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1 Introduction
A set IC C Ris said to be convex if Vx,y € IC, ¢ € [0, 1], we have

1-tx+tyek.

A function f : L — R is said to be convex in the classical sense, if Vx,y € IC, £ € [0, 1], we
have

F(A=Dx+ty) < (1 -0Of &) + (7).

The theory of convexity plays a vital role in different fields of pure and applied sciences.
Consequently the classical concepts of convex sets and convex functions have been gen-
eralized in different directions. For more information, see [1-3]. Another aspect due to
which the convexity theory has attracted many researchers is its close relation with the-
ory of inequalities. Many famous inequalities can be obtained using the concept of convex
functions. For details, interested readers are referred to [4—14]. Among these inequalities,
Hermite—Hadamard’s inequality, which provides us a necessary and sufficient condition
for a function to be convex, is one of the most studied results. This result of Hermite and
Hadamard reads as follows:

Theorem 1.1 Letf: [a,b] C R — R be an integrable convex function. Then

a+b 1 b fla) +f(b)
f< 5 )SE/LZ‘f(x)dxfiz .
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The main motivation of this paper is to introduce the notions of o -convex sets and o -
convex functions by using the quasi-arithmetic means which can bring together all the
power means M, for p € R. More specifically, we define the o-convex functions via the
formula

My(x,9) =0 (1 - o (x) + ta ()],

which is associated with the strictly monotonic continuous function o. As applications of
the o -convex functions, we derive some new Hermite—Hadamard-like inequalities. In the

meantime some important special cases will also be discussed in detail.

2 o-convex functions
Let us now introduce new classes of o -convex sets and o -convex functions.

Definition 2.1 A set Q C R is said to be o-convex set with respect to strictly monotonic

continuous function o if
Mm%, 9) = a‘l((l —to(x) + ta(y)) €Q, Vx,yeQ,tel01]

Definition 2.2 A function f : @ — R is said to be o-convex function with respect to

strictly monotonic continuous function o if

f(/\/l[g](x,y)) <A-t)fx)+# (), VxyeQ,tel0,1]. (2.1)

Note that the function f is called strictly o-convex on Q if the above inequality is true
as a strict inequality for each distinct x and y € Q and for each ¢ € (0, 1).

The function f : @ — R is called o -concave (strictly o -concave) on Q, if —f is o -convex
(strictly o -convex) on Q.

If we take ¢ = % in (2.1), then we have

f(g_l(o(x);-a(y)))Sf(x);f()’)’ v,y e 0. (2.2)

The function f is called o -Jensen (or mid)-convex function.
We now discuss some special cases of Definition 2.2.

Case I. If we take o (x) = Inx, then condition (2.1) becomes

FE) <A-0f@) + 5 0), Yxyela,b] C (0,00),¢€[0,1],

which is the concept of geometric convexity as considered in [1].

Case I If we take o (x) = %, then condition (2.1) becomes

f(L) <(1-8Of@) + (), Vayelab] C(0,00),t€[0,1],
tx+(1-1t)y

which is the concept of harmonic convexity as considered in [15].
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Case II1. If we take o (x) = #” (p > 0), then condition (2.1) becomes

(=07 + 17)7) < (L -Of (@) + f ), Yy € [a,b] C (0,00) £ € [0,1],

which is the concept of p-convexity as considered in [16].
Case IV. If we take o (x) = €%, then condition (2.1) becomes

f(ln((l -t + tey)) <(1-8)fx)+tf(y), Vx,y€lablte[0,1],
which is the concept of log-exponential convex functions on [4, b].

3 Applications of ¢ -convex functions to integral inequalities

In this section, we show a representative application of o -convex functions. We will estab-

lish some new integral inequalities of Hermite—Hadamard type via o -convex functions.
Let Z = [a, b] unless otherwise specified and o be a continuous differentiable and strictly

monotonic function in its domain. We denote by R* the set of positive real numbers.

Theorem 3.1 Suppose that f : T — R is an integrable o -convex function with respect to

the function o, then we have the following inequalities:

fo(a)+a(b) 1 b ,
f("l( 2 >>§o(b>—a<a)faf(")"(")dx

Sf(a) +f(b)

5 (3.1)

Proof Since f is a 0 -convex function, we have

f<0_1(6(x) ; 6@))) Ef(x) ;f(y)'

Substituting x = 0 1((1 — t)o (a) + to (b)) and y = 0~ L(to (a) + (1 — £)o (b)) in the above
inequality, we have

A ()

_fle (A -t)o(a) + to (b)) +fo " (to(a) + (1 — t)o (b))
- 2

. (3.2)

Integrating both sides of (3.2) with respect to ¢ on [0, 1], we get

_(ola)+o(b) 1 b,
(1 (572)) = e [ S >

Similarly, in light of the assumption in Theorem 3.1 that f is the o -convex function, we
have

Flo (A= 0)o(@) + to (b)) < (1 - £)f (@) + tf (b).

Page 3 of 14
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Integrating both sides of the above inequality with respect to ¢ on [0, 1], we obtain

fla) erf (b). (3.4)

1 b
————— [ f(x)o'(x)dx <
o(b)-o (ﬂ)/; 4
Combining (3.3) and (3.4) completes the proof of Theorem 3.1. O

Theorem 3.2 Let f : 7 — R* be an integrable o -convex function with respect to the func-

tion o. Then

@ [P(ob)-0@), .
ab)-ol(a)l, <(,(b)_o(a))/(x)0 (x) dx

2f () o(x
o) -0, <O‘(b) )/( )o' (x) dx

@) +f(@)f (b) +£*(b)
W/ f x)O' x) dx + 3
< 2[f*(a) +f(ﬂ§f(b) +f2(b)]' (3.5)
Proof Using the arithmetic-geometric means inequality gives
2f (7 (1 - t)o(a) + ta (b)) ((1 - t)f (a) + tf (b))
< (fle™ (A =10 (@) + ta () + (1 - O)f (@) + f (b))°
= (e (- Do (@) + o)) + (L= 0@ + f2(B) + 26(1 - )f (@) (B).
Integrating both sides of the above inequality with respect to ¢ on [0, 1], we obtain
1
2f(a)/0 1 -0)f (o7 ((1-t)o(a) + to(b)))dt
1
+ 2f(b)/ tf(a_l((l —t)o(a) + ta(b))) de
0
1 1 1
< / e (1-to(a)+to(b))dt +f2(a)/ (1-¢)2de +f2(b)/ £ de
0 0 0
1
+ 2f(a)f(b)/ t(1-1t)de. (3.6)
0

By making the change of variable, inequality (3.6) can be rewritten as

o(x)
@) U(a)f <G(b) )/() o' (x) dx

o(x)—o(a ,
MEACAT —a(a)/a (56 -aa e s

1 PN @) +f(a)f (b) + f(b)
= m/ﬂf (®)o”(x) dx + 3 : (3.7)

Page 4 of 14
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On the other hand, since f is a o -convex function, we have
fle™ (1 -t)o(a) +to(b) <(1-t)f(a) +tf(b), Vte[0,1],
therefore
1 b
(b) - o(a)fa S ds

1
= / fz(ff_l((l —t)o(a) + to (b)) dt
0

ot 2(a) +f(@)f (b) +f 2(b)
3

1
< / [(1-0f(@) + i B)]*d (3.9)
0

Combining (3.7) and (3.8) leads to the inequalities described in Theorem 3.2. O

Theorem 3.3 Let f:7 — R* be an integrable o -convex function with respect to the func-
tion o. Then

1 b ,
70(!))—0 ﬂ)/f(x)a (%) dx

)

' 1 / bf %(x)o” (x) dx
4(o (b) - J(a))f(g—l(w)) ;

1 2 2
iPyrsTETEN (@ 12 0) + 4 (a)f ©). (39)

Proof Using the arithmetic-geometric means inequality and the o convexity off, it follows
that

o o _ -1
f(" (w»[f(o ((1-o(@) +to(B)) +f(o7 (to (@) + (1 - )0 ()))]

e (252

¢ Lo (- 00(@ + 10®) +£(7 (to(@) + (1~ Do ()

(22

+ %[fz( ((1 o (a) + to (b)) + +f*(o (o ‘l(ta a) + (1 -t)o (b))

+ 2f(cr_1 ((1 —t)o(a) + tcr(b)))f(cr‘1 (ta(a) +(1- t)a(b)))]

(e (2232

+ i[ (e (A -t)a(a) + to (b)) +f*(o 7} (to(a) + (1 - H)o (b))
+2((1-8)f (@) + (D) (¢f (a) + (1 - )f (D)) ].
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Integrating both sides of the above inequality with respect to ¢ on [0, 1], we obtain

f(a‘l <M)) [/olf(a—l((l —t)o(a) + to (b)) dt

/f to(a +(1—t)cr(b))) ]
sz(01<0(ﬂ);0(b))>/oldt
+ %[/Olfz(o‘l((l —t)o(a) + ta(b)))dt
1
+/ fz(a_l(ta(a)+(1—t)a(b))) det
0
1 1
+2(fz(a) +f2(b))/ t(l—t)dt+2f(a)f(b)f (t2+(1—t)2)dti|.
0 0

Performing the change of variable, we get

_1fo(a)+o(b)
f(cr < 5 ))a(b)— @ /f(x)a(x)dx
e (522)

b 2
o) - o(a))/u fae () dx

+f 2(a) +f2(b) + 4f (a)f (b)
12 ’

After a simple computation, one can transform the above inequality to the required
inequality of Theorem 3.3. d

Theorem 3.4 Suppose that f,h: T — R* are two similarly ordered integrable o -convex
functions with respect to the function o, then hf is also the o -convex function with respect
to the function o.

Proof Since f,h: 7 — R* are two similarly ordered integrable o -convex functions, for
Vx,y € Z, t € [0,1], we have

fle™((1 =)o) +to®)))h(oc™ (1 - t)o (x) + ta (%))
<[ -2 @) + WA - Dh(x) + th(y)]
= (1= ) Wh(x) + tQ - O[f () + )] + 2f 3)h(y)
= (1= O)f @)h(x) + tf GIA() + (1 - £)f (x)h(x)
+ 11 = D[f@h() +fO)h@)] + CF GRG) - (1 - O)f @)h(x) - if ()h()
= (1= )f Wh(x) + tf G)h(y) — (1 - O (F ) = 0)) (h(x) - h())]
< (1= Of @h(x) + f GA0).
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Thus

fle™ (A -t)o(x) + tO'(y)))h(g’l((l —t)o (x) +to (y)))
= (1= Of Wh(x) + tf ()AQ). (3.10)

Using the definition of o -convex function (Definition 2.2), we conclude that 4f is the o -
convex function with respect to the function o. The proof of Theorem 3.4 is complete. (I

Theorem 3.5 Let f,h:1 — R* be integrable o -convex functions with respect to the func-
tion o. Then

— / f@)h(x)o'(x)d

gMz(az b)+ Nz(cz b)

< (M@ b + [Ni@ )] - [f@f®) + ko],
where

Mi(a,b) = f(a) + f(b),
Ni(a,b) = h(a) + h(b),

Ma(a, b) = f(a)h(a) + f (b)h(D),
Na(a, b) = f(a)h(D) +f (b)h(a).

Proof Since f,h:7 — R* are integrable o -convex functions, we have

W / Sf@)h(x)o’ (x) dx
_ / F67 [ =00 (@) + to B)])h(0" [ - Do (@) + to (b)]) dt
0
1
< /0 [(1- ) (@) + FB)|[(1 - Dh(a) + th(b)] de

1 1
= h ) d h -d bh(b 24
f(a)(/(lt t+ [f(a) f)(a)]/ot(l t)t+f()()f0tt
- S [f@h@ +f OB + 2 [f@h®) + (@)
= gMz(a, b) + gNz(a, b).

On the other hand, we have

m/ f@)h(x)o’(x) dx

1
< /0 [1-8)f(a) + f B)][(1 - )h(a) + th(b) ] dt
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< /1 [ (1 -t)f(a) + (D)) ; [(A—t)h(a) + th(b)]2] d&s
0

1
. / [(1-0)*[f*(a) + K (@)] + £ [f*(b) + K ()]

2Jo
+26(1 - O)[f (a)f (b) + h(a)h(b)]] dt

= < [[F@+/ O] + [1@ + KO - [y ¢) + H@h®)]]

1

- [[Mi(a,5)] + [Ni(a, b)]* - [f(@)f (b) + H(a)h(b)]].

This completes the proof of Theorem 3.5. d

Theorem 3.6 Let f,h: 71 — R* be two similarly ordered integrable o -convex functions
with respect to the function o. Then

1 b e’ () de < V(b -

where My(a, b) = f(a)h(a) + £ (b)h(D).
Proof Using inequality (3.10) gives
f(ofl((l —t)o(a) + to(b)))h(o’l((l —t)o(a) + ta(b)))
< (A -0)f(@h(a) + tf ()h(b).

Integrating both sides of the above inequality with respect to ¢ on [0, 1] yields the in-
equality asserted by Theorem 3.6. O

Theorem 3.7 Let f,h:Z — R* be two integrable o -convex functions with respect to the

function o. Then

(e (252)

! ’ h (%) d <1M b IN b 312
_m/uf(x) ()0’ (x) v <o 2(a, )+§ 2(a,b), (3.12)

where My (a, b) = f(a)h(a) + f(b)h(b), Na(a, b) = f(a)h(b) + f(b)h(a).

Proof Since f and & are both integrable o -convex functions, by the same way as in the
proof of Theorem 3.1, we deduce that

- (7557)

_fle (A -t)o(a) + to(D)) +f(o7 (to(a) + (1 - )o (b))

2
h( _1<0(ﬂ)+0(b)>)
2

_ h(oc (1 - t)o(a) + ta (b)) + k(o (to(a) + (1 - t)o (b))
= 5 .

Page 8 of 14
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Hence, we have

(25 (232

Si[f( -0 +to®)]) +f(o7 [to@ + (1- o ®)])]

X [h( [(1 t)o(a) + to( b)]) (o [to a)+(1- t)a(b)])]
= Uo7 (- 00(@ + to)h(e™ (1~ Ho@) + 1o 5))
+f(o7 (to(a) + (1 - t)o (b)

(o™ (to (@) + (1 - t)o (b)

+f(o7 (to(a) + (1 - )o (b)) (o™ (1 - t)o (a) + to (b)

(o7 D)LICAN )
+f (071 - D)o (@) + to (b)) (0" (to (@) + (1 - o (b))
(o7( )h(e™( )]
Si[f( Y1 -to(a)+to®))h(c™ (1~ ) + to (b))
+f(o7 (to (@) + (1 - £)o (b)) (0 (to (@) + (1 - ) (b))
+ (1= 0)f (@) + of (b)) (th(a) + (1 - Dh(D))

+ (¢ (@) + (1= 0)f (0))((1 - D)h(a) + th(b))].

)

Integrating both sides of the above inequality with respect to ¢ on [0, 1] gives

(2 (252
1 1
< 1 |:/ f(o’l((l —to(a) + tcr(b)))h(o_l((l —t)o(a) + ta(b))) dt
/ flo ™ (to(@) + (1 =)o (b)) (o~} (to(a) + (1 - H)o (b)) dt
1
+2(f(a)h(a) + f(b)h(b)) /0 t(1-¢)de
1
+ (f(@)h(b) +f (b)h(a)) / (£ +(1-1)?) dt:|
_1 |:/ fle™(@-00o(a) +to(d))h(c™ (1 -t)o(a) + to (b)) dt
/ f to(a +(1- t)cr(b))) ( _l(ta(a) +(1 —t)a(b))) de
+ g(f(ﬂ)h(ﬂ) +f(b)h(b)) + %(f(d)h(b) +f(b)h(ﬂ))]

1 1 b , 1 1
- [m / SO ) dx+ ZMo(ab) + S Nola, b)].

Theorem 3.7 is proved. O
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Theorem 3.8 Let f,h: 7 — R* be two integrable o -convex functions with respect to the

function o. Then

f(d_l (a(a) ;r a(b))>h<a_1 (0(ﬂ) ;r G(b))) Mz(a,b); Na(a, b), (3.13)

where M(a, b) = f(a)h(a) + f(b)h(b), Na(a, b) = f(a)h(b) + f(b)h(a)

IA

Proof From Theorem 3.6 and Theorem 3.7, one can obtain the required result. O

Theorem 3.9 Let f,h:71 — R* be two integrable o -convex functions with respect to the

strictly increasing function o. Then

b b pl
/ / / flo A -0o&) +ta®])h(o7 [(1 - )h(x) + th(y)])o’ (¥)o’ (y) dt dy dx

- 2(0(19) o(a)) /f(x)h(x)a (0 dr + (o (b)—U(ﬂ))z[

o My (a, b) + Na(a,b)], (3.14)

where M (a,b) = f(@)h(a) + f (B)h(b), No(a, b) = f(@)h(b) + f (b)(a).

Proof Since f and & are o -convex functions, then for Vx,y € Z, ¢ € [0, 1] we have

fle™(A-00() +to»)h(o™ (1= Do) + 10()))
<[@-f @)+ W)][(A - Oh(x) + th(y)]
= (1 - ) f()h(x) + L1 - )[f()h©) + hx)f 0)] + Ef D)A(y).

Integrating both sides of the above inequality with respect to ¢ on [0, 1], we have
1
fo fe™(A =00 +to®)))h(o™ ((1- o (x) + to(y))) d
1 1
h 1-1)*d h 2d
<fnes) [ =02 aregomno) [ ar
1
+ [F@h0) + H)f )] /0 {1 t)de

- % @) +f)h()] + é [f@h(G) + hf 0)].

Again, integrating both sides of the above inequality over the plane domain {(x,y) : x €
[a,b],y € [a, b]} and then using the right-hand side of the Hermite—Hadamard inequality
(3.1), we deduce that

b pb 1
/ f / F(o™(( = o) + o)) (o7 ((1 - o (x) + to (1)) o' (¥ () d dy dx
_M / F@h(x)o' (x) dx + = 1 / h(y)o' (y) dy f F(x)o' (x) dx

0100 [ e o
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<Aoot / Fhx)o’ () dx

(o) - o (a))® [(h(a) +h(b) ) (f(a) +f(b))
6 2 2

. (f(a) ;f(b)) (h(ﬂ) ;r h(b))}

b
2O / Fh(x)o (x) dx +

(0(b) -0 (a)?

B [(f(@) +f () (h(@) + h(D))]

b
- 2022 [ fahwro ) + OO 10, + ot )],

which is the required result. The proof of Theorem 3.9 is complete. O

Theorem 3.10 Let f,hh: T — R be two integrable o -convex functions with respect to the
function o. Then

brob)-ox) /
o(a) / ( - )(f (@h(x) + h(@)f (x))o”(x) dx

o(a)

o(x) - o(a) ,
T o) - o(a)/ (a(b) o@ )) D) + hb)f (3))o' (@) dx

My(a,b) Ny(a,b)

, 3.15
st ¢ (3.15)

W/ f@)h(x)o'(x) dx +

where My(a, b) = f(a)h(a) + f(b)h(b), Ny(a, b) = f(a)h(b) + f(b)h(a).

Proof Since f and & are o -convex functions, then for V¢ € [0, 1] we have

fle™ (1= (@) + o (b)) < A - )f (@) + ¢ (b)
h(o™ (1 - Do (a) + to (b)) < (1 - )h(a) + th(b).

Utilizing the rearrangement inequality, we obtain

F(o™(( = Do (@) + to (1)) ((1 - £)h(a) + th(b))
+h(o™((1 = Do (a) + to () (1 - )f (@) + tf (b))
< (A -0)f (@) + tf (b)) ((1 - O)h(a) + th(b))
+f (071 - Do (@) + to (B) ) (07 ((1 = £)o (@) + to (b))).

Integrating both sides of the above inequality over the interval [0, 1], we find
1 1
h(a)/ 1-8f(c7 (1 -t)o(a) + ta(b)))dt + h(b)/ tf (o (1 - t)o(a) + to (b)) dt
0 0
1
+f(a)f 1- t)h(a_1 ((1 —t)o(a) + to(b))) de
0

1
+f(b) /0 th(c™ (1= D)o (@) + to (b)) dt

Page 11 of 14
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1 1 1
§f(a)h(a)/(; (1-12)2de +f(b)h(b)f0 2de + (f(a)h(b) +f(b)h(a)) /0 t(1-t)de
1
+ / f(o‘l((l —t)o(a) + to(b)))h(a‘l((l —t)o(a) + ta(b))) dt.
0

Applying the change of variable to the integrations, we obtain the required result of The-
orem 3.10. ad

Theorem 3.11 Let f,h:Z — R* be two integrable o -convex functions with respect to the
function o. Then

1 b b ,
m/ [f (G_I(M))h(x)+h<a_l<M)>f(x)}a/(x)dx
b
= m / f@h(x)o’ (x) dx

A 2 (2522

1 1
+ EMz(ﬂ, b) + gNz(dr b),

where M (a, b) = f(a)h(a) + f(b)h(b), Na(a, b) = f(@)h(b) + f(b)h(a).

Proof Note that f and % are integrable o -convex functions. Taking ¢ = % in (2.1) and letting
x=0"Y(1-t)o(a) +to(b)),y=0c"to(a) + (1 -t)o (b)), we have

A (7))

_fle (A -t)o(a) + to () +flo " (to(a) + (1 — t)o (b))
f— 2 )

h<6_1<a(a)+a(b))>
2

- h(e (1 -t)o(a) + to (b)) + k(o (to(a) + (1 - t)o (D))
= ) .

Utilizing the rearrangement inequality, we obtain

%f(cr‘l <M>> [A(c™ (1= t)o(a) + to (b)) + h(o ™ (to(a) + (1 - £)o (B)))]

+ %h(ﬂ(@))[f@l(u ~ )0 (a) + to (b))

+f(a’1(to(a) +(1- t)o(b)))]
< i[f(a‘l((l —t)o(a) +to (b)) +f(o7 (to(a) + (1 - )0 (b)))]
X [h(o_l((l —t)o(a) + to(b))) + h(a‘l(ta(a) +(1- t)o(b)))]

o (25 (2572
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(07 (- 00(@ + 20 0) o™ (1~ 00 @ + 10 1))
+f(o (to (@) + (1= Do () (o™ )
+f(e7H (1= to(a)+to(b)) )
+f(07 (to (@) + (1 - )5 (b)) (0 (( - Do (a) + o (b)))]

+f<o (o(a) + a(b)))h(01<a(a) er a(b)))

[f(a N1 =)o@ + to(B))h(o™ (1 - Do (@) + to (b))

(b))
to(a)+ (1 - t)o(b))
)

I/\

+f(o (to a)+(1- t)o(h)))h(cr‘l(ta(a) +(1- t)cr(b)))
+ (A -8)f @ + tf (D) (th(a) + (1 - )h(D))
(tf(a) +(1-t)f (b) )((1 th(a) + th(b ))]

A (D ()

Integrating the first and last expressions among the above inequalities over the interval
[0,1], we have

%f(ﬁ(@))/ [h(c™((1 - Do (a) + to (b))

0

+ (o (to (@) + (1 - D)o (b)))] dt

¥ %h(wl(M)) /Ol[f(o‘l((l ~o(a) + to (b))
+f(0‘1(to(a) +(1- t)o(b)))] de

< i[/lf(a-l((l — o () + to (b)) (o™ (1 - t)o (a) + to (b)) dt

/ f(o7 (to (@) + (1= o (B)) ) (0 (o (@) + (1 — D)o (b)) dt

3@+ SOHO) + S (ah6) B4 |

A 2l (252

From the above inequality, by simple computation and arrangement, we obtain the in-
equality asserted by Theorem 3.11. O

4 Conclusion

We have introduced the notions of o -convex sets and o -convex functions. Also, we have
shown that the class of o convexity includes several other classes of classical convexity. In
fact, the o -convex function is a unified generalization of convex functions related to var-
ious power means. Moreover, using the notion of o convexity, we have derived some new
integral inequalities of Hermite—Hadamard type. We expect that the ideas and techniques
of the paper may stimulate further research in this field.
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