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1 Introduction
Convexity plays a focal and major part in mathematical finance, economics, engineer-
ing, management sciences, and optimization theory. As of late, a few extensions and gen-
eralizations have been considered for classical convexity. A huge speculation of convex
functions is that of invex functions presented in [2]. The fundamental properties of the
preinvex functions and their use in optimization and mathematical programming issues
have been considered in [3-5]. It is realized that the preinvex functions and invex sets
may not be convex functions and convex sets, respectively. Another generalization of the
convex function, which is known as the ¢-convex function presented and examined in
[6], is similarly vital. Specifically, these generalizations of the convex functions are very
extraordinary and do not contain each other. Another class of nonconvex functions is
presented and studied in [7], which incorporates these generalizations as special cases.
This class of nonconvex functions is called the ¢-preinvex and ¢-invex functions. Some
well-known integral inequalities like those of Simpson and Hermite—Hadamard type in
literature are under discussion. In our opinion, these inequalities have great impact in
pure and applied mathematics. Many new extensions and interesting generalizations of
these integral inequalities have been studied in recent years. For further details involv-
ing Hermite—Hadamard and Simpson type inequalities on different concepts of convex
function, the reader is referred to [1, 8—16].

In [1, 17] Wenjun Liu et al. presented the following form of inequalities for MT-convex

functions:
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Let f : I C R — R be a differentiable mapping on I° (the interior of ) such that
f' € Li([u,v]), where u,v € I with u < v. Then, for all x € [i,v], § € [0,1], and « > 0, we

have
Sp(x, 8, 0,14, v)
atl 1
= %/0 (z* = 8)f'(zx + (1 - 2)u) dz
atl pl
n % /0 (6—2*)f"(zx+ (1 - 2)v) dz.

Theorem 1 Let f: 1 C R — R be a differentiable mapping on 1° (the interior of I) such
that f' € Li([u,v]), where u,v € I with u <v. If |f'| is an MT-convex function on [u,v] and
If'(x)| <M for all x € [u,v], then we have the following inequality for fractional integrals

with a > 0:
|Sf(x, 1,a,u, v)|
| e=w)f @)+ (v=-x)f(v) T@+1), o
- v—u  v-u Vs ) + 1 )]
- M[(x — u)**! + (v —x)**1] |: ~ (o + %)F(%)] O
- 2(v—u) I +1)
Proposition 1 Under the assumption of Theorem 1, putting x = “5*, we obtain
|Sf<u;rv,1,oz,u,v>
N-w T f@)+fv) Tla+1), N
- 2a—1 2 - v—u []x*f(u) + x+f(V)]
M(v—u)"‘[ ~ F(a+%)1"(%):| @
= el Ta+1)

Theorem 2 Let f : I C R — R be a differentiable mapping on I° (the interior of I) such
that ' € Li([u,V]), where u,v € I with u <v. If |f'|7 is an MT-convex function on [u,v] for
q > 1and|f (x)| <M, for all x € [u,v], then we have the following inequality for fractional
integrals with o > 0:

’Sf(x, 1,a,u, V)|

et I I T Dl ) g2 0)

vV—u V-

Mt b e [ e T

(v—u) a+1 2

3
2 2 (a + 1) ®)
Theorem 3 Let f : I C R — R be a differentiable mapping on I° (the interior of I) such
that f' € Li([u,v]), where u,v € I with u <v. If |f'|? is an MT-convex function on [u, V] for
q > 1and |f'(x)| <M, for all x € [u,v], then we have the following inequality for fractional
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integrals with o > 0:

|S(x, 0, 0,14, v)|
_ (x—u)* + (v—x)af(x) _ I'lo+1) []jj‘,f(u) . ,‘jif(v)]
v—u V—u
M[(x -+ (v—x)** (7 i 1 7
- (v—u) <5> [(ap+1)] ' @)

Theorem 4 Under the assumption of the above theorem, we obtain

o5 o)

J—w Tt (usv S —u)*” 1f(u)+f(v) o +1)
S et f(z) 20-1 2 V—u

M(Vza”)a< ) ( /(é—s)psa lds——/ (5 —spsa! ) : ()

Theorem 5 Let f: I C R — R be a differentiable mapping on 1° (the interior of I) such
that f' € Li([u,v]), where a,b € I with u <v. If |f'|? is an MT-convex function on [u, V] for
q>1and|f (x)| <M, for all x € [u,v], then we have the following inequality for fractional

(S @) + 3 f (V)]

integrals with a > 0 and § € [0, 1]:

|Sf(x, 8,a, U, v)|

_ Ml —w) + (v 2] (20481*% +1 5>1-;

vV—u a+1

5 Sl 31 81'1 3 31 13 5

<(5(o(ohi33) +2(#3:3)) +2(or 73) 5o 33) -om
.31 L 13 i

—2(,3(8“;0{-"5,5)+ﬂ(8°‘,(¥+§,5>>/2> . (6)

Fractional calculus was figured in 1695, soon after the advancement of classical calcu-

<

lus. The earliest efficient reviews were credited to Liouville, Riemann, Leibniz, etc. [15, 16,
18-23]. For quite a while, fractional calculus was viewed as a pure mathematical domain
without real applications. In any case, in recent decades, such a situation has changed. It
has been found that fractional calculus can be useful and even capable, and a diagram of
the straightforward history about fractional calculus, particularly with applications, can
be found in Machado et al. [24]. Presently, fractional calculus and its applications are ex-
periencing quick advancements with more persuading applications in this real world.

In this paper, we establish a new class of preinvex functions, which are called strongly
generalized (¢, i, s)-preinvex functions, and some generalizations for these inequalities
mentioned above. Before moving towards our main results, first we recall the following

definitions.
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Definition 1 Let f € L[1,v]. The Riemann-Liouville integrals [, (f) and [ (f) of order
a >0 with u > 0 are defined by

/:f(x) = % /ux(x—z)“‘lf(z) dz, forx>u,

and
/:f(x) = %a) /xv(z -%)*f(2)dz, forv>ux,

where I'(a) = [, e w*~! dw. Here, fﬁf(x) = fv(if(x) = f(x).

In a special case, when « = 1 in Definition 1, we get the classical integral.
Here, we present new generalized inequalities using the Riemann-Liouville fractional
integral by the class of strongly generalized (¢, /, s)-preinvex functions in the second sense.

Definition 2 ([19]) The function f on the invex set Ky is said to be ¢-preinvex with
respect to & and ¢ if

fx+2ze%(y,x)) <1 -2)f(¥) +2f(9), Vx,y € Kpe,z €[0,1].

The function f is said to be ¢-preconcave if and only if —f is ¢-preinvex. Every convex
function is a ¢-preinvex function, but not conversely.

Definition 3 ([5]) The function f on the invex set Ky is said to be s4-preinvex with re-
spect to & and ¢ if

f(x +ze’¢.§(y,x)) <(A-2f(x)+2f(y), Vx,ye€Kse,z€]0,1],5€(0,1].

2 Main results
First we introduce a new concept named strongly generalized (¢, 4, s)-preinvex functions
in the second sense. It is defined as follows.

Definition 4 The function f on the invex set K is said to be strongly generalized (¢, 4, s)-
preinvex in the second sense with modulus ¢ > 0 if it is nonnegative, and for all u,v € K
and z x s € (0,1) x (0, 1], the following inequality holds:

f(v + 26 (u, v)) <k @)f(u) + Q1 -2)f(v)—cz(1 -2) ||e’¢§(u, %) H2

Notation. Let f : I C R — R be a differentiable mapping on /° (the interior of I), from

now on we will consider

lI/f(x, 8,0,u,ePE(u, v))
_ o[ EW ) f (v + 98 (x,v)) + & (w, 1) S (u + €6 (x, )
-(1-¢ )[ eE (v, u) ]f(x)

. [E v, x)°f(v) + & (u, %)°f (M)]
+6 -
e?E (v, u)
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Ie+1) [, a
" R Utieios S @ + T iivs ey S W]

where u < u + e?€(v,u), x € [u,u + e®£(v,u)], § € [0,1], « > 0 and I" is Euler gamma func-
tion.

To get new integral inequalities, first we focus on proving the following lemma.

Lemma 1 Let Ky: C R be a ¢-invex subset with respect to ¢(-) and &: Kge x Kge € R with
u<u+et(v,u)and0<¢ < 5. Suppose that f : Ky — R is a differentiable mapping such
that f' € L([u,u + €& (v,u)]) for all x € [u,u + e®£(v,u)], 8 x o € [0,1], and o > 0, then we
have

¥ (x,8,0,a, e?E (v, u))

a+l 1
- % \/(; (Za - 50—)-f/(u + Zei¢$(xr M)) dz
a+1 1
% ; (87 =2*)f (v + ze£ (x,v)) dz.

Proof Using integration by parts, we get

1

/ (z“—8°)f/(u+zei¢“§(x,u))dz

0
e oS+ 2ePE (k1)) Lo f(u+ ze®E (x, u)
‘[(z ) e "1)'“/0 e dz]

(1-8°)f(u+e®Ex,u)+8°fla) Ta+l)
i |: P& (x, u) - ePE (x, u)® ("+ei¢5(x,u))+f(u)i|‘

Analogously, we have

f1(8“ —z“)f/(v+zei¢§(x, v)) dz
0
_ [(Za ~ 5g)f(v + 2€' € (x, 1)) e /1 S+ 2e9E (x,v)) dz}
0

evE (x, u) ePE (x,v)
(1-8°)(v+e?Ex,v) +8°f(v) T(a+1)
- 7 T Treoeumsf ) |
el $(v,x) eza¢%— (V, x)a v+é! X,V
Both sides of the above equalities are multiplied by iff;é‘()j;)l and if;g():;; analogously, and
then adding them, we obtain the required result. This completes the proof. d

Theorem 6 Let Ky: € R be a ¢p-invex subset with respect to ¢(-) and &: Kge X Ky € R with
u<u+e®t(v,u)and0< ¢ < 5. Suppose that f : Kgz — R is a differentiable mapping such
that f' € L([u,u + €& (v, u))). If |f| is strongly generalized (¢, h, s)-preinvex in the second
sense and |f'(x)| < M, then for all x € [u,u + e?£(v,u)], 8§ x o € [0,1], and o > 0, we have

|q’f(x,8,0',o[,ei¢§(u, V))|

- %-(x7 u)oz+1

= e ) [M(llll(é,o,a,s) +¥(8,0,a,5)) — c||ei¢§(u,x)||2l1’3(8,0,ot)]
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g_— (V, x)oHl

+ M[M(llll(&a,a,s) +¥(5,0,a,5)) - c||e’¢§(v,x)||2l1/3(6,0,a)]. (7)

Proof Using Lemma 1, the property of modulus, and strongly generalized (¢,%,s)-
preinvexity in the second sense, we obtain

98,0, )|

_S(x, u) /| 8”|V(u+e’¢z§xu)|dz

e‘¢$ (v, u)

a+1

' e“”é‘(v u)/ |2 =87 |If (v + €92 (xv) | d2
g(x, u)a+1
- e“f’é (v, u)

%'(V x)ot+1

¥ el¢g(v, M) 0 (
—cz(1-2) ||ei¢§(v,x) ||2) dz

f [ = 87| (@I )| + (1 = 2| @0)] = 21 = 2) [, 0)|*) dz

-2)(R@|f @] + H (1 -2)|f ()]

= i’(‘f&’?) )[11/1(8 o,a, S)[f(x)| + ¥ (8,0,a, s)[f(u)| —c||e¢§(u x)H w3(8,0, oc)]
+ %[%(&a,a,s)[f’(x)i +W(8,0,0,9)|f' (V)] —c||ei¢§(v,x)||2l1’3(8,0,a)],

where we used the fact
1
¥,(8,0,a,s) :/ |z°‘ - 8‘7|hs(z)dz,
0
1
¥, (8,0,a,s) = / ‘z"‘ -8 ‘h‘(l —2)dz,
0

1
Wg(S,O,a)Z/ |2* - 87|z(1-2)dz
0

=287 B(8,2,2) —2B(8%, @ +2,2) + Bl +2,2) - 87 B(2,2).

Hence the proof. d

Remark1l Onlettings=1,&u,v)=u-v,¢p=c=0=0,x="2%,and h(z) = in Theo-

rem 6, then inequality (7) reduces to inequality (2).

«/_

Theorem 7 Let Ky € R be a ¢p-invex subset with respect to ¢(-) and &: Kye x Ky € R with
u<u+e?&(v,u) for 0 < ¢ < Z.Suppose that f : Koz — R is a differentiable mapping such
that f' € L([u,u + e9&(v,u))). If |f'| is strongly generalized (¢, h, s)-preinvex in the second
sense with q > 1, 1% + % =1, and |f'(x)| < M, then for all x € [u,u + e®£(v,u)], § x o €
(0,1] x (0,1], and o > 0, we have

4y (28,0, )|

- %-(x7 u)oz+1

< oD (8,0, 00) P [MU(Wy + W5) — || e (u, )| B(2,2)]7
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g_— (V, x)oHl

" s (v, u)

Q-

—
o

=

1 i 2
We(8,0,0)? [MU(Wy + Ws) — c[|e?& (v, %) || " B(2,2)]7.
Proof Using Lemma 1 and the Holder integral inequality, we obtain

’U/f(x, 8,0,a,eE (u, v)) !

E (x, u)a+1

= r () SOE (v, 1) / |2% = 87| |f" (u + ze & (x, )| dz

E(er)a o 170]
+el¢§(vu / |<S -z Hf(v+ze éxv)|dz

et ([ )
; %(/Ol;a P dz)p (/Ollf’(v+zei¢5(x,v))‘qdz)[11

< ([i-era)
X([<+Wu—an$?2?TMW%mmmgd%§
+%</01|8"—z“}pdz>;

! 1 @)|f ()] %
* (/0 (+hs<1—z)V’(uw-cz(l—z)||ei¢s(v,x>||2) dz)

S( ) )a+1 1 i 1
= %%(a,o,w [M(@y + ) — || e (u, %) B(2,2)] 7
a+l 1
+ %%(5 0,0 [MIWy + W) - |5 (v, x) | p(2,2)]7,

where we used the fact

= /Olhs(z) dz,

1
/3 :/ (1 -2)dz,
0
1+ 208706

1
%(a,a,a):f oo\ LH2
0

l+a

This completes the proof. d

Remark 2 On letting § =s=1,&(u,v)=u—v, ¢ =c=0, and h(z) = 2«/% in Theorem 7,

inequality (8) reduces to inequality (3).

Remark 3 Onlettings=1,w,v)=u—-v,¢p=c=38 =0, and h(z) = zJ% in Theorem 7,

inequality (8) reduces to inequality (4).

Page 7 of 10
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Remark4 Onlettingo =s=1,§(u,v)=u—-v,¢p =c=0,x="2%,and h(z) = «/_ in Theo-
rem 7, inequality (8) reduces to inequality (5).

Theorem 8 Let f: 1 = [u,u + €®&(v,u)] C [0,00) — R be a differentiable mapping on I°
such that f' € Li([u,u + e®£(v,u)]). If |f'|? is strongly generalized (¢,h,s)-preinvex and
If'(%)| < M for all x € [u,u + e£(v,u)], § x 0 €[0,1] x (0,1], and a > 0, we have

945,009 )|

- E (x, u)oz+1

= eE(v,u)
s 0|2, 2)]

.";'(V, x)vt+l

* €& (v, u)
—c||e’¢§(v,x)|| B(2,2)]7.

(11/6(8,0,01))1’% [MI(¥1(5,0,,5) + ¥a(8,0,a,5))

(s (s, o,a))f% [M1(¥1(8,0,0,8) + ¥(5,0,0,5))

-Q\»—

)
Proof Using Lemma 1, the property of modulus and power mean inequality, we have

’lI/f(x, 8,0,a,e?E(u, V)) |

%-( ) )a+1 1 " ’ ]
5%/0 (2% = 8°)|f (u + ze& (x,u)) | dz

S(V, x)oz+1
e?E(v,u) Jo

4&-(’ )OHI ! o o 1_% ! o o 4 i é
= e";c“;‘:tv,u) (/(; ‘z -4 ‘dz) (/0 |z -6 Hf(u+ze¢§(x,u))‘dz)

; %(/l|z —5"\012)1_% (fol|za —8”|[f/(v+zei¢§(x,v))|dz>q
<[l

" (/olw -l (+hs<1 owermar- z>||ei¢s<u,x>n2) dZ)E

; %(f()l!z“—y\dz)l_%

1 v o W (z)M1 g
x (/0 [ =] (+h5(1 —2)M7 - cz(1 —z)||ei¢$(v,x)||2) dz)

~ %—(x’ u)otﬂ
CeE(v, u)

— |l (u,2)|*B(2,2)]7

%'(V, x)a+1
" ei?E (v, u)

(5“ - z"‘) [f/(v +ze?E (x, V)) ’ dz

——(¥(8, 0, a))}’[ M1(¥(8,0,0,8) + ¥, (8,0,0,5))

(11/6(8,0,01))1% [MT(¥1(8,0,0,5) + ¥, (5,0, 0,5))

Page 8 of 10
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- cleemn) 522"

Hence the proof. d

Remark 5 Onlettingo =s=1,&(u,v)=u—-v,¢ =c=0,x= %, and h(z) = 2%% in Theo-

rem 8, inequality (9) reduces to inequality (6).
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