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1 Introduction

In the field of mathematical analysis, Karl Weierstrass established an elegant theorem, the
first Weierstrass approximation theorem, in 1885. This theorem has specially a big role
in polynomial interpolation corresponding to every continuous function f(x) on interval
[a,D]. The proof given by Weierstrass was rigorous and difficult to understand. In 1912,
Bernstein [1] gave a simple proof of this theorem by introducing the Bernstein polynomials
with the aid of the binomial distribution, hence for f € C[0, 1], we have

B,(f;%) = an,k(xy<§), neN0<x<l, (1.1)

k=0

where S, (x) = (Z)xk(l — x)"~k. Many mathematicians researched in this direction and
studied various modifications in several functional spaces using different error optimiza-
tion techniques, i.e., Acar et al. [2-7], Acu et al. [8, 9], Barbosu [10], Agrawal et al. [11],
Aral [12], Mursaleen et al. [13-17], Srivastava et al. [18—20]; for more details see also the
references therein and [21-30].

2 Construction of the o-Baskakov-Durrmeyer operators and estimation of
their moments

Recently, Cai, Lian and Zhou [31] presented a new sequence of «-Bernstein operators

with a € [-1,1]. Later, Ali Aral et al. [32] gave a sequence of «-Bernstein operators as
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follows:

La(f;%) = Zf<§>5§7;(x), neN,x e [0,00), (2.1)

k=0

where f € Cg[0,00) which denotes the set of all continuous and bounded functions

and
8(0’)()— ak-1 ax (m+k-1 (1-a)1 )n+k—3
kST | T\ & WETIN k-2
n+k-1
1—
ra-an(" )]
with

n-3 n-2
= =0.
-2 -1
The operators defined by (2.1) are restricted for continuous functions only. To approxi-

mate the functions in Lebesgue measurable space, we design a new sequence of opera-

tors:
OO o)
Lafin) = 3500 [ Quuterea 22)
k=0 0
where Q,,x(f) = m (m)fi,:k“) Note that, simply in the case of « = 1, the operators re-

duced to Baskakov—Durrmeyer type operators; for details see [33].

For r € {0,1, 2, 3,4}, we consider the test functions and central moments,
e,=t and 1/fy’(t;x) =(t-x). (2.3)
Lemma 2.1 ([31]) We have

Ln,a (6’0; x) =1,

2
Lyo(e;x)=x+ —(a—1),
n

4o — 3

1
L,o(es;x) = x* + X+ —(n+da - 4).
n
Lemma 2.2 Let the test functions e, defined by (2.3), then, for all L}, ,, we have

L;,a (e(); x) =1,

Lt (i) = ( n 2(« - l))x .\ 1

n—1+ n-1 n-1’
n? n(4o —3) , (4n+10a - 10) 2
—2)(n-1) (n—2)(n—1)>x -1 T m-m-1)

L;,a (e2;%) = (
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Proof Take f = ey, then from Lemma 2.1, we have

L () = YS9 / Qult)dt
k=0 0

oo

B(k +1,n)
=) SHw———
— B(k+1,n)
=) S
k=0
=1.
Forr=1
e = 389w / tQ,u(0)d
k=0
isa B(g;Z,n—l)
— (k+1,n)
N @) (k+1 B(k +1,n)
ZS ~1)B(k +1,
— )B(k +1,n)
> S“ (k+1)
k=0
( n 2(a—1)) 1
= + X+ .
n—1 n-1 n-—1
Forr=2
L (o) =ZS“2x)f £0,(0
k=0
> Bk +3,n-2)
N g2 T T A
]20: nk ) B(k +1,n)

& e, k+ 2k + DBk + 1,n)
) ZO:S @ (n-2)(n-1)B(k +1,n)
&, K+ DK+ 1)
= S g

k=0
n? + n(da - 3) 2 (47 + 10« — 10) 2
T em-0" T hem-10 T m-2n-1)

Lemma 2.3 Let the operators given by (2.2). Then we have

L, () =1,

Lna(Uia) = = — o+
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L 21 + 2(4o — 3) 2 21 + 2(5a — 3) 2
) = D oD e D)

Proof In view of Lemmas 2.1 and 2.2 we can apply the linearity and easily complete the

proof. O

3 Approximation in Korovkin and weighted Korovkin spaces
Take Cp(R") be the space of all bounded and continuous functions defined on the set R*,

where R* = [0, 00) and a normed defined on Cp as
Ifllc, = Sug[f(x)l.

Let

= {f:xeR+ and lim <f(x) ><oo}.

x—o0\ 1 + x2

Lemma 3.1 For every f € C[0,00) N E the operators Ly , given in (2.2) are uniformly con-
vergent to f on each compact subset of [0, A], whenever A € (0, 00).

Proof In the view of Korovkin-type property, it is enough to show that
Ly, (e;x) — es(x), fors=0,1,2.

From Lemma 2.2, obviously Lj, ,(eo; ¥) — eo(x) as n — oo and for s = 1

n—>00 n-1 n-1

2 -1 1
lim L ,(e;;x) = lim <n+ (@ )x+ ):el(x).

Similarly, we can prove for s = 2 that L} ,(e2;%) — e3, which proves Proposition 3.1. [

Suppose C[0, 00) is the set of all continuous functions and f € C[0, co) with the weight
function o (x) = 1 + x2,

Bo () = {f : [f®)] < Myo(x),x € [0,00)},
x) = {f:fe C[0,00) NP, (x),x € [O,oo)},

Sf&)

Q7 (x) = {f :f € Q5(x), 11m
o(x)

=m,x € [0,00)},

where the norm defined on weight function o such as ||f |l = sup,c(,0) { (fc and the con-

stant M depends only on f.

Theorem 3.2 For all f € Q))'(x) the operators L, ,(-;-) defined by (2.2) satisfy

nlg’go”l’:,a(f;x) _f”a =
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Proof Take f(¢) € QF(x) with x € [0,00) and f(¢) = e, for v =0,1,2. Then from the well-

known Korovkin theorem L} , (e,;x) — x”, satisfying the properties of uniformly behaving

as n — 00. Since for v = 0, from Lemma 2.2 L} , (ep;x) = 1, thus we have
Ly o (e0s %) = 1| = 0. (3.1)

For v =1, we have

L}, (e15%) — x|

L Jlesx)—x|| =
R e
<n+2(oz—1) 1) x 1
=— - sup +——— sup ——.
n-1 xeloo0) L+ %2 (1=1) xefo00) 1 + %2
Asn— oo,
Lk o (5 %) — || =0 (3.2)

In a similar way for v = 2,

|Luesn) -],

L o (e2;%) — &%
elom0) 1+x2
) <n2 +n(da-3) 1) sup ki
(n-2)(n-1) xelo,00) 1+ %2

(414 + 10« 10) x 2 1

+|———] sup + sup ,

(l’l - 2)(” - 1) x€[0,00) 1+x? (Vl - 2)(” - 1) x€[0,00) 1+x2

||L (e;%) —x H =0 whenn— cc. (3.3)

This completes the proof. d

4 Pointwise approximation properties by L} ,

Here, we study the order of approximation of a function f with the aid of positive linear
operators Lj, ,(f;x) defined by (2.2) in terms of the classical modulus of continuity, the
second-order modulus of continuity, Peetres K-functional and the Lipschitz class. A well-
known property is the modulus of continuity of order one and of order two defined as
follows. For 6 > 0 and f € Cla, b] the classical modulus of continuity of order one is given
by

o(f;8) = sup [f

x1,%2€[a,b],|x1 —x2| <8

and of order two it is given by

a)z(f 82)— sup sup[f - 2f(x+ h) +f(x+2h)‘ (4.1)

.
0<h<82 3 vel
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Let Cg[0, 00) denote the space of all bounded and continuous functions on [0, 00) and
C123 [07 OO) = {Iﬁ € CB [07 OO) : W/; 1/// € CB [07 OO)}, (42)

with the norm

11210000 = 1 llcaio00 + 1% [ cyo00 + 19" lepi000 (4.3)
also
1V lcstone) = sup |1/f(x)| (4-4)
xe OO

Lemma 4.1 ([31]) Let {P,},>1 be the sequence for the positive integer n with P,(1;x) = 1.
Then for every ¥ € C2[0,00)

[Pa(Wr5 %) = ()] < &[]/ Pu(s = )% % ||1/f”||P (5 =2)7%w).
Lemma 4.2 ([31]) Forall f € Cla,b] and h € (0, b%“), we have the following inequalities:
3
@ =Sl = —wz(fyh),

@ 1= gpontf b

where f, denotes the second-order Steklov function.

Theorem 4.3 For all f € Cp[0,00) and x € [0,a], a > 0 we have

ILE (F;5) - £ (0)] < 20(f;/Ou()),
where ©,,(x) = L:‘ba(lﬁf;x) and L;‘;va(ﬁ;x) is defined by Lemma 2.3.

Proof In view of the classical modulus of continuity, we have

L5, (%) )] < 389 () fo Qui(®)|f(6) ~f()| dt
k=0

< {1 + L ZSf,‘f,()(x)/oo Qn,k(t)lt—xldt}w(f;5)~
s 0

In the light of the Cauchy—Schwartz inequality, we get

1

Lo (%) —f@)] < [1+ %(Zsfk’(x) /0 ) Qn,k(t)(t—x)zdt> }w(f;a)
k=0
1
= {1 g,/LM( % )}w(fa

Choosing § = (@,,(x))% = /L; ,(¥2;x), we arrive at the desired result. O
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Theorem 4.4 Forevery f € C[0,al, a > 0 the operators Ly ,(-;-) defined by (2.2) satisfy
L o (f5%) = f(%)] < |[f||82 (a +2+ 1) (f3 6),

where § = (G),,(x))% is defined by Theorem 4.3 and w;(f;38) is by (4.1) equipped with the

norm ||f|| = maxye(qp [f (%)

Proof Consider f; is the Steklov function define in Lemma 4.2. Using Lemma 2.2, we ob-

tain

Lo (F50) =] < Ly o f = fis®)| + Ui =] + L o s ) = fu0)|
<20l = £l + | o (fis0) = fiu) |-

In view of the fact that f;, € C%[0,a] and using Lemma 4.1, we obtain

L5052~/ 0] = [ Lo (e~ 0%5) + 3 7 (o1 =20, (45)

From the Landau inequality and Lemma 4.2, we have

2
15 5;Ilﬁ«|l+ﬁ|W||

2

a”fh” +— wz(f h).

4h2

On choosing § = (@,,(x))%, one has
2 3a 3
| Lo i) =fu@)| = — IR + - nlfih) + I n(fi ). (4.6)

Combining (4.6), (4.5) and Lemma 4.2, we obtain the required result. d

Theorem 4.5 Let L, ,(-;-) be the operators defined by (2.2). Then, for every f € Cﬁ[O, 00),
11m (n— 1)(L* (f;x) f(x)) (1 + 20 —xz)f’(x) + 2(x + xZ)f"(x),
uniformly for0 <x <a,a>0.
Proof Letxy € [0,00) be a fixed number; all x € [0, 00). Then using Taylor’s series, we have
S = f(x0) = (x = x0)f"(wo) + %(x — x0)*f" (%0) + 9 (, %0) (x — X0)?, (4.7)

where ¢(x,x) € Cg[0, 00) and lim,_, ,, ¢(x,%9) = 0.
By applying the operators L} , on (4.7), we deduce

Ly, (f3x0) = f(x0) = f'(x0)L;, , (€1 — X0;%0) + %wa{ ((x = %0)% %0 )" (0)

+ L (0 20) (x — 20)?). ws)
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In view of the Cauchy—Schwartz inequality for the last term of Eq. (4.8), we get

(n = DL, (0(x, 20) (£ — %0)%) < (n — 1)2\/ Lt ((ex — x0)%) L, (02 (%, %0) ). (4.9)
We have

nllrr;o(n = 1)(L} o (€0 — %05 %)) = (1 + 20 — x%)f' (),

Tim (11— 1)(L;, 4 ((e0 — %0)%%)) = 2(x + 2°)f" (),

: 4
nli)rglo(L;,a ((eo — %0)*; %)) = 0.
This completes the proof. d
Now here we estimate the rate of convergence in terms of the usual Lipschitz class

Lip,,(v). Let f € C[0,a), a > 0 and M be a positive constant, and, for any v € (0,1], the
Lipschitz class Lip,,(v) is as follows:

Lipy(v) = {f : [f(c1) = f(2)| =Mls1 - c2I" (51, 52 € [0,00)) }. (4.10)
Theorem 4.6 Letf € Lip(v) withM > 0and0 < v < 1. Then the operators L}, ,(-; ) satisfy
Lo lfi%) — )] = M(©4(3),
where n > 2 and ©,(x) defined by Theorem 4.3.

Proof From the Holder inequality and (4.10), we conclude

|LE o (F32) = f )] < |LE o (FO) —fx)i) |
< Ly, ([f®) - f)[;%)
<ML; (It -x|";%).

Hence

Ly o (%) = f ()]

<MY 89w f Qui(®)lt —x|" dt
k=0 0
ad 2

<MY (Sp@)>
=0

X (Sr(tak)(x))%/ Qui(t)|t —x|" dt
0

< M(Z 59 () / T Q) dt)
k=0 0
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00 00 3
x (Z S ) f Q,(B)lt —x|2dt>
k=0 0
= M(Lu (V25)) 7.
This completes the proof. d

Theorem 4.7 For all Y € C3[0,00) and n > 2,

O,(x)

L, (032) — v ()] < (An(x) + )nwucg[o,m),

where A, (x) = (z;l"%llx + ﬁ) and O,(x) is defined by Theorem 4.3.
Proof Let ¥ € Ca(R*); for all ¢ € (x,t) a Taylor series expansion is

_(t-x)?

5 V(@) + (= x)Y ®) + ¥ (%).

140)
On applying L; ,, using linearity,

v (¢)
2

L (%) = ¥(x) = ¥’ (W)L, ((E - x);x) + L (£ - %)%x),

which implies that

Ly o (W5 %) — ¥ ()|

(-1 1 )
= n—1x+m ”Vf”cB[o,oo)

2n+2(4o-3) , 2n+2(5«a—3) 2 1" [l c10,00)
{m—z)(n—l)x * (n—2)<n—1)“<n—2)(n—1)} 2

From (4.3) we have [/l czi0.00) < 19 ll 20,0007 1V llcsto.00) = 1Vl 210,00

Ly o (W5 %) — ¥ ()|

20 -1 1
= n—lx+m ||‘/’”c§[o,oo)

2n+2(4a-3) , 2n+2(50-3) 2 1% 11 0,00)
{(n—2)(n—1)x * (n—2)(n—1)x+(n—2)(n—1)} 2

This completes the proof. O

In 1968 [34] for investigating the interpolation between two Banach spaces Peetre in-
troduced the K-functional by

Ko(f;8) = inf {(If = ¥liczome) + 811Vl c2p000) ¥ € C5l0,00)} (4.11)

in
C%[0,00)

and a positive constant ® exists such that Kx(f;3) < Da)z(f;(S%) with 8 > 0 and w;(f;9) is
the second-order modulus of continuity.
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Theorem 4.8 Suppose Cg[0,00) is the set of all bounded and continuous functions on
[0,00). Then for every f € Cg[0, 00)

Lk (F3%) = f ()| < 2D]{ws(f5 v/ R (%)) + min(1, £,(x)) Il cp0.00 }
where R,(x) = w is defined by Theorem 4.7.

Proof In thelight of results obtained by Theorem 4.7, we prove the desired theorem; hence

Lk o (F3%) = f@)| < |Li o f = 52| + [f(6) = ¥ @)] + L (¥5%) — ¥ ()|

6,
<2|f - 1,”HCB[O,OO) + ( 2(95) + An(x)> ||1/f||c§[o,oo)

O,(x)  Ayx)
=2(|lf—wllc3[o,oo>+( 2 T3 )||¢||C§[o,oo>).

If we take the infimum over all ¥ € C2[0,00) and we use (4.11), we get

+

4 2

Ly o (%) = f(0)] < 2K (f; (Qn(") An(x) ))

Now from [35] we use the relation for an absolute constant ® > 0
Ks(f38) < D{wa(f; v/8) + min(1, 8) £ }.
This completes the proof. O

5 Conclusion and observations

The manuscript parametric variant of Baskakov—Durrmeyer operators is a new extension
of Baskakov Durrmeyer type operators. In the present investigation in our manuscript
in order to get uniform convergence for the operators of the a-type extended version
we study the order of approximation, the rate of convergence, the Korovkin-type, the
weighted Korovkin-type approximation theorems, Peetres K-functional, Lipschitz func-
tions and a set of direct theorems. It must be noted that we have more modeling flexibility
when adding the parameter « to the Baskakov—Durrmeyer operators.
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