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1 Introduction

Bernstein polynomials were first used by Bernstein in a constructive proof for the Stone—
Weierstrass approximation theorem (see [2, 6, 21]). With the advent of computer graphics,
Bernstein polynomials, restricted to the interval [0, 1], became important in the form of
Bézier curves (see [6]). The Bernstein polynomials are the mathematical basis for Bézier
curves, which are frequently used in the mathematical field of numerical analysis (see [6,
24]). The study of degenerate versions of special numbers and polynomials began with the
papers by Carlitz (see [3, 4]). Kim and his research colleagues have been studying various
degenerate numbers and polynomials by means of generating functions, Fourier series,
combinatorial methods, umbral calculus, p-adic analysis, and differential equations (see
(10, 11, 13, 17-19]).

As a degenerate version of Bernstein polynomials, the degenerate Bernstein polynomi-
als were introduced recently (see (1.9)). Here we will study for the degenerate Bernstein
polynomials some fundamental properties and identities associated with special numbers
and polynomials including degenerate Bernoulli polynomials and central factorial num-
bers of the second kind. Also, in the last section we will consider a matrix representation
for those polynomials. For some recent works related to the present paper, the reader may
want to see [14, 20, 22, 25, 27, 29]. The rest of this section is devoted to reviewing what
we need in the following sections.

For k,n € Z>¢, the Bernstein polynomials of degree n are defined by
Bin(x) = <Z)xk (1—x)"* (see 1,26, 21,26, 28]) (1.1)

where x € [0, 1].
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For A € R, the degenerate Bernoulli polynomials of order r are defined by the generating

function

t r . 00 o o
o) nt 12
((1+At)% _1> (L+2z) nX:o:'Bn’A(x)”! 12)

When r =1, B,;(x) = ﬁr(lli (%) (n > 0) are called the degenerate Bernoulli polynomials (see
[3, 4]). Further, B,,, = B,,,(0) are called the degenerate Bernoulli numbers.
The falling factorial sequences are defined by

x)o =1, ®)y=xx-1)x-2)---(x—n+1) (n>1) (see]ll5,23]). (1.3)

The A-analogue of the falling factorial sequences are given by

(®)ox =1, (@) = 2(x — A)(x —21) - - - (x -(n- l)k) (m>1) (see[7,15,16]).

(1.4)
Note that lim, 1 (%), = (%), limy_ o(x),,5 = x".
It is known that the degenerate exponential function is defined by
e t"
(L+a)7 =) (®)na— (see [16]). (1.5)
o n!
The A-binomial coefficients are given by
. —A)E=2X) (= (n—1)A
(7) - s DD 01D 1 (1.6
nj, n! n!

From (1.6), we have

X+y\ (% Y
( n ))\_;<l>x<”—l>x (see 18, 12]) 7

which is equivalent to

n

mmﬁzgymmmmmmm (19)

=0

Recently, Kim and Kim [12, 14] introduced the degenerate Bernstein polynomials of
degree n, By ,(x|1) (1, k > 0), which are given by

()i

k!

k L= - "
(1 + At _ijgk,n(xmn! (see [12]), (1.9)

where k is a nonnegative integer.
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From (1.9), we note that
Biu(x|) = (Z) Kip (X =%)pip (m=k=>0) (see[12]). (1.10)

Thus, by (1.10), we easily get

k
()i = ngmum (see [12]), (1.11)

where i,n € Nwith i <n,x € [0,1].
As is well known, the Stirling numbers of the second kind are defined by

&= "SmhE); (1=0) (see[7,12]). (1.12)

In [8], the degenerate Stirling numbers of the second kind are given by
@i = Y Soa(m D) (> 0). (113)
1=0

Note that lim; ¢ Sy, (1,1) = Sy(n, ).

The degenerate Bernstein polynomials have been introduced recently by Kim and Kim.
In this paper, we investigate some properties and identities for the degenerate Bernstein
polynomials associated with special numbers and polynomials including degenerate Bern-
stein polynomials and central factorial numbers of the second kind.

2 Some fundamental properties of the degenerate Bernstein polynomials

First, we observe that
(1—x—(n—k=1)A) By (x[) + (¥ — (k = 1)A) By o1 (x]2)

)(x)k,x(l = X)pkp + <k 1)(96)“(1 X) k.

s
[( )( )}Wk,x(l—x)nk,k
-(;

)(x)kk(l X)n-kp. = Ben(*|2)  (n,k €N). (2.1)

>~

Thus, by (2.1), we get the next theorem which already appeared in [12].
Theorem 2.1 For n,k € N, we have

(1=x—(n—k—1)A)Bj,1(*1A) + (x — (k — 1)A) Bj_1,u-1 (x| 1)

= Biu(x12). (22)

By (1.8) and (1.10), we easily get

ZBlk(xM Z(k>(9€)zx(1 i = e+ 1= = (D, 23)
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where k is a nonnegative integer.

From (1.10), we have

(= i)By(x|2) = (x — iA) (’:) @i (1 = 6)i

= (:l) ()is1,0 (1 = %)in

= % <n i 1) )i+ 1,0 (1 = X)s1-@rn)

(i+1 i+1

= QBHl,nJrl(xM) (24)

n+l
(i+1)
Hence, by (2.2) and (2.4), we get the following theorem.

Theorem 2.2 For k > 0, we have

k k i
;Bimx) =y (j) (@) (1 = 0)kcip = (6 + 1= ®)ep = (D

i=0

. i+1
(x— lk)Bi,n(xp‘-) = —Bi+1,n+1(x|)\)~
n+1
On the other hand, we have

(1—x— (n—i)L)B;u(x|2)

= (?) (%)in(1 = %) poin (1 —x—(n- i)k)

- ("‘) Wi (1 = Xe1in = (2 (’“, 1)(x)m<1 X1
i ("N i

() Biua(xlh) (ineN). (2.5)

Thus, by (2.5), we get the next result.

Theorem 2.3 For 0 <i<mn+ 1, we have

) n+1-i
(L=x— (n = )A)Biu(x|A) = ————B; 51 (x[1).
n+1

Page 4 of 12



Kim et al. Journal of Inequalities and Applications (2019) 2019:129

We observe that

Bi,n(xp\) + Bi+1,n(x|)t)

1 1
() ()
= (®)ip (L —%)poip + (0)iv1,0 (1 — %) peiz1n

= Wi (1= )i p(1—x— (m—i= 1A +x— i)

= (®)in(1 = %)y_im1 (1= (m = 1)1)

1-(n-1)x

D

Hence, by (2.6), we obtain the following identity which appeared already in [12].

1 Bin(xM) Bi+1n(x|)‘)
1 (n-1)2)By (M)—(” )[ Ul }
( " ) e i (z) (i+l)

y -
S g @)+ BB (neN,i>0). 2.7)
n n

Bi,n—l(xM)' (2.6)

Also, from (1.1) and (1.10), we have
ST T
1-2—). (2.8)
Bk,, x) l:()[ E.[ 1-x

Hence, by (2.7) and (2.8), we get the following theorem.

Theorem 2.4 For n,k,i € Nwith i <n and k < n, we have

n—i i+1
(1= (n=1)A)B;_1(x|A) = TBi,n(xM) + TBm,n(xM),

Bia(x) 1 A !
Bn) ‘H(l_ﬁ) I1(1-45)

=0

3 Some identities for degenerate Bernstein polynomials associated with
special numbers and polynomials
Here in this section, we are going to derive some identities associated with special num-
bers and polynomials including the degenerate Bernoulli polynomials and central factorial
numbers of the second kind.
From (1.2), we note that

=Y sy (3.1)

and

~
Il
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Thus, by (3.1), we get

o0 / oo "
t= (12 ,BZ,A%) (Z(l)m,,\% - 1)
-0

m=0
= Z <Z (7) (D n=t2B10 — /3n,x) %
n=0 \ /=0 !

By comparing the coefficients on both sides of (3.2), we get
n
=0 0, ifn>1,
When #n = 1, we have
(1
B, (1) = Z (l>(1)1-1,u31,x =1+ By

=0

By (1.2), we easily get

o0

tn t 1-x
> Bun1 —x); =————(1+A) 7
n=0 ’

= ——(L+(=2)(-1))

=Y @

n=0

Comparing the coefficients on both sides of (3.4), we have
Brp(1 =) = (=1)"By2(x)  (n=0).

Taking x = -1, 8,,(2) = (=1)"B,,-»(-1) (n > 0). We observe that

[ee]
t" t 2
Y Bu@= = ————(1+ 1)
o n1+a)i -1
t 1 1
=————(Q+r)* =1+ 1)(1+20)7
(1+rn)r -1
t
“t14A)F+——— (L +AD)*
(1+r)7 -1
=) Wna—t Y Bua(l)—
n=0 n=0
[o¢]

=3 (s + B D)

n=0

1, ifn=1,
Z (?)(l)n-z,xﬂz,x = Bus = o Bor=1 (see[3,4]).

(3.2)

(3.4)

(3.5)
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By (3.5), we get

B (2) = n(D)p-1 + Bup(1)  (n=1).

It is not difficult to show that

—t Gt
A+xr8)» -1
(1) T (A 2)F —1+1)
d+2r0)» -1
X— t X—
St1+A)T +——— A+ AD)T
1+at)r -1
— (12T +t(1+ 20T + 1+
(L+r)r -1
x1 22 x3 t
=t(L+At) T +t(Q1+A)F +t(1+At) 7 + ————
(1+r)7% -1
x (1+A8)7.
Continuing this process, we have
> & y t &
D B = =ty (L+At)T + —————(L+at) 7
n=0 ni3 (1+at)r -1
k oo o s} "
D) DT ILARS Sy AL
i=1 n=0 n=0
oo k n [e'e) n
i z(zn<x—i>n_l,x)—, S Be-p
n=1 \i=1 n=0
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(3.6)

(3.7)

(3.8)

Therefore, by comparing the coefficients on both sides of (3.8), we obtain the following

proposition.

Proposition 1 For k € N and n > 0, we have

k
lgn,)»(x) = Z n(x - i)n—l,)» + ﬂn,)»(x - k)
i-1
In particular,
k

By (k) = Z n(k —)u-1,. + Bup-

i=1
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From (1.9), we have

= k'l
(W (1+248) 7 = kkxwkﬂ(1+xn
k! & t" = n ot
== Biu&) = = k'Y Bk (x]A) ——— —
tk ; (] )n! ; ekl )(n+k)! n!
o0 1 }’I
> o Bkn+k xlx\)— (3.9)
n=0 k
On the other hand,
1- > t"
() (14207 = 3 (@ha (1= 2 (3.10)
From (3.9) and (3.10), we have
(x)k,k(l - x)n,k Bk n+k(x|)\) (I’l, k = 0) (311)

@ﬁ

Note here that (3.11) also follows from (1.10) by replacing n by # + k.
From (1.2), we note that

@ (14207 = s L s (et o)
I 1+a)r -1
t la+an -1 1+r)% -1

n

(mﬂzymzx)mxlmﬁ

= () Z(ﬂml,x(z —%) = Buiipn(1 - x)) g (3.12)

n+1

By (3.12), we get

@1 = ) = Wi Bui1,1(2 = %) = Bus1,n (1 _x)’ (3.13)
n+1

where k € Nand # > 0.
From (1.10) and (3.13), we have

/gn+1,k (2 - x) - ,BVH—I,A(I - x)
n+1 ’

k
&Mwm:¢23mm

Theorem 3.1 For k € N and n > 0, we have

Bk,n+k(x|)‘-) _ < + k>( ) ﬁn+1,A (2 - x) - ﬂrﬁ—l,k(l - x) )

n+1
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As is well known, the central factorial numbers of the second kind are defined by the

generating function
1, 1 1ok ad t"
k'(if e 2t = Zk: T(n, k)—. (k>0) (seel[5,9]). (3.14)

Recently, the degenerate central factorial numbers T (#, k) of the second kind were in-
troduced by the generating function

((1 FAD)Z — (1 4+ A8 zA Z Ty (n, k)— (see [16]). (3.15)
n=k

By (3.15), we get

Z ]1m T (n, k)— = 11m ((1 + kt)Z/ —(1+Arp)2 )k

n=k
= l(e%t—e’%t)k—iT(lfl k)ﬁ (3.16)
- - p it '
Thus, by (3.16), we get

%in}) Ty(n,k)=T(n,k) (n,k>0) (seel[9]).

Now, we observe that

(x)k A

(a FADT —(1+ At)‘%)k

t k 1-ac+12<
x (41) (1 +At)
1+r)% -1
k t
-<x)kk(2n<m k) )(Zﬂ ( )5>

- ;zk:(x)k,A mzk (n>TA(m KB ,M(l —x+ 15() % (3.17)

( )k,
t"(l r) T x *

By combining the right-hand side of (1.9) with (3.17), we obtain the following theorem.

Theorem 3.2 For n,k € NU {0} with n > k, we have
_ " n (k) k
Bin@lh) = @i Y () T0m b2, (1-x+ 2 ).
m=k

4 A matrix representation for degenerate Bernstein polynomials
For A e R, let

P = {Px(x) |p(x) = Z(x)t,)\ Ciy. € Rlx] }

i=0

Then P, is the n + 1-dimensional vector space over R.

Page 9 of 12
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For B; (x) € P,,,, we note that By (x) can be written as a linear combination of degenerate
Bernstein basis functions:

By (x) = Cop.Bon(x12) + C1p.B1u(x1) + CopBayu(x|) + - - -

+ Cn,ABn,n(xp\)’ (41)
where the constants C;; depend on A fori=0,1,2,...,n.
Equation (4.1) can be written as the dot product of two vectors in the following:
Con
Cia
By@) = (Boaal)  Bua(ln) - Buaald)) (42)
Cn,A

Now, we can convert (4.2) to

bop(A) 0 0 0 0 0
bio(2) b1 (0) b1s(A) b13(A) biu-1(}) b1,,(})
byp(A) by (1) by (X) by3(X) by -1 (1) byu(X)
X
by_100)  bu_11(A)  buo12(0)  bu_13(A) bu_1p-1(0)  bu_1,,()
bn,O()\) bn,l()\) bn,Z()\) bn,?)()\) bn,n—l()t) bn,n()h)
Co
Ci
x| 1,
Cn,)\

where b;;(1) are the coefficients of the power basis that are used to determine the respec-
tive degenerate Bernstein polynomials.

For example, by (1.1), we get

Boa(x|) = (i) ®)oa(1 =x)25 = (L —x)(1—x—2) = (1 —x)* = A(1 - x)

=x2+(A=2)x+1-2,

Byo(x|A) = (i) (®)11(1 = x)1,5 = 2x(1 — %) = 2% — 247,

Boo(x|A) = (z) ()21 (1 = ®)o, = x(x — A) = &% — Ax.
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In the quadratic case (n = 2), B; (x) can be represented in terms of matrices by

1-» 0 O Co,n

5

Bx(x)z(l x x2> -2 2 |lc.

>

1 -2 1) \cu

5 Conclusions

In Sect. 2, we investigated some fundamental properties for the degenerate Bernstein poly-
nomials. In Sect. 3, we derived some identities for the degenerate Bernstein polynomials
associated with special numbers and polynomials including degenerate Bernoulli poly-
nomials and central factorial numbers of the second kind. In many applications, a matrix
formulation for the Bernstein polynomials is useful. So, in Sect. 4, we studied some further

properties of the matrix representation for degenerate Bernstein polynomials.
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