b>
b b
wf<a+ ) (%h)»flwf(a-;g )"’ 3h)1wf(b)iH
b- ! , 3a+b ,(3a+b
gﬁ[/ |A(t)|p<at ar (1—t)>‘dt+/ V(@) p(%t
_t))’dt+/ |A(t)P<“+bt+“+3b(1—t))’
+/ \V(t)W’(afbe(l—t))‘dt]
P 1-1/q 1 . )
_8A(1 {(/ A dt) [/ A (t‘”[f(a)|q
1/ oor 1-1/
e () )] o)
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q l/q
)a

(Lo (el () -l (5
([ ) [ (e (57}
ot (2o ([ o)
(o5 e () o] |

=8Au>[</ ‘“)"“dt)l 1/,,(C1 +c4/ (3ﬂ+b) ‘f)”q

([merttae) (ol (52) 2 (52)])
(o (e (52
([t e e (=) o4 (2)) ]

The required proof is complete. O

Remark 4.3 Under assumptions of Theorem 4.2, if ¢(t) = ¢, then inequality (4.1) reduces

1[f(a) +f(b) a+b 1 [t
B[ ()] [ e
b g-1 \' q maoy
S?(2&1—;"—1) |:<r+a +1V( )} (r+ )(r+oa;+1)
P(gmb)q Y ( P(Boﬁb) ( 1

(r+1,a1 +1) +m| —
r+1
D)) G (57

-B(r+1,a; +1) +

r+oa;+1 2

mo a+3b
(r+1)(r+a1+1) ( )
a+3b 1 b
X (}j/( ) +m<— —B(r+1,a; +1)>'/’(—)
4 r+1 m

which was proved in [26].

to

1/q
) +B(r+1,a1 +1)

ik

Remark 4.4 Under assumptions of Theorem 4.2, if ¢(t) = FL then inequality (4.1) re-

duces to inequality (1.4).

Corollary 4.3 Under assumptions of Theorem 4.2, if (t) = ta X 5> then

1[f(a) +f(b) a+b 49D+ 1T 3a+b
H 2 +f( 2 ﬂ‘ (b —a) " [1“*"‘f< 4 )
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a+b a a+3b
+1 3a+b kf(T) +1(ﬂ;b)+,/(f(T> a+3b /(f(b iH
b-a g-1 1-1/q 1
= 16 ”: (g-1r)+q- 1] |: L+ o +1lf( |
3a+b\|1" kBl_l/q 2q-r-1 k
(‘”+1)(°”+051+1) <4m ) ] e ( g-1 ’5)
oz1+1 3a + k
X |:(r+ )‘f( ) [B<r+1,;) —B<r+ 1,
k(o +1) a+b Va qg-1 1-1/g 1
e )]P( Bl e
q a+3b\ |1V
le((l)| (otr 1)(ar+a1+1)‘/( ) ]
kBl I/q(Zq—r—l’E>[(r+L k(a1+1)>P<a+3b) 1
o qg-1 "« o 4
o(+28) (- )G T
+m|Blr+1,— | -B(r+1, —
o o m

Taten] ")
tla-nN+q-1

Corollary 4.4 Under assumptions of Theorem 4.2, if r = 0 and ¢(t) = = exp(

f(a) +f(b) a+b 2(1 - «) 3a+b
‘ 2 2f( )1—exp(—A)[ *f< )

+ Lsasn, (ﬂ+b) S (a+3b) T j(b)”
8[1—exp( -A)] [ e"P(—Af>]”dt>Up<lf’(a)|q

P(B,Mb) )Uq ( [exp(-At) — exp(-A) [ d )””
(e
X(P(Mb) V(aﬁsb)
et o) ((r(“57)]

where L + 1 =1and A= 1= b2,
p g 2

) ([
T

o

Remark 4.5 Under assumptions of Theorem 4.2, if A = le"‘b’T“, o =1 =

aﬁ exp(—le"‘t), then Theorem 4.2 reduces to Corollary 4.2.

q\ l/q 1 1/p
> + (/ [1 - exp(—At)]p dt)
0

<t), then

1, and ¢(¢) =
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5 Conclusions

In this work, we establish generalized fractional integral inequalities, the Riemann-—
Liouville fractional integral inequalities, and some classical integral inequalities of the
Hermite—Hadamard type for («, m)-convex functions. The results presented in this pa-
per would provide generalizations and extensions of those given in earlier works.
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