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1 Introduction

With the rapid development of the approximation theory about the operators since the last
century, lots of operators, such as Bernstein operators [4], Szasz—Mirakjan operators [32,
37], Baskakov operators [3], Bleimann—Butzer—Hann operators [5], and Meyer—Konig—
Zeller operators [31], have been proposed and constructed by several researchers due to
Weierstrass and the important convergence theorem of Korovkin [26], see also [17]. In
[23], Karsli considered gamma operators and studied the rate of convergence of these op-

erators for the functions with derivative of bounded variation

(2m + 3)l™+3 [o° ¢
L,(f;x) =
(/i) /0 :

nl(n +2)! X+ t)2"+4f(t) di, x>0. M)
In [25], Karsli and Ozarslan established some local and global approximation results for
the operators L,,.

In recent years, with the rapid development of g-calculus [22], the study of new poly-
nomials and operators constructed with g-integer has attracted more and more attention.
Lupas first introduced g-Bernstein polynomials [27], and Phillips [36] proposed other g-
analogue of Bernstein polynomials. Later, many researchers have performed studies in this
field, and the g-analogue of classical operators and modified operators, such as g-Szdsz—
Mirakjan operators [28], g-Baskakov operators [13], g-Meyer—Konig—Zeller operators
[12], g-Bleimann—Butzer—Hann operators [11] g-Phillips operators [29], g-Baskakov—
Kantorovich operators [20], g-Baskakov—Durrmeyer operators [19], g-Szdsz-beta oper-
ators [18], and g-Meyer—Konig—Zeller—Durrmeyer operators [15], has been constructed;
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see also [2]. In [6], Cai and Zeng defined g-gamma operators

o0 tn
/ 3 f(t)dst, x>0 (2)
0 (q"rx+t)7m

n(n+1)
2

21+ 3]1(q" 22)"3q
[n]g[n + 2],

Gn,q(f; x) =

and gave their approximation properties.

Then many operators have been constructed with two parameters (p, q)-integer based
on post-quantum calculus ((p, g)-calculus) which has been used efficiently in many areas
of sciences such as Lie group, different equations, hypergeometric series, physical sci-
ences, and so on. Recently, approximation by sequences of linear positive operators has
been transferred to operators with (p, g)-integer. Let us review some useful notations and
definitions about (p, g)-calculus in [2, 17, 21].

Let 0 < g < p < 1. For each nonnegative integer n, the (p, g)-integer [n], 4, (,q)-factorial
[n]p,4! are defined by

iy =2—L, n=012,...

and

[I]P’q[z]p'q Tt [Vl]p,q, n>1;

(n]pq! =
P s n=0.

Further, the (p, q)-power basis is defined by

@x®y),, = x+y(px+ ) P’x+q>y) - (" x+q" )

and

ey, =x-Npx-q)(P*x-q) - (" 'x-q"y).
Let # be a non-negative integer, the (p, g)-gamma function is defined as

poa),
Fon+l)=——2L_[y], 1, 0<qg<p<l.
20 (p _ q)n pq
Aral and Gupta [1] proposed a (p, g)-beta function of the second kind for m,n € N as
follows:

xm—l

B, (m,n) = ——d,
qu( ) /O' (1 @px);rf‘-}-n pq

and gave the relation of the (p, g)-analogues of beta and gamma functions:

T q(m) [y q(n)
B, (m,n) = 1" pa 24 .

(p1qm=1)3 I y(m + )
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w. It is obvious that order is important for
m+n)

(p, q)-setting, which is the reason why a (p, g)-variant of beta function does not satisfy

As a special case, if p=q =1, B(m,n) =

commutativity property, i.e., B, ;,(m, n) # B, 4(n, m).
Let Cg[0, 00) be the space of all real-valued continuous bounded functions f on the in-
terval [0, 00) endowed with the norm

x€[0,00

£l = sup )[f(x)|.
Let § >0 and C3[0,00) = {g: ¢’,g" € C5[0,00)}, the following K -functional is defined:

K(fio)= it {If gl +5]"]}.

£2€C3[0,00)

Using DeVore—Lorentz theorem (see [10]), there exists a constant C > 0 such that
K(f;8) < Can(f;V9), 3)

where

wy(f;8) = sup sup [f(x+2t)—2f(x+t)+f(x)|

0<|t]<8 x€[0,00)

is the second order modulus of smoothness of . Also, by o(f; §) we denote the usual mod-
ulus of continuity of f € Cg[0, 00) defined as

o(f;8) = sup sup [f(x+t)—f(x)’.

0<|t| <8 x€[0,00)

Let B,2[0, 00) denote the function space of all functions f such that |f(x)| < Cr(1 + x2),
where Cy is a positive constant depending on f. By C,2[0, c0) we denote the subspace of all
continuous functions in the function space B,2[0, 00). By ng [0, o0) we denote the subspace

llfiz)z‘ is endowed with the norm

of all functions f € C,2[0, 00) for which lim,_,

|f (x)]

+ x2

flle = sup <
x€[0,00)

For a > 0, the modulus of continuity of f on [0, 4] is defined as follows:

w,(f;8) = sup sup [f(y)—f(x)|.

|y—x|<8 0=<x,y<a

As is known, if f is not uniformly continuous on [0, c0), we cannot get w(f;8) — 0 as
8 — 0. In [38], Yuksel and Ispir defined the weighted modulus of continuity £2(f;§) =
SUPg /<5 x>0 % while f € ng [0, 00) and proved the properties of monotone increas-
ing about £2(f;8) as § > 0 and the inequality 2(f;A8) < (1 + A)$2(f;5) while A > 0 and
fe ng [0, 00).

Let f € Cp[0,00), M >0, and y € (0,1]. We recall that f € Lip,,(y) if the following in-
equality

V(x) —f(y)| <Mlx-y”, xy€][0,00)
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is satisfied. Let F be a subset of the interval [0,00), we define that f € Lip,,(y, F) if the
following inequality

[f(x) =f»)| <Mlx—y|”, x€Fandye][0,00)

holds.

Recently, Mursaleen first applied (p, g)-calculus in approximation theory and introduced
the (p,g)-analogue of Bernstein operators [33], (p,q)-Bernstein—Stancu operators [34],
(p,q)-Bernstein—Schurer operators [35] and investigated their approximation properties.
In addition, many well-known approximation operators with (p, g)-integer, such as (p, q)-
Bernstein—Stancu—Schurer—Kantorovich operators [8], (p, q)-Szdsz—Baskakov operators
[16], (p, gq)-Baskakov-beta operators [30] have been introduced. All this achievement mo-
tivates us to construct the (p,g)-analogue of the gamma operator (1), as we know that
many researchers have studied approximation properties of the gamma operators and
their modifications (see [7, 9, 24, 39]). The rest of the paper is organized as follows. In
Sect. 2, we define the (p,q)-gamma operators and obtain the moments and the central
moments of them. In Sect. 3, we study the properties of the (p, g)-gamma operators about
Lipschitz condition. Then some direct theorems about local approximation, rate of con-
vergence, weighted approximation, and Voronovskaja-type approximation are obtained.

2 (p,q)-gamma operators and moments
We first define the analogue of gamma operators via (p, g)-calculus as follows.

Definition 2.1 Forn e N, x € (0,00) and 0 < g < p < 1, the (p, q)-gamma operators can be
defined as follows:

GY(f;x) =

xn+3(qn+%)n+3pn2+%n+% /oo t" )d
t t.
Pq
0

(
B,g(n+1,n+3) ((pq)m%x ® t)z,nq%f

Operators G5'? are linear and positive. For p = 1, they turn out to be the g-gamma op-
erators defined in (2). We will derive the moments G5%(t%;x) and the central moments
GY((t - x)%x) for k=0,1,2,3,4.

Lemma 2.1 Forx € (0,00),0<q<p<1l,andk=0,1,...,n+2, we have

2
Gp'q(tk-x) _ xk(pq)k’kT (n+Klpglln—k+2],,!
A (1] pg![7 + 2], 4!

(4)

Proof Using the properties of (p, q)-beta function and (p, ¢)-gamma function, we have

xn+3(qn+%)n+3pn2+%n+% 00 ek
B,,(n+1,n+3) /0 ((pq)m%x ® t)},,’ﬁf*

xn+3(qn+%)n+3pn2+%n+% /oo 1
prq(n +1,n+3) 0 (pq)(2n+3)(n+2)x2n+4

G (tk;x) = dpqt

tn+k

x pt 2n+4 dpqt
16 —5—)
ny o n+3 bq
xXq <p
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xn+3(qn+%)n+3pn2+%n+% [} (an+%pn+%)n+k+l

Bp,q(n +1,n+ 3) o (pq)(2n+3)(n+2)x2n+4
t )n+k
an+%pn+% t
x 1 P7f)2n+4 dpaq ned peB
n+3 ne3 P xXq 2p 2
xq Ep 2

xkpk”"%qu”*%kBp,q(n +k+1,m—k+3)
B,y(n+1,n+3)

2
xk(pq)k‘kT (1 +Kklpqlln—k+2],4

[(1]pq'[1 + 2],

Lemma 2.1 is proved. d

Lemma 2.2 For x € (0,00), 0 < g < p < 1, the following equalities hold:
L GY(Lx) =1;
i . _ n+1 .
2. Gy () = 20 -
3. GYI(t%x) = &%
4. GI(3;x) = L3
(M)j ["]p,q

Do ( 44, _ [n+3]p,q[n+4]p,qx4
5. G (t%x) = 0D nlpgln-1lpg forn>1.

Proof The proof of this lemma is an immediate consequence of Lemma 2.1. Hence the
details are omitted. O

Lemma 2.3 Let n> 1 and x € (0,00), then for 0 < q < p < 1, we have the central moments

as follows:
n+1
1. A(x):= GBU(t - x;2) = (( i—; -1)- § [nliz],,,q )3
2. Bx):= GyI((t - 250 = =2((/2 - 1) - [2 o)
q q [”+2]p.q

5
Dq 4, _ [n+2]p,q[n+3]p,q[n+4]p'q—4(pq)7[n—l]p_q[n+2]p'q[n+3]p,q
3. G ((E-2)%) = ( (Pa[n-Tlpqlnlpgln2lpg *

9
—4(pq) 2 [”*Hp,q[”]p,q[”+1]p.q+7(Pq)4[”*1]p,q [Vl]p,q [”+2]p,q )x4
(l’q)4[”*Hp,q[”]p,q[”*z]p,q ’

Proof Because G, (t — x;x) = G (t;x) — x, GI((t — %)% %) = GY(t% %) — 22GR I (£x) + «2,
and GYI((t — %)% x) = GBIt x) — 4xGY (83 x) + 652 GR (8% x) — 40 GLU(t; %) + x*, and from

Lemma 2.2, we obtain Lemma 2.3 easily. O

Lemma 2.4 The sequences (p,), (qn) satisfy 0 < q, < p, < 1 such that p, — 1, q, — 1 and

Pr— o, g — B, [1p,q, = 00 asn— oo, then

lim (1 —1],,,4, G (t — x; %) = _e ; ﬁx; (5)
lim (1 — 11,4, G2 (¢ — %)% %) = (o + B)x%s (6)

lim [n —1],,,,4, G5 ((t - x)4;x) =0. (7)
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Proof Using

n+1
lim [n—l]pmqn<( &_1)_ /&L)
n—00 qn qn [+ 2]pn,qn
n+1
. Pn Pn p
([ E1) - (E )
noor - TPMIANY g qn 1 +2p,.q,

lim (pﬁ*z—qﬁ*zm—ﬁ _ Iﬁpnu)
"=\ Pn—Yqn N qn "
a-f a+pf
T T

we get (5) and (6) easily. Let k = n — 2, we have

[l’l + Z]Pnﬂn [l’l + 3]Pnﬂn [I’l + 4]Pn:qn
= (qi [k]Pn:LIn + pl; [B]an’h) (qi [k]PnyLIn + pl;l [4]an4n) (qi [k]}?mq;« + pl;z [S]quyi)

~ q:lz [k]l'inﬂn + p’;; (qu [S]anqn + q?l [4]17nv‘h1 + q?l [3]pn:qn) [k]lzn)qn *
Similarly, we can obtain

[}’Z - 1]Pnﬂn [I’l + 2]19nv%1 [Vl + 3]pnvqn ~ q; [k];n,qn + p’:t (qfl [4]Pn»q;1 + qi [3]an4n) [k];n,qn’

[I’l - I]Pn:Qn [n]PnsQn [I’l + Z]Pn:Qn ~ qi [k];n,qn +p£ (qfl +4qn [3]anq;4) [k][%n,qn’

[Vl - l]anqn [n]Pnﬂn [Vl + I]Pm% ~ qi [k]?;n,qn +}7]; (qfl + qn [Z]an%) [k];n,qn ‘

By Lemma 2.3, we can have
4 1 4
Gorin ((t—x) ;x) ~A,+ —B, |«
Kl o

9

5 19
where A, = q'2 —4pq,’ —4p

—

9 15
2 4
n

a7 +7ptqS and

5
B, :Pﬁ (42[5]1?»1,% + qi (4]p.qn + q3 Blpgn — 4(ngn)? (Qi (415, + qu]pmqn)

- 4‘(pnqn)% (qi + qn [2]pn,qn) + 7(pnqn)4 (61;3 +qn [3]pn,qn))'

Set P = /p, Q= /g, by

An :P24 _4P5Q19 —4P9Q15 + 7P8Q16
~ P’ —4P°Q* —4P° + 7P2Q
=3P°(P* - Q") - Q"(P° - Q) -7P*(P- Q)
3 4
_ (P— Q) <3P5 ZPiQB—i _ Q4 ZPiQ4—i _ 7P8>,

i=0 i=0
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we easily obtain

3 4
(1= ppguAn ~ 1,0, (P - Q) (3P5 Y PQT-QYY P - 7P8)

i=0 i=0

o 3 4
by—9 Pn—qn 5 i \3-i 4 i A—i 8
~ 3P PQ-Q PQ¥'-7P

pn_qnvpn"'vqn( ,z=0: zz=0: )

a-b
~——Bx4-5-7)=0.
2
Similarly, B, ~5+4+3-4x (4+3)—-4 x (1+2)+7 x (1+3)=0, we obtain (7). (]

3 Approximation properties of (p, g)-gamma operators
In this section, we research the approximation properties of (p, g)-gamma operators. The

following two theorems show approximation properties about Lipschitz functions.

Theorem 3.1 Let 0 < g < p <1 and F be any bounded subset of the interval [0,00). If
f € Cgl0,00) N Lip,,(y, F), then, for all x € (0,00), we have

|GPA(f5) - f()] < M((B@)? + 247 (),
where d(x; F) is the distance between x and F defined by d(x; F) = inf{|x — y| : y € F}.

Proof Let F be the closure of F in [0, 00). Using the properties of infimum, there is at least
a point o € F such that d(x; F) = |x — yo|. By the triangle inequality, we can obtain

|G2(F5) — f ()] < GRA(|f (%) — (1) %)
GA(|f ()~ f o) ;%) + G2A([f () - f (30)
(GE(It ~ yol”56) + G2 (|x — 0|5 6))
(G2(Ix — tI”;x) + 2d” (x; F)).

IA

;%)

IA

M
M

IA

Choosing k; = % and k, = % and using the well-known Hoélder inequality, we have

G2 1] = MG (17 0) ¥ (G (159) % + 24 )

< M(GP((x— £%%) * +2d” (x; F)

Y
=M((B(x))? +2d” (x; F)).
This completes the proof. d
Theorem 3.2 Let 0 <q<p <1. Then, for all f € Lip,,(y), we have

|GE(f;x) - f(x)| < MBE ().
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Proof Using the monotonicity of the operators G,? and the Hélder inequality, we can
obtain

|Gh(f2) — f ()| < Gp(

;%) < MGH(|t - x|7;x)

Y
2

= MGP((1t - %) 75x) < M(GP((t - %)% %)) T = MBE (). O

The third theorem is a direct local approximation theorem for the operators G, (f; x).

Theorem 3.3 Let 0 < g < p <1, f € Cg[0,00). Then, for every x € (0,00), there exists a
positive constant Cy such that

|GLA(f;x) —f (%)| < Craa (f; v Bx) + A2 (%))

A(x)|).

Proof For x € (0,00), we consider new operators H2(f;x) defined by
HPU(fx) = GRA(f; %) + f () - f(A(x) +x).
Using the operator above and Lemma 2.3, we have
HPA(t — x;) = GA(t — ;) — A(x) = 0.
Let x,¢ € (0,00) and g € C2[0,00). Using Taylor’s expansion, we can obtain
t
g(t)=glx) + £t —x) + / g ()¢ — u) du.

Hence,

|HE (g %) - g(x)] =

g (R)HP((t - x); %) + HY q( g”(u)(t u) du; x)

t
< Hﬁ,”q</ "(u)(t —u du,x>
X

b (/t (u)(t — u) du; x) g”(u)(A(x) +x —u)du

< Gﬁ'q</l|g”(u)|(t— u) du;x) +

< (B&) +A*W))|g"-

|g”(u)| (A®) +x—u)du

Using |G4(f;x)| < ||f|l, we have

|GA(f50) - f ()|
= |HR(f2) +f(AW) +x) =2 (v)]
< |HEUf - gix) - (f - @)(x)| + [HD(g5%) — g()| + |f (A(%) + x) — ()]
<4llf - gl + (B() + A*(x)) ))).

/!

Page 8 of 14
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Taking infimum over all g € C3[0,00) and using (3), we can obtain the desired asser-
tion. O

The fourth theorem is a result about the rate of convergence for the operators G, (f; x):

Theorem 3.4 Letf € C2[0,00),0<g<p <1,anda >0, we have

|G24(f52) —f @) | 0.y < 4Cr (1 + @°)B(@) + 2041 (3 V/B(@)).
Proof For all x € (0,a] and ¢ > a + 1, we easily have (¢ — x)? > (t — a)? > 1, therefore,

[f@) —f@)| < [fO)] + [f®)| < Cr(2+4” + )
=Cr(2+4% + (x—t—x)%) < Cp(2+ 3% +2(x - £)?) (8)
< Cp(4+35%)(t - x)> <4C/ (1 +a®)(t - %)%,
and for all x € (0,4], t € (0,a + 1], and § > 0, we have

|t —x

If (&) = f@)] < wanr (f, [t —x]) < <1+ )wa+1(f;8). )

From (8) and (9), we get

|t — x|

70 -] <461+ a)e-s2 + (145 oo

By Schwarz’s inequality and Lemma 2.3, we have

|GEA(f3%) — f (%)]
<G(|ft) -f(x)

;%)

<4Cy(1+a%)G2((t - %)) + Gx;#((l + lt;x|>;x>wa+1(f;5)

< 4Cf(1 + aZ)Gf;’q((t - x)z;x) + wg1(f58) <1 + % Gﬁ’q((t - x)%x))
<4C;(1+a”)Bx) + a)ml(f;S)(l + %x/B(x)>
< 4Cf(1 + aZ)B(a) + a)a+1(f;8)<1 + % B(a)).

By taking é = «/B(a) and supremum over all x € (0, a], we accomplish the proof of Theo-
rem 3.4. 0

The following three results are theorems about weighted approximation for the opera-
tors Gﬁ’q(f; x).

Theorem 3.5 Let f € ng [0,00) and the sequences (py,), (qn) satisfy 0 < q, < pn <1 such
that p), — 1, q;; — 1, [nlp, 4, — 00 as n — oo, then there exists a positive integer N € N,
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such that, for all n > N and v > 0, the inequality

Prdn (£, ) _
sup 1G"™ (%) f(x)|§4ﬁ9

1
)
xe(0,00) 1+ xz)%*” ( (1= 1lp,.q,

holds.

(10)

Proof Fort >0, x € (0,00) and 8§ > 0, by the definition and properties of £2(f;§), we get

IF@&)—f)| < (1+ (x+ |x—t|))29(f;|t—x|)

52(1 +x2)(1+(t—x)2)<1+ It = x|

).o(f;a).

Using pi! — 1, q — 1, [nlp, 4, — 00 as 1 — 0o and Lemma 2.4, there exists a positive
integer N € N, such that, forall 7 > N,

2(1 + %
Gﬁ”’qn ((t_x)Z;x) < ( + X ) , (11)
[l’l - ]‘]Pn:qn
Gorin ((t - x)4;x) <1 (12)
Since G, is linear and positive, we have
‘Gﬁ”’q”(f;x) —f(x)| < 2(1 +x2)[2(f;8){1 + Gomin ((t - x)z;x)
2 |t - x|
+ G (14 (¢ —x)?) %) (- (13)

To estimate the second term of (13), applying the Cauchy—Schwarz inequality and (x +
9)? < 2(x* + %), we have

1 —x)2 3
GEroin ((1 +(t - x)?) _|t;x| ;x) <V2(GEmn (1 + (- x)%x) )2 (Gﬁ”’q” <(t 8;) ;x)) .

By (11) and (12),

It x| ) _2V20 +a%)3

Gﬁn,qn <(1 + (t _x)Z) 5 ’ - 8[1/1 — 1]}7 a .

1

, we can obtain
[n—l]pn,qn

Taking § =

. nNiofp 1
|G (f;2) ~f0)] < 4v/2(1 + ) 9<fW>

The proof is completed. O

Theorem 3.6 Let the sequences (p,), (q,) satisfy 0 < q, < p, < 1 such that p, — 1, q, — 1,
and pjy — o, ql — B, [nlp,.q, — 00 as n — oo. Then, for f € C22 [0, 00), we have

lim [ G (f52) - £(5)] o = 0. (14)
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Proof By the Korovkin theorem in [14], we see that it is sufficient to verify the following
three conditions:

lim || Gom o (£5x) 2| , =0, k=0,1,2. (15)
n— 00

Since G5 (1;x) = 1, Gi " (£%; x) = x2, then (15) holds true for k = 0,2. By Lemma 2.2, we
can get

|Goron(tx) — x|, = sup | G2 (8 x) - x|
x€(0,

1
0) 1+x2

Pn— \/q_n Pn PZ”
Van qn [+ 2]p,q,

up ’ /_pn /— ” n+1
x€(0,00) V Vl + 2 pn n

Thus the proof is completed. d

xe(0,00) 1 + %2

IA

— 0, n— oo.

Theorem 3.7 Let the sequences (p,), (q,) satisfy 0 < q, < p, < 1 such that p, — 1, q, — 1,

[1]py,q, — 00 as n — oo. For every f € C,2[0,00) and k >0, we have

=0.

Pnqn (¢, _
i sap 1S =)

n>00 ye000) (L +x2)IHe

Proof Let x¢ € (0,00) be arbitrary but fixed. Then

IG’Z”'q”(f;x)—f(x)l< sup |G (5 ) = f ()

sup <
x€(0,00) (1 +a2)l+e x€(0,%0] (1 + x2)L+e
|G (f5%) = f ()
+ Sup 2)1+x
x€(x0,00) (1 +x2)

< “ Gln’”’q” (f; Xx) _f(x) ”C(O,xo]

c Gy (1 + £2);%)]
+ sup
fxe(xo,oo) (1 +x2)L+e

+ Sllp lf(x)l

x€(x0,00) (1 + x2)1+;<

(16)

Since |f(x)| < Cr(1 + &%), we have sup,.(,, % < (HC%)K Let € > 0 be arbitrary. We
can choose x to be so large that
C
71‘2 <e€. 17)
(1 +xg)~

In view of Lemma 2.2, while x € (x, 00), we obtain

¢ tim |G (1 + £2);%)| 1+x%) G Cr

= = < €.
ne>00 (1 + x2)l4x f(l +a2)H (L +a%) T (1 +ad)x <

Page 11 of 14
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Using Theorem 3.4, we can see that the first term of inequality (16) implies that
|| GEmin(f; x) — f(x) || Clowy) <€ @M —> 00 (18)
Combining (16)—(18), we get the desired result. O
The last result is a Voronovskaja-type asymptotic formula for the operators G, (f;x).

Theorem 3.8 Let f € C2[0,00) and the sequences (p,), (qn) satisfy 0 < q, < pn < 1 such
that p, — 1, g, = 1 and pl, — o, g — B, [nlp,q, — 00 as n — 00, where 0 < a, 8 < 1.
Then, for all x € (0, 00),

oa+p
2

1im [~ 1p,q, (G (56) = £(6)) = = (=af (@) + 2% (@)). (19)

Proof Let x € (0,00) be fixed. By Taylor’s expansion formula, we obtain

SO =f(x) +f () -x) + <%f”(x) + Op,an (b, x)) (£ %),

where ©,,,,(x,t) is bounded and lim;,®,, ., (t,x) = 0. By applying the operator
G (f; x) to the relation above, we obtain

G (f53) ~ 0 = (G (6= i)+ 5 G (6~ 5)

+ G (O, 0 (6, %) (E = %)% %).

Since limy_, ; ®,,, 4, (t,x) = 0, then for all € > 0, there exists a positive constant § > 0 which
implies |@,, 4,(t,x)| < € for all fixed x € (0,00), where # is large enough, while |t — x| < §,

then |®,

nqn

(t,x)| < %22 (t—x)%, where C, is a positive constant. Using Lemma 2.4, we obtain

n:qn

(1= 1,4, |G (O (£, 2)(t — )5 %) |

< €= 1,4, G ((t - %)% %)

C
+ 3_22[” — 1,0, G ((t - %)%%) > 0 (n— o).

The proof is completed. d
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