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1 Introduction
The GARCH-type model

S=0%Z

is considered in this paper, where 02 and Z are independent random variables. In prac-
tice, we always assume that the density function f,2 of 0% is unknown and suppf,2 C
[0,1], while the density of Z is known. We want to estimate the first derivative of f»
based on # independent and identically distributed (i.i.d.) observed samples S,...,S,
of S by wavelet methods, so that we also need suppose the differentiability of f,> and
f2 €17(0,1)).

Non-parametric estimations of a density and regression function are widely investigated
in the literature [12, 14, 16]. It is well known that the estimations for the derivatives of a
density are also important and interesting, which could reflect monotonicity, concavity
or convexity properties of density functions. Asymptotic properties of the kernel estima-
tors for a density derivative have been considered earlier in [15], while the wavelet type
estimator was discussed in [17].

As usual, we consider the L minimax risk (L?-risk) [13],

inf sup E|[f,, —fozllps
fu fozez

where the infimum runs over all possible estimators f,, and X is a class of functions. Here
and after, EX stands for the mathematical expectation of a random variable X and ||f|,
denotes the ordinary L” norm.
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In 2012, Chesneau and Doosti [9] investigated the wavelet estimation of density for
GARCH model under various dependence structures. Next year, Chesneau [8] studied
the wavelet estimation of a density in GARCH-type model leading to upper bounds under
L2-risk.In 2017, Rao [17] considered L2-risk for the derivative of a density in GARCH-type
model over a Besov ball by wavelets.

In this paper, we address to extend Rao’s work [17] to L?-risk (1 < p < 00). Moreover, we
show that one of our convergence rates is nearly-optimal. On the other hand, this work
can also be seen as a generalization of multiplicative censoring model. Vardi [18, 19] in-
troduced the multiplicative censoring model which unifies several models including non-
parametric inference for renewal processes, non-parametric deconvolution problems and
estimation of decreasing density functions. Recently, Abbaszadeh et al. [1] considered the
wavelet estimation of a density and its derivatives under L?-risk (1 < p < 00) in the mul-
tiplicative censoring one. The density estimations for the multiplicative censoring model
also can be found in [2, 3] and [6, 7].

This paper is organized as follows. Section 2 briefly describes the Besov ball and wavelet
estimators. The theoretical results are given in Sect. 3. Some lemmas are provided in

Sect. 4. The proofs are gathered in Sect. 5.

2 Besov ball and estimators
This section describes the Besov ball and wavelet estimators. First, we introduce the Besov

ball and its wavelet characterizations.

2.1 Besov ball

Let W (R) be the Sobolev space with a non-negative integer #,
W' R):={f:f e L'(R),f" e L"(R)},

and [[fllwr = IIf -+ f®]l,. Then L"(R) can be considered as W°(R). For 1 < r,q < oo and
s=n+a with « € (0,1], a Besov space Bi,q(R) is defined by

B (R):= {f :f € W/(R),

2,0 <o)

with the norm |[f|ls;,, = I[fllwy + £ w?(f, £ Here, w}(f, 1) := supy, -, If (- + 27) = 2f (- +
h) + f(-)|l denotes the smoothness modulus of f and

(> Ih@)lr%)s i 1< q< oo

Al = '
esssup, |A(t)] if g = 00.

Whens>0and 1<r,gq,r < oo, itis well known that
1

r’

i) B, B, — Bi;io for s >
(ii) B, — Bj’,’q forr<rv ands-— % =5 - %;
(iii) B, o (R) is the classical Holder space H*(R),
where A < B stands for a Banach space A continuously embedded in another Banach
space B. More precisely, |u|z < c1||lulla (u € A) holds for some constant ¢; > 0. By (i),

Bi,q(R) < L®°(R) for s > % All these notations and claims can be found in [13].
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In this paper, a Besov ball
B, (M) = {f B (R): |If s, <M}, M>0,

is considered.

Let ¢ be a scaling function and ¥ be the corresponding wavelet function such that

(e Vi ij =1,k e Z}

constitutes an orthonormal basis of L?(R), where 7 is a positive integer and gix(x) =
25g(2x — k) for g = ¢ or V. Then, for h € LX(R),

h= Z Olr,/<¢r,k + Z Z ,Bj,kwj,k (1)

kef2, J=T keS2;
with ok = (I, k), Bik = (1, k) and
§2; ={k € Z:supp h N supp ¢;x # ¥} U {k € Z : supp h N supp ¥ # ¥}

In particular, when ¢, ¥ and / have compact supports, the cardinality of £2; satisfies |£2;] <
C2, where C > 0 is a constant depending only on the support lengths of ¢, ¢ and .

As usual, the orthogonal projection operator P; is given by

Plh = Z a]’,k¢j,k- (2)

kEQj

When ¢ € C™ (so does ) is compactly supported, the identity (1) and (2) hold in L?
sense for p > 1 [13]. Here and throughout, C” stands for the set consisting of all 7 times
continuously differentiable functions.

The following wavelet characterization theorem of Besov space is needed in Sect. 5.

Lemma 2.1 ([13]) Let a scaling function ¢ € C" be compactly supported. Then, for r,q €

[1,+00],0 < s < m and h € L"(R), the following assertions are equivalent:

(i) heB Ry (i) 2°IPh—hl, €l

1
-

D) el + [ {252 1B}y |, < 00

In each case,

s+l 1
Ihllsg,, ~ Whllsrq = e, N, + | {27277

B, lls, )

J=Jjo qu'

Here and afterwards, A < B means A < ¢;B for some constant ¢, > 0; A 2 B denotes
B < A; we also use A ~ B to stand for both A < Band A 2 B.
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2.2 Estimators
This part introduces our wavelet estimators for the GARCH-type model S = 62Z de-
scribed earlier. Suppose

i=1

where v is a known positive integer and U/, ..., U, are i.i.d. random variables with standard
uniform distribution. Clearly, the density function of Z satisfies

(-lnz)"!, 0<z<l.

fz (2) =

(v-1)

Asin [8, 17], we assume that there exists a known constant C, such that

sup fi(x) < C,, (3)

x€[0,1]

where f; is the density function of S.
For any x € [0, 1], & € C¥([0, 1]), we define

T(h)(x) = (xh(x)) = h(x) +xk (x),  Te(h)(®x) = T(Te1(h)) (x) (4)
and

G(h)(x) = —xh'(x), Gi(h)(x) = G(Gr-1(h)) (x), (5)
where k is a positive integer. Then the following lemma holds.
Lemma 2.2 ([8]) Let G and T be defined as above. Then

(i) fr2(x) = Go(f5)(x),x € [0,1];
(i) Forany h e C"([0,1]),

1 1
f fo2(x)h(x) dx = / [sx) T, (h)(x) dx.
0 0

Next, we will introduce wavelet estimators, which can be found in Ref. [17]. Define
Gos =13 T (0)S) and B =3 T (00) (S0 ©)
ne= ne=

Here and after, let ¢ be Daubechies’ scaling function D,y with large N and y be the cor-
responding wavelet function. It is well known that ¢, ¥ € C"*! with N large enough. Fur-
thermore, the linear wavelet estimator is given by

—~lin ~
f(;Z = Z ajo,k()bjo,k! (7)

kEQ/'O

where jj is a positive integer which will be chosen later.
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In order to get adaptivity, we need the thresholding method [4, 14, 17]. Asin [17], let

1
; n O\ 20+D+T [ R R
Y1~ <—) » }\‘/ = 2(1’*1)}\/;, ﬁj,k = ﬁ/,kl{“g},kl > T}\‘]}

Inn

with the constants 7" = ¢y, ¢ > max{8Cy,, 1} and y > p(2v + 3). Here,

Chin = (v + 2)! Z[(v +1)(v + 2)IC, |y Y ||§ + 2y eV I.] (8)

u=0

with C, given in (3). This special choice ¢ is used in Lemma 4.3, while y > p(2v + 3) is
needed in the estimations of Ee; and Ee; (see Sect. 5). Here, we replace 1; = 20+ 1“7”

(see [17]) by A; = 2(""1)/\/%, which is used in the proof of Lemma 4.3. In fact, the universal

]

threshold of classical adaptive density estimation is ,// (see [11]) and two forms do not

influence the convergence rates of our results.

The nonlinear wavelet estimator is given by

Jj1
f;non = Z o jPr i + Z Z Bk )

ke, j=t ke.Qj

with some positive integer 7.

3 Results

This section describes the results in this paper.

Theorem 3.1 Assumer € [1,+00),q € [1,+00] and s > %, then, for p € [1,+00), the estima-
1

—~lin , . : ST T .
torfl,  in (7) with 20 ~ n+=20+)+1 satisfies

/
—~lin ____sp
/ r || P 7
sup E“f'az _-f<72 ”p S n 25201+
féz €B; (M)

wheres' =s — (% - }9)+ and a, = max{a,0}.

Remark1 When p =2 and r > 2, the above estimation shows

—~li 2
sup E”f;z in —f;2 ”z S, n 2s+20+1)+1 ,
f;z €B; (M)

which coincides with Theorem 5.1 of Ref. [17].

Remark 2 The condition s > % can be replaced by s’ = s — (% - %)+ > 0, because the former
condition is only used to conclude B; , — B;'q in the proof of Theorem 3.1.

The next theorem gives an adaptive upper bound estimation by the nonlinear wavelet
estimator f znon in (9).



Cao and Wei Journal of Inequalities and Applications (2019) 2019:106 Page 6 of 21

Theorem 3.2 Letr € [1,+00),q € [1,+00] and s > % Then, for p € [1, +00),

sup EH{;HOH

—fl2 |” < (nny(n ! Inn)*
S B} g (M) i

i

S
v+ 9(s-1)42(ve1)+1

with a = min{ T

Remark 3 When sr + (v + %)r -(v+ %)p >0,a= 7. In particular, the above result

s
25+2(v+1)+

with p = 2 coincides with Theorem 5.2 in [17].

Remark 4 The condition s > % in Theorem 3.2 can’t be replaced by s’ = s — (% - 1%),, >0 for
s—%+}7 < s—%+[l, < s—
)+1’ 2(3—%)+2(v+1)+1} - 2(s—%)+2(v+1)+1 -

1,1
“L_ for the
+1)+1

. o s
r < p, since we need o = m1n{2§+2(v+1 SiT

estimation of A3 in Sect. 5.

. 1
Remark 5 Let m be a constant such that m > s, and 20 ~ n2%+20+D+1 | Then the number of

calculations can be reduced effectively, when the level 7 in f(; T replaced by jj.
The following theorem shows a lower bound estimation.

Theorem 3.3 Assume s> 0 andr,q € [1,+00], then, for any p € [1, +00),

1
-7+pP

inf  sup EH?ZZ ~fl ”i Z”_m,

7
o2 £5€B} 40
7 . . /
where f, runs over all possible estimators of f,.

Remark 6 Combining Theorem 3.3 with Theorem 3.2, we find that the convergence rate

1.1
=5ty

o Tpvr et 18 nearly-optimal. As for the other one, we will study it below.

4 Some lemmas
This section is devoted to providing some lemmas, which are needed for the proofs of our

theorems.

Lemma 4.1 ([13]) Let g be a scaling function or a wavelet function with

supZ|g(x—k)| < +00.

x€R P

Then there exists C > 0 such that, for A = {Ar} € IP(Z) and 1 < p < 0o,

1 1
< 22|,
p

Z Akgjk

keZ

We need the well-known Rosenthal’s inequality [13], in order to prove Lemma 4.2.
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Rosenthal’s inequality. Let Xi,...,X, be independent random variables and EX; = 0.
Then

n p

>

i=1

I EIXlP + (T EIXD)?], 2<p<oo;

E h ”
O EIXP)?, 0O<p<2,

where C, > 0 is a constant.

Lemma 4.2 Let ;x and B;,k be given by (6). Then, for p € (0, +00),
(i) EGjx = o EBj = By
(i) Efaj— apul? < m 52000, E|Byi — Byl < 520000,

where aji = (f/5, $jx) and Bix = (f 5, Y-

Proof (i) One only need prove E@j = o and the second one is the same. According to
the definition of @; in (6), one gets

1
Edy = E[T,((¢0))(S)] = - /0 T, () ) @) ) dx

thanks to Sy,...,S, are i.i.d. On the other hand, £,2(0) = f,2(1) = 0 follows from suppf,> <
[0,1] and the continuity of f,2. These with Lemma 2.2 imply

1 1
Edjj = — / Fr2 () () (%) dx = —f,2 (%) (%) g + / f12 (%) k(%) dx = .
0 0
(ii) One also prove the first inequality and the second one is similar. By (6) and the results
of (i),
. _ 1¢ , :
ik — k= 0k — Edtjg = ;Z{E[Tv () ) (S)] = To((di4)) (S}

i=1

Let X; := E[T,((¢;4))(S)] — To((¢;4))(S). Then X, ..., X, areiid., EX; = 0 and

n I3 n P
" 1 _
El@j - ajul’ = E ;;Xi = nPE ;Xi : (10)
According to (4),
| T (@) ) )] < v+ 21 (0" ()| (11)

u=0

Hence,

X

sup | T, () ) @)| < (v+2)! sup > |x*(¢)“" V()]
€[0,1] x€[0,1], 2

14

<(v+2)! Z sup |(g0)" ()|

u=0 X€ [0,1]
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V+2)|Z”¢u+1 v+§ .

Clearly,
Xi| < E|T,((6,0)) (S| + | Tu((¢ix) ) (Si)| < C120+3, (12)

where Ci = 2(v + 2)! Y, ™"V ||o. On the other hand, sup,j;,/i(*) < C. in (3) and
S; € [0,1] show that

1
E|(0™ V(S| = / |(8,0“ @) |*fix) dx < C. |tV | 222442,
0

This with (11) and S; € [0,1] leads to
2
E[TV((qbivk)/)(Si)]z f v+ 2 |:Z|Su bix) u+1 )|i|
S(V+1 V+2 ZE‘d’kuH l|

<@+D[(v+2)] CZ”q&’“”HZ (2v+2)f

Furthermore,
EIXi* < E[T.((0)) ()] < G2, (13)

where C; = (v+ D)[(v+2)1C, 31 ™ |13.
When 0 < p < 2, by using (10), Jensen’s inequality and (13),

P
» " 2
Elajx — ajil’ =nPE <u? |:ZE|Xi|2] < oW+ lip,
i=1

n
2 Xi
i=1

For the case of 2 < p < 00, according to Rosenthal’s inequality,

p n n 177
S EXI + (ZEW)
i=1 i=1

< 2 D=2 v2) | (n2(2v+2)j)

b
2

14
2

<n 2(V+1)p1‘[ 1- 22 -V 1]

because of (12) and (13). Moreover, n'=hok-1i < 1 follows from 2 < # and p > 2. Then

p
ElG v _ yPE < 5ol
[0tk — cjkl” =m Sn

n
>
i=1

due to (10). This completes the proof. d
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Bernstein’s inequality [13] is necessary in the proof of Lemma 4.3.
Bernstein’s inequality. Let X1, ..., X, be i.i.d. random variables, EX; = 0 and |X;| < || X0
(i=1,...,n). Then, for each y >0,

n

2

P 1 - < ny? )
>y <2exp| — .
n < 2(EX? + | Xl /3)

Lemma 4.3 Let fjx be the wavelet coefficient of f,, B;,k be defined in (6) and T = cy. Then,
foranyj>0,j2 <nandy > 1, there exists a constant ¢ > max{8Cupin, 1} such that

P{Bix - Bkl > Ti2} S 277,
where Cyyy is given by (8).

Proof According to the definition of E,k in (6), one obtains

n n

B s = - S ELT0)) 0] - T30} = - %

i=1 i=1

where Y; := E[T,((¥;6))(S)] = To((¥6))(S2)-
Similar to (12) and (13),

Y| <C2% D =M and EY? < Cj@, (14)

where

Cr=20+21)_ [¢™P|_ and Cy=@+D[(+2)] Z||¢ )2, (15)

Then Bernstein’s inequality tells that

" T Ai/2)?
EZYL, M . (16)
n 2(EY? + MY A;/6)

i=1

P{IBjx - Bkl > T'2,/2) :P{

> TA//Z} < 2€xp{_
On the other hand, combining with (14), A; = 20+ \/g and j2 < n, one shows

. C'T . 7
EY? + MY 26 < C2® 2 4 172“3)12(”1)1\/%

_ 2(2v+2)j(C; + C167 /12/> (C/ LY ) 9(2v+2)
n

This with (15), ¢ > max{8Cy;, 1} implies that

T y/2) T %
"g j/2) > ] o (ey)y / > yjin2 (17)
2EY? + MY 2;/6) — 8(Cy+CiT) 8(C’ + Cicy)

thankstoj>0and y > 1.

Page 9 of 21
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Hence, it follows from (16)—(17) that

< 2—)/1"

~

(cy)% }

Pl1Bix = Bixl > Thi2) <2 -
{|/31,k :3},1(|> j }_ exp{ 8(C§+Ci€)/)

which is the conclusion of Lemma 4.3. O

At the end of this section, we list two more lemmas which will play key roles in the proof
of Theorem 3.3.

Lemma 4.4 ([5]) Letg e Bi,q(R) and f(x) = g(bx) (b > 1). Then

_1
Ifllsg, <& 7 ligllsg,,-

g —

To state the last lemma, we need a concept: Let P and Q be two probability measures
on (£2,R) and P be absolutely continuous with respect to Q (denoted by P « Q), the
Kullback-Leibler divergence is defined by

K(P,Q) := / p(x)In @ dx,

p-q>0 Q(x)

where p and g are density functions of P, Q, respectively.

Lemma 4.5 (Fano’s lemma, [10]) Let (£2,R, Py) be probability measurable spaces and Ay €
R,k=0,1,....m. IfAxNA, =0 for k #v, then

sup Pr(A7) > min{ %, Vmexp(-3e™ — k) },

0<k<m
where A€ stands for the complement of A and «,, = info<,<,, % >k A+ K (Pg, Py).

5 Proofs of results
In this section, we will prove our main results.

5.1 Proofs of upper bounds
We rewrite Theorem 3.1 as follows before giving its proof.

Theorem 5.1 Assumer € [1,+00),q € [1,+00] and s > %, then, for p € [1,+00), the estima-
i ) 1
torf;z n n (7) Wlth 20 ~ nZs/+2(v+1)+1 Sﬂtisﬁes
—~lin

s
wp E gl S,
f;z EBf,q(M)

1

where s’ =s—(;

- 1%);, and a, = max{a,0}.

Proof Whenr>p,s =s— (% - §)+ =s. Denote £2 = supp(f;hn ~f!>)- Then

EW" 1l = [T -l s
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<o [O7 -] ([ ra) S0

due to the Holder inequality. Furthermore, according to Jensen’s inequality and £ < 1,

i i P
wp B -falys s (B <Al (18)
£15€B3q 0 )
Bys' =s- % + }7 <sandr <p, one finds B, , — B;/,q‘ Hence,
sup E|" —fa )l S sup EIFR" - (19)
f;z €By.4 (M) i 2eBS,q(M)

—~lin

Next, one only need estimate SUPyr g ) Elfly =1 ||,’; by (18) and (19). Note that
»25Ppa

—~lin , —~lin , , ,
Elf Sl = E[Ilff,z =Pfa], + |Pfyz =12, 1

SEIL" - Bofa |7+ |Pafa —fla] (20)

. 1
Combining 20 ~ n 2201, 7, € B;/, q(M ) with Lemma 2.1, one concludes

P, _5/757
Jeuis gl 5 2707 5 o, o
On the other hand,
—~Ilin ~ _p 1y
E|fl, = Pufs “p < 208 Z E[@y — jo l? S mm 2201 20op (22)
keﬂjo

thanks to Lemma 4.1 and Lemma 4.2. Then it follows
//\lin ;1P —,s/—p
EHfaz — jOf;;2 Hp 5 1 25 2(v+1)+1

, I S
from 2/0 ~ p2/+20+D+1 | This with (20) and (21) leads to

/
—~lin

sup  Ef," = ) S w0, (23)
112 B M)

Combining (23) with (18) and (19), one finds that

sup B -l 5 T,

£ €Bs (M)
The proof is done. O

Now, the upper bound of nonlinear wavelet estimator (Theorem 3.2) is restated below.

Page 11 of 21
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Theorem 5.2 Let r € [1,+00),q € [1,+00] and s > % Then, for any p € [1,+00), the esti-

mator f:;mm in (9) satisfies
sup E|L)7(;non —f2||p< (Inny (n ’llnn) ?
£2€Bg()

g
+17 2(5—%)+2(v+1)+1 ’

1 S
where a = min{ 530D

Proof When r > p, similar to (18),
sup EM;MR —fl ||§ sup (E|[f znon ~fl2 || )
£12€Blg(0M) £ €Bs g (0)

4
T

Hence, it suffices to establish the result for r < p. According to (1), (2) and (9), E||f,

||p < Aj + A, + Az, where

and

Z Z ﬂ/k _,B/k)wjk

J=T ke2;

)

P
Z (O — )Pk

kef2; pr
As = [Py afye =Sl

Next, one proves A; + A + Az < (Inn)? (n~! Inn)*? forf(;2 €B; (M)andr <p

A =E

By the same arguments as (22),

p_ ~ _p 4 _
A <27 1) Z E|G:x _ar,k|p g n 22(v+1+2)rp ~n g (l’l lln}’l)ap

ke2,

1
n ) 2(v+1)+1

thanks to o = min{5 57577 o

Note that f/, € B, , — B

shows
(-$+3p

s I fal 57 5 (52T s 0t

1 : s
>~ an =min
because s ra da {25+2(V+1)+1 ’ 2(5—%)+2 v+1)+1

To estimate A,, define

~ ~ 1

Bj={k:|Bixl = TA;}; = {k 1Bj| = ET,\,} and  Cj={k:|Bxl =27 A}
Inn)?~t 3" | Ee; by Lemma 4.1, where

Then Ell L. Yreq, (Bik — B Viallp S (

J1
e = 221(17’_1) Z |B;,k - ﬂ1,k|p1{k EE, mB}C};

kE.Q]'
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J1

S D -~ >

ey = 22’(7 b Z |Bix — BjxIPI{k € B; N B;};
j=t kEQ/'

J1
es= > 25N gk e BN G;
j=t

kG.Q/'

J1
es=y 2E VN gk e BEnCr).
j=T

kE.Q]'

By the Hélder inequality and {k € E, NBj} < {|/§;‘,k = Bixl > T2;/2},
3 » B.N B z 20\3 p} (13
E|Bjx — BixlPI{k € B; ﬂB;} < (EIBix = Bixl®) 2 P2{|Bjs — Bix| > T 2;/2}.

This with Lemma 4.2 and Lemma 4.3 shows that

J1 ap
Ee; < sz(%’—l) Z a3 o/l p-5] < w5 ot 3p-5) < (ln_n) ,
j=t ke.Q/ n

1,1
s—5+5

. 1

where one uses y > p(2v + 3) and o = min 5 L <=
v > ) (Ers e 2(s-§)+2(v+1)+1} 2

From k € B N C;, one finds | By~ fix| > Y and el < 1Bk = el + 1Bixl < 21Bx — Bial-
On the other hand, {k € BN G} SH{IBik = Bjkl > YA} S{IBjk = Bkl > T A;/2}. Therefore,

it follows from the same arguments as Ee; that

J1 ap
b —~ —~ Inn
Ees <Y 2G5V B - Bl I{k e BN G} < (—) :
j=t

n
ke.Q}-
Next, one estimates Ee, and Ee,. Define

3 3 e n 23+2(1}+1)+1
w=sr+|v+=|r-|v+=]p 2o~ — ,
2 2 Inn

1

2]=1k n 2(&—%)+2(v+1)+1
Inn ’

1
L )
Then, by s > ;- and 21 ~ (;7-) 20+ D41,

(24)

1 1 1

0 ) < nd <)) <.
<2s+2(V+1)+1 2(s—%)+2(v+1)+1 2v+1)+1 a JooJ1 <J1

When w > 0, one writes down

i J1
e = (Z + Z) VED S By~ Bl Itk € BN By} = 31 + enn. (25)

=T =g ke

Page 13 of 21
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According to (22),

Jo
Eex < 221’(15—1) Z E|,B;,k R ES 5o hige (26)

I(EQ]'
Note that lﬁ’kl >1 Y, 1Bkl S 296+ 3= from k € Bj,f{;2 € Bﬁ]q(M) and Lemma 2.1; On

the other hand, Lemma 4.2 tells Elﬁ;k - Bkl S 20+DiPy=5  These with Aj= 2”*”’\/; and

w=sr++3)r—(v+3)p>0lead to

il
; [Bjkl
Een <Y 250 S Bl g, |( )
J=is

ke2;
U b 4 p-r
<D PG ey N gy S 2 on T (27)
J=s k

s 1
Combining (25)—(27) with 20 ~ () %+20+D+1, one obtains

sp o

P
2o )iy | oojre, B In 7\ 25420+ D)+1 Inn
E62=E621+E€22§I’l 22 200P 4 270y~ "2 g _n - ”

1,1
S—rty
> rp - S
because of w > 0 and & = min{ 5557, . l)+2(v+1)+1} T
1,1 1,1
Whenw=sr+(v+32)r—-wv+ <0, @ = min r_P = rp .
( ) ( )[9 { 25+2(V+1)+1 7 2(s-1)+2(v+1)+1 } 2As-1)r20 1)1

Define p; = (1 — 2a)p. Then r < p; < p follows from

2v+ )p+p -2

<0 and r<p;=(1-2
@ pi=( P = 2(s— 1 DH2(v+1)+1

=p

1
-

l
Moreover, Y, |Bxl* < O |/3}k| < 276+3=7)P1 thanks to r < pu [, € B, (M) and
Lemma 2.1. This with (27) and 1; = 201 \/; shows

Jj1
Eey Sy 25N EIB- Bl ("g’k')

j=T ke2;

J1

(_ b P
< 221(2 Do(v+1)jp,, Z)le’l Z |Bil?!
k

J=t

ap
<u e 22,[11_1+ v+1)(p-p1)—~(s+ 5 - 1)p1] <lnn<ln”)
n
] T

PPI 1

due to —ozpandg—1+(v+1)(p—p1)—(s+%—;)p1=O.

Page 14 of 21
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Finally, one estimates Ees. When w = sr + (v + %)r - (v+ %)p >0,a= min{m,
1

1
s—yty

p
26-Tr2teDe1 }= 2S+2(V+1 Furthermore,

Jo
(Z Z)zﬂz-“ > 1BlI{k € BN CP} 1= ear + e, (28)

J=T 1}0+1 ke.Q}

where jj is given by (24).
Since |Bjx] < 27'2; < 20+ Vi(jn1) 2 holds by k e Cfand ;= 2+1)j f one concludes that

/o
Eey =EY 240N g ik e BN CY)

kE.QI'
jé 14 1 Inn [77
< N 9jE-Dojgip (1,712 < ol+l+y)igp [ 20} 7 29
S (n)* s . (29)
j=t
On the other hand,

J1
Een=E Y 243" Pk e BinCF

J=ig+1 ke
Jj1 )
i(5-1 -1\P—r
S D2 B (41817
j=ig+1 keg;
Jj1 ”
o
S YOy 1Bl
J=is+1 k

due to |Bjx| <27X;and r <p
Clearly, [18;.1l;, <2 S 743 byf/ € B; (M) and Lemma 2.1. This with ; = 2("“)1'\/%

~

implies that

pr pr
Eegp S Z G-+ D p-1jg-jlsr+5-1) (h‘_”) ’ < (ln_”> ’ 276, (30)

n n
j }0+1

3 3
because w =sr+ (v+ 3)r—(v+ 35)p > 0.

y 1
According to (28)—(30) and 20 ~ (-)%+2+D+I, one obtains

Inn\*
275 <
(%)

pr
2

!7
Ee4 = E64,1 +E€42 <2 V+1+2)}0p<1nn) + (hl_l’l)
n n

by « =

S
25+2(v+1)+1°
For the case of w = st + (v + %)r —(v+ %)p <0. Let

J1
(Z Z )2]( £-1) Z |:3j,k|p1{k c /BJC N C}C} = eiﬂ + efu, (31)

j=T  j=i+l kes2;

Page 15 of 21
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where j; is given by (24). Similar to (30),

i pr
. ~ Inn\ 2 __.
Eey =) 251 o IBulPI{keBINC S <—> 271 (32)

keﬂj n
thanks to w < 0.
1

. 1
To estimate Eey,, one observes that || 8;.1l, < 18, 1l;, <2 J6=7+2) by r < pfa€ Bi’q(M)

and Lemma 2.1. Hence,

Jj1
Ee), = Z DEDNguli{keBi NGy S Y 28,01

j=ii+1 ke2; Jj=ii+1
J1 .
< Z 25 21S—%+§)p<2/1(sf—+;) (33)
j=r1+1

because of s > l.
1

Combining (31)—(33) with 271 ~ (= )2“" 204D+ " one knows

p*f
Inn\ = __. kel 1 Inn\*
Eey =Eey; + Eeyy S (— I il <|(—
n n

=
‘:I»—‘

'EI'—‘

S I—=

+ S— .
thanks to w <0 and « = mln{2s+2 G 3G —l)+2(v+1)+1} = 3Tz T This completes the

r r D+

proof of Theorem 5.2. d

+
2(v+

5.2 Proof of lower bound
Finally, we are in a position to state and prove the lower bound estimation.

Theorem 5.3 Assume s> 0 andr,q € [1,+00], then, for any p € [1, +00),

(sf 7t )p

inf  sup E{ff;z 2||”>,,, m,
f/ szBiq( )

where}z2 runs over all possible estimators of f,.
Proof It is sufficient to construct density functions 4 such that ;€ B; (M) and

(&%Jr,l,)p
I

A e

Define g(x) = Cm(x), where m € C5° with suppm C [0, 1], fR m(x)dx=0and C>0isa
constant. Let C3° stand for the set of all infinitely many times differentiable and com-
pactly supported functions. Furthermore, one chooses a density function /4, satisfying
ho € B}/ ), supp ho € [0,1] and ho(x) > M; >0 for x € [1, 2].
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Take a; = 9=+ +3+v+1) qnd
hi(x) = ho(x) + a;G,(g;0) (%), o

where G is given by (5) and g, (x) = 2%g(2jx — ) with [ =21,
First, one checks that /; is a density function. Since suppgj; € [%, %] by suppm < [0,1]

and j large enough, one finds /;(x) > 0 for x ¢ [%, %]. It is easy to calculate that

G/(g)®) = (-1)" Y Cux(gi)" (), (35)

u=1

where C, > 0 is a constant. Then, for x € [%, %] and large j,

) = My~ |a; ) Cux (i)™ ()
u=1
> M- a2t Y0 G g (2l
u=1
=M -2 3G g 20 6)
u=1

thanks to ho(x)|[%,%] > M; and a; = 276=7+3++1)  On the other hand, Jrgw) dx =
Cm(x)dx = 0and suppg;; C [, 2 +27] by suppm C [0,1] and [/ = 2. This with m € C®
R PPgj, 272 Y supp 0
and g(x) = Cm(x) shows

/ 24(g30) () dx = (gy) “ V() 12 — / 2 (g) "V (x)dx

Bl D=

!

(u —;41)!
= (-1)"u! fg,;;(x) dx=0

== (=1)"

/ xHm (gjyl)(u—m) (x) dx

for any u € {1,...,v}. Therefore,

/hl(x)dxzfho(x)dx+(—1)"a,XV:Cu/x”(gﬂ)(”)(x)dx= 1.
u=1

From this with (36) one concludes that /; is a density function.

Next, one shows /i, /1] € B;, ,(M). Clearly, hy € B}, M) by ho € Bifql (%). Hence, one only
needs prove /1] € Bsr,q(M).

By (34) and (35),

14
Wl < Ihollggsr +a; ) Cull(g) (%)

u=1

37)

1.
B

Page 17 of 21
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On the other hand, for each t € {0,...,u},

-] -3

because of Lemma 4.4. Combining this with / = 2" and [2(x - 1 + })]“ =¥ CT[Y(x -
$)1“727727, one obtains

< 2j(s+1-%)

+1
Bryq

xu—rg(u) (x) |

1
By

@0 9]y =25

u
<2y
=0

u
< 2j(s—%+%+u+l) Z C’; ”xu—rg(u)(x)

=0

(38)

1
B

Denote M’ = max{C,,C} : t =0,...,u;u = 1,...,v}. Then there exists a constant C > 0
such that

M
u—t (u) s+1
g e Brvq <2V2M/2)

thanks to g(x) = Cm(x) and m € C3° C Bifql. This with (37) and (38) leads to

v
) 12 j(s—%+l+u+1) M M %
Wl < ol va; Yy uM?er AR S5t

u=1

:M,

because /g € Bifql(%) and a; = 9/6=3+5+v+1) Therefore, h; € B'1(M) and K, € B; (M).

According to (35),

[Gug@] = (1" Cia(gi)“ ™ (),

u=0

where C/, > 0 is a constant and / = 2. Hence,

1 - holl, =4[ @] 1,

. , 1 1\ , 1
> C, [2/<x— . —)] g |:2’<x— —)] “ . (39)
2 2 2
u=0 b
On the other hand, by using [2(x - 1 + 2)]“ =Y _, CZ[2(x — 1)]“""27"2Y, one concludes

that
Z“ 4 1 1\1* , 1
2 2 2
u=0 p

4 . , 1
> C2pghe [21 (x - 5)}

u=0

3j
=ad:22
a;2

=

p
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14 u-1 Uu-T
, 1 , . 1
SalSal ()] e i-3)] 0
u=0 =0 p
and
> Clatoiigh ) of M
,0 “ 2
u= p
)
>|C, 5
p
v-1 1
- Zc;z—uzufg("*n [21' <x— E)} (41)
u=0

p

Letx' = 2(x — %). Then there exists a constant C’ > 0 such that

”h/ _u ” >ﬂ12712 plc/ V2V]H (v+1) v IIZC/ | (u+1

z(vljzc/ZCr 1: Mfgu+1|| }
> Clap¥2 52" = 271D = 5

thanks to (39)-(41), g € C° and a; = 9jls=F+5+v+1)
Define Ay = {”}ZZ =l < %} (k € {0,1}). Then Ag N A; = @. According to Lemma 4.5,

sup Pf (A;) > min{ l,exp(—':’ue_1 — K1) }, (42)
kefo1y 7k 2

where Pf stands for the probability measure corresponding to the density function /" (x) :=

flx1)f(x2) - - - f(x,,). Hence,

el -l = () 27, (-l = %) = (3) o, o

This with (42) implies

~ SNP . (85\P (1 )
sup E|[f —h}”ﬁ zk:%%)l}(é) P}Zk (A7) = (é) mln{i,exp(_&e 1 —K1)}- (43)

ke{0,1)

Next, one shows k1 < Conajz. Recall that

k= inf > K(PE P ) <K(PLP)- (44)

k#u

Then

(P%, P4 Z/fn ;: ; /f“ ;;8
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due to f(x) = ]_[;'ZIfSO (%) and £ (x) = ]_[;’Zlfs1 (%;). Since Inu < u — 1 holds for u > 0, one

knows
K(Pf ) < [ £ fz;i;‘;q)dx
- [ £ @) - us)

According to Chesneau’s work in Ref. [8], f;, (x) = w+1y A YIny - lnx)"‘lhk(y)% dy. Then

%+27/ 1
F®=fol) = o / (Iny ~102)""Go(gi)0)  dy
. %+2’j
:_wfaﬂl (Iny - Inx)" ' [Gy1(gi)»)] dy

because of (34) and G, (g;;)(x) = —x[G,_1(g;)(x)]".
By the formula of integration by parts,

Ly
£ -fa@) =2 [Tty [Gag )]
. %+2 -7
:_wf%nl (Iny - n2)" " [Gum(gi) )] dy
%+2’/
=—4j / (€)' ) dy = a;g (%), (46)

1,97
because [ = 27! and (Iny — Inx)" "G, _,(g;) ¥)|2 > _ 0 for any m € {1,...,v—1}. On the
other hand, for each x € [%, % +27] and large j,

ﬁo(x) jetl ( / (lny lnx)" 1 dy— ﬁ(lnz _lnx)v

M 3 1 AT
z—l[l Z_ln(i +2’>] >M,>0 (47)

!

thanks to f;, (%) = 7y, 1 f (Iny — Inx)"Yho(y) L )5 dy and ho()|
(44)—(47), one obtains

(1,3] > M,. Combining with

K1 < M;ln/’a}-gj,;(x)‘zdx < Conajz,

where Cy > 0 is a constant.
1

Choose 2 ~ n26-7)#20+D+1 and recall aj = 2776=7+3++1) Then

; 1
K1 S ”ﬂ,z = p2 /2204 o1 gnd e > 1.
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1
. 1,1 . R B ——
Substituting §; ~ 276=74p) 9f A 2204041 into (43), one obtains

(—3+5p
7 V4 361
sup E”f;z _ ;{”p Z SIP Z n 2s—7)+2(v+1)+1 ,
ke{0,1}
which is the desired conclusion. O
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