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1 Introduction and main results

For any a > 0, we say that @ € Dini(a) if

1 _ a
w’(2)
|w|Dini(a) :/ P dt < oo,
0

where o(¢) : [0, 00) > [0, 00) is a nondecreasing function with 0 < (1) < oo.

We say that T is a multilinear Calderén—Zygmund operator with kernel of type w(¢),
denoted by m-linear w-CZO, if T can be extended to a bounded multilinear operator from
L1(R") x -+ x LT (R") to L?*°(R") for some 1< q,41,...,q, < 00 with qil +o 4 qu

1
q’
or from L9 (R") x - - - x LI (R") to L' (R") for some 1 < ¢q1,...,qu < 00 with qil o =

1
qm
)m+1’

1, and if there exists a function K defined off the diagonal x = y; = --- = y,, in (R”
satisfying

Tf(x) =T(f1,.. o fm)(x) = /(]Rn)m K@, y1, - ym)A01) -+ frnOm) @yt - - - dyim (1.1)

forallx ¢ ﬂl'fl suppf; and f; € C°(R"),j = 1,...,m, and if there exists a constant A > 0 such
that

A

|K@,1,.09m)| < — (12)
(e =y1l+ -+ %= yml)

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13660-019-2051-5
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-019-2051-5&domain=pdf
http://orcid.org/0000-0003-3024-2644
mailto:zengyan@hpu.edu.cn

Si and Zhang Journal of Inequalities and Applications (2019) 2019:100 Page 2 of 21

for all (x,y1,...,9m) € (R")"*! with x #y; for some j € {1,2,...,m}, and

|K(x,y1,...,ym)—K(x’,yl,...,ym)|

A | — x|
< w (1.3)
(e =yl + -+ = yu)™ \|x=y1l+ -+ %= Yl

whenever [x —x'| < — m+1 maxi<j<, % — yj|, and

|K(x,y1,...,yj,...,ym)—I((x,yl,...,y]’-,...,ym)i

A
- ( ly; =¥l ) (L.4)
(e =yl + -+ =yu)™ \|x=y1l+ -+ %= Yl

L maxi<j<m |% — ¥l

whenever |y; -y < .5

When w(x) = x” for some y > 0, the m-linear w-CZO is exactly the multilinear
Calder6n—Zygmund operator studied by Grafakos and Torres in [11]. The multilinear
Calder6n—Zygmund operators were introduced and first studied by Coifman and Meyer
[5-7] and later by Grafakos and Torres [11, 12]. The study of such operators has attracted
the interest of many experts; see, for example, [4, 14, 24] and the reference therein. Re-
cently, many mathematicians are concerned to remove or replace the smoothness condi-
tion on the kernels; see, for example [1, 8-10, 13, 15, 21]. In this paper, we mainly investi-
gate the maximal operator and give some new estimates for its iterated commutators on
some function spaces.

The maximal truncated operator 7" is defined by

T*(f)) = sauop!Ta(ﬁw,fm)(

where T are the smooth truncations of T, that is,

T,s(ﬁ,m,fm)(x)=/ K Y10 Y01 - fon ) A1 -+ A

=1 [+ =y 2582

For the maximal truncated operator 7% and a collection of locally integrable functions
b=(by,...,b,,), we define the iterated commutator T;i”; by

T;i[[,(]_;)(x) = saug" [bh [bZ: e [bm—l’ [bm: TzS]m]m,l e ]2]1(?)(95)’

m

'/|;Cy12+ +x—y, |2>521_[ b()/; I( x,yl, 9 Ym Hf(yz)d}/

j=1 i=1

= sup
8>0

The iterated commutators of multilinear singular integral operators with BMO func-
tions have been studied by a large number of people; see, for example, [2, 18, 19]. On the
other hand, commutators of multilinear singular integral operators with Lipschitz func-
tions have been the subject of many recent papers. In 1995, Paluszynski [17] proved that
the commutator generated by Calderén-Zygmund operators with classical kernel and
Lipschitz functions is bounded from the Lebesgue space to the Lebesgue space and to
the homogenous Triebel-Lizorkin space. The multilinear analogues of the results in [17]
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were given by Wang and Xu [23] and by Mo and Lu [16]. Finally, Sun and Zhang [22] re-
laxed the smooth condition assumed on the kernel to Dini-type condition. It is natural
to ask whether, under the Dini-type condition, the iterated commutators of multilinear
Calder6n-Zygmund maximal operators and pointwise multiplication with functions in
Lipschitz space share similar boundedness properties? In this paper, we give a positive
answer. The main result reads as follows.

Theorem 1.1 Suppose w € Dini(1) and b; € Lipﬁj withO<Bj<lforj=1,...,mand f =
Br+-+BuIf1<p1,...,pm<00,0<q<00,and 1/p; > Bj/n with1/q =1/p1 + -+ 1/p, -
B/n, then

m m
|| 1*7Z,f 9 S 1_[ ”bi”Lipﬁi l—[ ”ﬁ‘”LP,'.
i=1 i=1
Theorem 1.2 Suppose b; € Lipﬁ/, withO<Bj<lforj=1,...mand B =P+ -+ B If
L<piyeco;pm <00, 0< 1/pj < Bi/n, 0< B —mnlp <1 withllp=1/p1 + -+ 1/py, and o
satisfies

R m m
153 Vi, < [ TGNy, [T WA
i=1 i=1

Theorem 1.3 Suppose b; € Lipﬁ/_ withO<Bi<lforj=1,....mand =1+ -+ Bu. If
1<p1,...,pm<oowithl/p=1/p; +--- + 1/p,, and w satisfies

1
/ C;(tﬂ) dt < oo, (1.6)
0

then

m

m
[poe < [ T1BiNLiny, [T Wl
i=1 i=1

|75

In the next section, we give some definitions and preliminaries. We focus on the proof of
Theorem 1.1 in Sect. 3. The proof of Theorems 1.2 and 1.3 is given in Sect. 4. The notation
A < B stands for A < CB for some positive constant C independent of A and B.

2 Preliminaries

Definition 2.1 Given a locally integrable function f, define the fractional maximal func-
tion by

1 RN
Mﬂrf(x)=ilelg(w_/;lf(ﬂ| dy) , r=1,
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when 0 < B < n/r.If § =0and r = 1, then Myf = Mf denotes the usual Hardy—Littlewood
maximal function. For § > 0, we denote M; by M;f = M([f|5)%,
The sharp maximal function M* is given by

M*f(x) -suplnf@f[f(y C’dywsup@flf(y)—fQ|dy»

where f; denotes the average of f over cube Q, and we denote Mg byMgf(x) = MA(|f)° )% ().

Definition 2.2 ([17]) For B >0, the homogenous Lipschitz space Lip(IR") is the space of
functions f such that

[Bl+1
A X
gy = sup eI f( |,
xheRipz0 A

where A’,; denotes the kth difference operator.
To prove Theorems 1.1, 1.2, and 1.3, we need the following lemmas.

Lemma 2.1 ([17]) Let b € Lipg(R"), 0 < B < 1. For any cubes Q, QinR” such that Q' C Q,
we have

bg = bal S 1blLipsen Q™.

Lemma 2.2 ([17])

(1) ForO<B<1land1l <gq< oo, wehave

1

1 1 q

I lILip (n %supiflf—flksup—</[f—f |q) .
ps(R") Q |Q|1+n/ﬂ Q Q Q |Q|n/ﬁ Q Q

(2) ForO<B<landl <p< oo, wehave

1
Wlggo = sup o [ 1 - |H
[pr Q |Q|1+n/ﬂ Qlf fQ 1
Lemma 2.3 ([20]) Let 1% =
w € Dini(1).
) If1<p1,...,pm < 00, then

PLI +ee ﬁ and o € Ap. Let T be an m-linear w-CZO with

m
17 oy S TT VN2t
i=1
2) If1<pi,...,pm <00, then

m
H T*f||lp,oo(vg)) 5 1_[ “ﬁ”LPi(a)i)'
i=1

Page 4 of 21
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3 Proof of Theorem 1.1
We borrow some ideas from [19]. Since the proof of Theorem 1.1 follows from similar

steps in [22], we omit the proof. We just give three key lemmas.
Let u,v e C*([0,00)) be such that |/(¢)| < Ct™L, |v/(t)| < Ct™!, and

Xi2,00)(£) < u(t) < X11,00) (1), x0,21(8) < v(8) < xupe,3(8).

For simplicity, we denote

K= y1] + -+ %= T
K"v"("'ylv--»m=1<<x,y1,...,ym)u( - : )

[ = y1| + -+ %= Yl
Kv,n(x,yl,...,ym)=1<(x,y1,...,ym)V( A I,
and

(@)= [ Koo 10D o

i=1

Vn(f)(x) = / I<v,r](x;y1)~~1ym) Hﬁ()’L) dyl e dym

Ry i=1
Then we define the maximal operators

U*(f)(x):sug‘un(}?)(x)’ and V*(f)(x):su(l))|V,,([7)(x)‘.
n> 7>

It is easy to get T*(f )< U* (f )x) + V* (f )(x). Next, we show that the functions K,,,, and

K,,, satisfy some smoothness properties.

Lemma 3.1 Foranyj=0,1,2,...,m, we have

Koy 0053V -+ Ym) = Ko (Y05 -+ V-3 9m) |

o 1y-;] ) )
< [yo=y1l+:+lyo—yml 1y _yj|

~ +
(o —y1l+ -+ 1o —ym)™  (Iyo—y1l + - + [y0 — Y)"+

and

|1(V,,,(y0,...,yj,...,ym)—I(V,,,(yo,...,y;,...,ym)|

( 1y=;] ) ,
< N oyil++Doyml 1y =yl

= +
(o =yl + -+ 1o =ym)™  (Iyo—y1l + -+ [y0 — Y|y

1
whenever Ly —y;| < o MaXo<jcm lyo — ¥l
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Proof We just give the estimate for K, ,,, since K,,,, can be estimated in a similar way with

slight modifications. Without loss of generality, assuming that j = 0, we estimate

|I(u,n(y0)y1’ eee ;ym) - I<u,n (yé)ryl’ cee ;ym) |

= ‘1(@0)y11o-.7ym)u(|y0 _yll + = + |y0 _ym|>

n
lyo —y1l +--- + %—ml)‘
n

—K(yé),yl,...,ym)u(

_ ’[[<(y0:y11~nym) —K()/O,yl,...,ym)]u<|y0 -yl + n + |y0 _ym|)

_K()/Oﬂyl) .. 1ym)

8 [u(lyé—yll+--~+Iyé)—ym|>_M<Iyo—y1|+~~~+|yo—ym|>]'
n n

SIKG0 Y1 9m) = KYopy1se s m) |

+ K()’O:yl, . :ym)

8 [u(lyé)—yll +ot Iyé—ym|> _u(lyo—y1|+---+Iyo—yml)]'
n n

=I+1I.

Since |yo — y5| < ﬁ maxo<j<m Yo — ¥;l, by (1.3) we have

1< 1 a)( lyo — ¥ol )
o —yil+ -+ Yo —ym)™ Yo =31l + -+ Y0 = Yl

It remains to estimate /1. By the mean value theorem there is £, between M

and |J’0‘J’1‘+';]‘+|J’O‘J’m| such that

(Iyé—y1|+~~~+|y5—ym|) (lyo—y1|+---+|yo—ym|)‘
u —-Uu

n n
= |bt/(t0)|‘ Yo —yil+ -+ 1Yo = Yml _ Yo =31l + -+ Y0 — Yl
n n
_ Lo =yl =lo=yill+--- + 115 = Yl = 10 = ymll
Tt n
< lmb’o—}’éﬂ'

. . 7 1
Again, since |yo - y| < -5 MaxXo<j<m [Yo — ¥j|, we have

yo = y1]+ -+ 6 = ym| = Yo — 91 + ¥ = 30| + -+ + Yo — Y + ¥ — %0

> |yo = y1l + -+ + Y0 = Yl = m|y0 — p]

Page 6 of 21
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max |y0 —y(’)|

> — Foeeet — —
> |yo — 1l [¥0 = Yiml o WL

>Iyo—y1|+---+lyo—ym|
= m+1 '

From this,

< { n n }
— S max - , ,
to o =yl +-+ 1Yo = Yml yo—=y1l+ -+ 10 = Yl

< 1 ,
[yo = y1l+ -+ Y0 = Yl

and therefore
’u<|y6—y1| +ot Iyé—ym|> _u<|yo—y1| +o Iyo—ym|>‘
n n

< 10 — %0 '
“lyo=yil+ 4 Y0 = Yml

This, together with the size condition (1.2), implies that

< 1y0 — %0
~ (lyo—y1l+ -+ [yo — yml)+

This ends the proof of Lemma 3.1. O

Lemma 3.2 Let% = pil +et p% and @ € Ap. Then we have:
(1) If1<p1,...,pm < 00, then

m
1 ) < T TNzt
i=1
(2) If1<p1,...,pm < 00, then
. m
” U*fHLp,OO(%) 5 H M”Lpi(wi)'
i=1

Similar estimates hold for V*.

Proof Lemma 3.2 is a consequence of Lemma 2.3, Lemma 3.1, and Theorem 1.3 in [3].
O

For the maximal truncated operator 7* and a collection of locally integrable functions

>

b=(by,...,b,), we define the commutator T;z by

T Foeoofo) = D TP,

j=1

where

7)) = b, T*]j(f)(x) = s(su0p|bj(x)T5(ﬁ,...,fm)(x) —T5(fire s bifir s fr)@)).
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Next, we give the key lemma, which plays important role in the proof of Theorem 1.1.

We just consider the case m = 2 for simplicity.

Lemma 3.3 Let T be an m-linear w-CZO with w € Dini(1). Then we have:
(i) Ifby € Lipﬁ1 and by € Lipﬂ2 with0< By, B2<1,0<8 <€ <1/2, then

M§T;§;(ﬁ, 2)(x)

2
< H ”bi”LipﬁL_Me,ﬁ(T*(fl: 2)) (x) + ||b1||LipﬁlMs,ﬁl(sz(ﬂ,ﬁ))(x)

i=1

+ 12llLipg, Me, (T3 (fi.5)) (%)

2
+ [ TUBiling, Mg, ()M, () @) (3.1)

i=1

(ii) Suppose that bj € Lipg,j=1,2,0<B<1,and0<8<e<1/2<1<n/B. Then

M§T;§5(ﬁ, 2)(x)
SN NLipg {Me s (T*(f1,£2)) (%) + Mg (1) () M () ()

+ Mg (F) (X)M(fi)(x) }. (3.2)

Proof (i) We need two auxiliary maximal operators. The key role in the proof is played by

the maximal operators U}, and V},, defined by

Uz, (H®) = sup|[b1, [b2, Uy 1], () )]

n>0

)

= sup
1n>0

2 2
/(Rn)m Koy (@, 51,90) [ [(0@) = b;0) [ [0 dyr dy
=1

j i=1

Virg(F)@) = supl[b1, b2, ARRGIE]
n>

= sup
n>0

2 2
/( o Ky, y0,90) [ [ 5i®) = bop) [ [ i) dyr dys
=1 i=1

It is easy to get that Tfn(f) < U;‘Yb(/z)(x) + VI"‘jb(}?)(x). We need to prove (3.1) for U;Z and
V5 Wejust give the proof for Uz, since the proof for Vigpis almost the same. Fix x € R”
and denote by Q = Q(xq, /) the cube centered at x( and containing x with side length /.
Denote ¢ = sup, . |c;| and A; = (b;) o+ = IQL*I fQ* b;(y) dy, where Q* = 8,/nQ. For any z € R”,

we have

|Up(h.2) (@) = | < [(Ba(2) = 21) (ba2) = 22) U* (. fo)(2)]

+ sup| (b1(2) — A1) by, Uy o (f1, /5)(2) |
n

Page 8 of 21
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+ sup| (ba(2) — ) by, Uy 11 (f1,£2)(2) |
n

+ ‘L[*((bl - A)f, (by - kz)ﬁ)(z) - su(l)) |c,7|‘.
n>

Thus we have

<|Q|/H i@ =1 |dz>1

RN r—

n>0

E (é/;Kbl(Z)_A'l)(bZ(Z)_)\'z)U*(fly 2)(Z)|8dz)8
* (é/Q’(bl(Z)—Al)[bz,u*]z(fl’fz)(z)rdz)3

+ <ﬁ~/Q|(b2(Z)_AZ)[bl’u*]l(fl’.fz)(z)rst)g

(IQI /QS“I’W ((br - 1)f1’(b2—)\2)f2)(z)—cn|6dz>5

n>0

é]—'1+T2+T3+T4.
By Holder’s inequality,

2 1 ) %
5!;[||bi||Lipﬂi(|@T%/Q|u (ﬁ’fz)(zﬂadz)

2

1DillLipy, Me.p (U*(f1,/2)) %)

i=1

In a similar way, we can prove that

Ty + T3 55 161lipg, Moy ([b2: U, (3, )) @) + [1B2ling, Mg ([0, U, (1)) -

It remains to estimate the last term Tj. Take now ¢, = U, ((b1 — 21)f;°, (ba — A2)f5°) (x).
Then T4 E T41 + T42 + T’43 + T4,4, Where

Ty = <|_é| /Q|L[*((b1 —21)f°, (b, _)‘2)](20)(Z)|5dx)3;
fe= (IQI ./ sup| U (b1 = 1)fY, (bZ—)\z)fzoo)(z)PdZ)g;

Tas = <|_é| /QSlrllp‘LI"((bl =M by —Xz)][zo)(z)‘ﬁdz)a;
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Ty = <|Q|/SUP|U ((by = M), (b2 = 12)f5°) (2)

1
- Un((bl = A (by — Ay ) | dz) .
By the Kolmogorov inequality and by Lemma 3.2,

T S| U (b1 = MR (Ba = M)y ”L1/2'°°(Qy%‘)

1
- R2) dz—/ (by — M)y (2)| dz
|Q|/| W] deig Jo b2 =221 @)
2
ST [ 18illuipy, Mg () @).
i=1
Next, by Holder’s inequality and by the size condition (1.2),

1
Tos o f supl UL, (1 = 1) (= a)f) 0 =

(b1(y1) = AL OV (B2(y2) — A2)f5° (2) | dyr dyn
dz
|Q| / /*/]lv\Q* (Iz=y1l + |z = y20)?"

)(b2(y2) — 22l d
S 1b1lILipy, M ()@)1Q| Z/ZM\[Q\% . [ (2 |yj(i’2xQ|2n2 y>
k=1 nQ\2=n

S 11 lILipg, Mgy () 1b2 [ILipy, Mg, (/2) (%)

The operator T3 can be estimated in the same way. Finally, we estimate T44. By

Lemma 3.1 we have

Tu S 6 / Sl,l,p‘un (b1 = 21, (b2 = 22)5°) (2)

Uy ((by = 1), (b = 1)) ()| dz

2
<11y Lo g 20029 Ko 9 [ ]1(600 =00 oz

/‘/ 1 ( |z —xq] )
|Q| @42 (g —y1l + lxg — J’2|)2" leg = y11 + [xgQ — ¥2l

l_“ (biy) = 2)f° ()| dyy dyn dz

|z — %0l 2
bi(y:) — M) (i) | dyr dy» d
|Q|//(]Rn\Q*)2 _ 1_[|( ()/) )f ()/)| Y14y az

(Ixq = y1l + lxg = y2)>*t 2 1

1

ok
|Q| /Q =y /2k+3fQ\2k+2fQ (1263 /nQ))? «(27)

2
X l_” (b: i) = 1) f>° (93)| dyr dy2 dz
i-1

Page 10 of 21
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Iz—lem -
+@ o R"\Q*W’(bl(yl)_kl)fl (yl)!dyl

|z —x0| o
L P00 sl

1 2

NI ey ——res 27k biy:) = 2i)f° (i) dy

<X mar [ )TT000-2700| 5
s

b - M) d

—~ 2k+3\/_Q| 2k*3J—Q\2k+2\/—Qi( 101) 1)f1 ()/1)| Y1
>k

27— —— b —A)f5° d

x 21: 2k+3\/_Q| 2k+3\/_Q\2k+2\/_Q|( 2(y2) 2)f2 0’2)| Y2
S 161 llLipy, M, ()R 152 ILip,, M1, (f2) ()
Combining the obtained estimates proves (3.1)
(ii) It is sufficient to prove (3.2) for the operator with only one symbol. Set

L2 (f)(x) = sup|b(e) L, (. f2) ) = Uy (B, )0
n>

= sup| (b(x) = 1) Uy (1, /2)(®) = Uy (b= WA, o)

n>0

where A = bg = Wl*l fQ* b(y)dy. Let ¢ = sup, g ¢y |. Then

(ﬁ/QHUEI(ﬁ’ﬁ)(Z)P—|c|5|dz)g
<<|Q|/‘u (fbfz)(z)—sup|cn|‘ dz)
5 (é/QKb(Z)—)»)U*(fL 2)(Z)|5dz)5

(IQI /an‘i‘"u (-1h)@) -l dz)

=: (P1 + Pz)

By Holder’s inequality,

1 5\
Py Sblluip, | ——7 [ (U (fis d
1<l ||Lpﬂ(|Q|l_% /Q| (1. f2)(@)| z>
S ”b”LipﬁMe,ﬁ (U*(fl:fZ))(x)

Set ¢, = U, ((b — M)f°,f5°)(x). Then Py < Po; + Pay + Pog + Poa, where

P <|Q|/|u*((b )‘)fl’z)(z)| dx) ;

Page 11 of 21
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! !
Py = <@/ngp|un((b—,\)f10, 200)(Z)|5dz> ;
Fs= (|Q|/S“P|”(” VR @ dZ) ;

1

1 5
Py = ( /sup|LI((b WIS @) - Uy (b= W, 2°°)(x)|5dz) .
QI
By the Kolmogorov inequality and by Lemma 3.2,
Py ,S || u- ((b - )\.)flo,f20) ”U/Z,oo(Q%)
1 1
S— [ |b0-DR@|dz— [ | ()] d
N|Q|/Q|( R Z|Q|/QWZ)| ’
<1b : *ﬂ/”i 0 d i 0 d
< Wbl | Q] |Q|/Qv1<z>| z|Q|/QLf2(Z)I .
S 1DIILipy Mg (1) ()M (f) (%)

Next, by the size condition (1.2),
1 0 roo
Py < @ sup|L[,7((b—k)fl, ) (2)| dz

Siah L e 600 =000 dr e

+ |z = y2])*"

SLJ(”@O—A)ﬁwnwyl / Vo)l dy

rm\Q* 1%Q — ¥2|?"

B > 1
S Wbl Q0 [ Adn Y e [ 50)|
Pp Q* kZ=1:|2k 1Q|2 2/<+1Q*\2I<Q*|'f |

S 1BlLips Mg (fi) ()M (£) (x).
Similarly,
Pz S 1ILip, M5 ()R M(f2) (x).

By Lemma 3.1 we obtain

|Q| sup|u((b W F2)@) = Uy (b= 2)f,f5°) ()| dz

|Q|[/]R”\Q* sup|KMz,) K, ,(xq,y ||(b(yl) A ’H[foo(y, |dy1dy2dz

n i=1

o \z—ylif g—yzl ) 2
b(y1) - > (y) dyr dys d
|Q|//R”\Q* |( o) )‘)|£1[lfz 0’)‘ y1a4)2 4z

(I1z=y1] + |z = y21)?"

1 |z —x0| 2 o
“ial /Q/(R"\Q*ﬂ (Iz=y1l+ |ZSJ’2|)2”+1 (b0 =] HV’ 0] dy dy. dz

i=1
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1 —k
b(y1) — A
|Q| /(; k1 ‘/2k+3«/_Q\2k+2«/_Q)2 (|2k+3fQ|)2 ( )|( (yl) )|

2 1 |z —xq
()| dy1dys dz + —
X!:lﬂfl ()’)| V1aY2 Z+|Q|/;A

|1/2

|(b()’1) - )»)ﬂoo()’l)| dy,

mQr |xQ _y1|n+1/2

7= x| 112
xf e Xl i) dy e
R

mQr IxQ _y2|n+1/2

||b||L1pﬁZW/2k+szm O1)| dn |2"Q*| kgﬁQVzoo(deyz

oo
k 1
+) e / ()| dy
kz=1: |2k+3\/ﬁQ|17ﬂ/}’l 2k+3ﬁQ\2k+2ﬁQVi |
DIV F— > (92)| dya
; |2k+3\/—Q| 2k+3ﬁQ\2k+2ﬁQlf2 ‘
S M8 1ILip, Mu,p (1) (x)M(f2) (x)
Thus we finish the proof of (3.2). Then Lemma 3.3 is proved. O

4 Proofs of Theorems 1.2 and 1.3
The main ideas in this section are from [17] and [19]. We should also mention that the
proof of this part is similar to that of Theorem 1.2 and Theorem 1.3 in [22]; we just give
the different part of the proof.

We begin with the proof of Theorem 1.2.

Proof For any cube Q centered at x(, the theorem will be proved if we can show that

|Ql1+ﬂ,n . / |25 (@ — (U)o dz < b1y, 162115, Wil [ollzen. (1)

Set ¢ = ¢1 + ¢y + ¢3, which will be determined later. We estimate

IQI“ﬂ/" i / & Ur; (D) ol dz
< |Q|1+’3/” 1/17/} (fl’fZ)(Z)—C|dz
e A A I
1 . .
+|Q|I+W/Q|Unz,(ﬁ°ﬁ )@) - 1| dz
1 .
’ W/(JUHBOCI S3) (@) - 2| dz

1 *
' W/J%;(ﬂ“, 7)) - 5| dz

é]\/Il +M2 +M3 +M4.
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We estimate these terms separately. For the first term, we can choose 1 < ¢, q;j < 00,
q; <nlBj<pj,j=1,2, with 1/qg = 1/q1 + 1/q2 — (B1 + B2)/n. By Holder’s inequality and by
Theorem 1.1 we have

1 1/q
M S W(L!U;Emo,ﬁo)(z)|qdz> Q'

1 —_
S g A W 1 e

S Al 1 llzez.

To get M,, we take ¢; = T((b; — 11)fY, 7°)(x). Then

/ / (b1(2) = 11) (b2(2) — 12)
* JRM\ Q¥

X Ky (231,32 01)f2(y2) dyr dy»

/ / (b1(2) = 11) (b2 (32) — 12)
« Jrm o

My < sup

o .
|Q|1+/S/n—l/p Q n

dz

; /
+————— [ sup
|Q|1+;3/n—l/p Q 7

X Kyun (2, y1, 7)1 01)fa (y2) dyr dya

/* ,/n\Q* (b101) = 21) (b2(2) ~ 22)

dz

; /
+ ————— [ sup
|Q|1+f3/n—1/p Q 7

X Kyun (2 y1, 7)1 01)fa (y2) dyr dy

/* /]Rn\Q* (b1071) = 21) (B2(2) = 22)

dz

; /
t sup
|Q|1+ﬂ/n—1/p Q 7

X [Kin(231,52) = Ky (%0: y1,32) [ (01)f2 (92) dyy dy» | dz

= M21 +M22 +M23 +M24,

Using the size condition (1.2) and the estimate in [22, p. 5013], we have

1
My S W/Q/*/H\Q*|(b1(2)—A1)(b2(2)—)»2)|
1

) (Iz=y1] + |z = ya)*" i) 02)| dy1 dy» dz

S b1l ag, 1B21144, W ller If2le2.

In a similar way, we get Mos + Moy S 11114 1021144, fillzer 12112
By Minkowski’s inequality and by Lemma 3.1,

1
My S IQ|1+W/QS:P/*/Rn\QJ(lH()’l)—?»1)(192(}’2)—?»2)|

% |Kyun(@91,92) = K (s y1,92) | [A 01 (02) | dyn dyn dz
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1
S Wil Vol s /Q | /R IRCCARESICIARES)
|z=xq|
(e
y ( ENEE

|z —xql
+
(Iz=yl+1z=yD%  (Ix =yl + |x—yal

)2+l ) (A 01)fa(v2) | dyr dy dz

< . .
S, 182l 5, Tt

|Z xQ‘ )

—k
Sl Lo (s )
« Jrmor \ (|2 — y1I+|z yal)2n-P2 (lz—y1|+lz—yz|)2’“32

X [fi(1)fo(y2) | dyr dy, dz

< . P,
S Wbl Wzl Q|1+f,2m_1,p

k k
/./_/ et L 01)fa(v2)| dy1 dy dz
k ]R"\Q*

(lz— }’1|+|Z ya|)2n=F2

151113, 152115, oo

w(27%) +27%
S |Q|B2/n—1lp / Lfl(yl)’dylz |2K+3 /nQ2-Fa/n

lfz()’z)‘ ay,

[e¢]

S 1Bl ag 1821155, Wl sl D (w(27F) + 27 )27 ti=almetii)
k=1

S 1B1llag, 162155, I 121 sl e

X
/;k+3 ﬁQ\2k+2ﬁQ

where we have used assumption (1.5) and the inequality 1 — >/n + 1/p, > 0.

Thus My S 1611l ag, 162114, IVfillzor f2 e - Similarly, M S 1611144, 12114, IVt llzor [1f2]lzo2 -

We deal with M, as follows:

My < sup

s
|Q|1+/S/n—l/p Q 7

f (010) = 1) (ba(2) - 1)
(R™\Q*)?

X Ky (291,72 01)f2(y2) dyr dys | dz

1
+——+—— [ su b1(2) — 11)(ba(y2) = A
|Q|1+/3/nl/p‘/Q ﬂp </(]R"\Q*)2( 1 1)( 2002 2)

X [[(M,n(zryl;yZ) —1<,4,n(xQ,y1,yz)]ﬂ(y1)fz(yz)dy1 dy,|dz

1
+———— [ su bi1(y1) — A1) (ba(2) — A
|Q|1+ﬂ/n1/pL Up ~/(]R”\Q*)2( 101 1)( 2 2)

X [Kyuy(z91,52) = K0, 31, 92) [ 012 (v2) dy1 dys | dz

1
+———— | su bi1(y1) — A1) (b2(y2) — A
|Q|1+ﬂ/n1/pL np [R”\Q*)Z( 101 1)( 202 2)

x [Ku,n(zyyl,yz) —Ku,n(nyyl»)Q)]ﬁU/l)fZ(YZ)dyl dy,|dz

= M41 +M42 +M43 +M44.
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By Minkowski’s inequality and by the size condition (1.2),

1
< _ _
My S Qi »/;Slrlzp./(R”\Q*)J(bl(Z) Kl)(bz(Z) )»2)|

X |Kun(zy1,2) | |A01)f (02) | dyy dys dz

1
S T [, [ (10 =220 32)

1
x (lz=y1] + |z = ya)?" lfl(YI)fZ(Yzﬂ dy, dy, dz

UM AR TS

Using Minkowski’s inequality along with Lemma 3.1, we obtain

1
M S 7/ sup/ |(61(2) = 11) (b2 (y2) — 2
42 |Q|1+f5/n—1/p Q 'O 1 1)( 2()/2 2)‘

X \Ku,q(z,ylyyz) - Ku,n(xQ;y1:y2)| lfl()’l fz()&)’ dy, dy, dz

< 161114, 1621175, Z/ [fi ()] y,
~ |Q|/32/Y1 1/p k+3ﬁQ\2k+2ﬁQ |y1 —xQ|n

|z=xq|
RS / 202)l(@(27) + |xQ—y1|+|xQ—yz\)dy
2
(o 2 QR i 2 = %ol
b1l 15202, S 1
S - &2 Siln) dy,
~ QI ; 12443./nQl o3 g
> 1
X - d
21: 2k+3\/_Q|1 Baln /yﬁsﬁon(yZ) Y2
o0
S Bl ag 1Ball5g, Wl (fallen D (w(27F) + 27%) 2t barntlp)
k=1

< 1Billg, 15211, WAl 1ol 22,

where we have used assumption (1.5) and the inequality 0 < 8 — n/p < 1.

Similarly, Mas < 1101114, 1821124, IVfillzon 2]l r2-
Now we estimate Myqy:

1
M44§ W,/qupfkn\()* b1(}’1) Al)(bz(yz) )\2)|

X |K/4,U(Z;y1yy2) - 1<u,n(xQ;y1¢y2)’ lfl(yl fz()’z)’ dy, dy, dz

_ il ||bz||%/2/ Rl
~ |Q|1+ﬂ/n 1/p (2643 /rQ)2\ (2K+2 /7 Q)2 lys — |2n Yo — e 12n-B1—Po

X (w( 2 = xql > + 12 = xq )dyldyzdz
ly2 =%l / %@ =31l + %q — 2




Si and Zhang Journal of Inequalities and Applications (2019) 2019:100
oo
-k —k\okn(B/n-1/
S 1Bl 3 1Ball 2, il fallre Y (@(27F) + 27) 288 m1ip)
k=1

UM R TS

Putting the estimates for My, My, M3, M, together, we get (4.1). Thus the proof of The-

orem 1.2 is completed. O
Proof of Theorem 1.3.

Proof We use the same notations as in previous sections. Then we have

|Q|1+/3/n/“ _> (UEE(/;))Q‘HZZ

5 |Q|1—+ﬁ/n/‘(bl(z)_Al)(bZ(Z)—Ag)u*(ﬁ,ﬁ)(zﬂdz

|Q|l+ﬁ/n/‘ ) Ufl(flrfz)(z )—c1|dz
|Q|1+ﬁ/n/‘ — 1) UikZ(fl’fz)(Z ) - 2] dz
1

+ W L|U*((b1 — )\1)f1,(bz — )»z)fz)(z) — C3| dZ
é]\[1 +N2 +N3 +N4.
For 1 < r < p, by the Holder inequality, we have

Nu S 1511, 15211, My (U (1, £2)) )

In what follows, we just give an estimate for N3, since N3 and N, can be estimated in a

similar way. Let

¢1 = 1ball 1, 1QI" sup /( (B101) = 20) Ky (5, 1,727 01 (072) dy dy
n R™)

+||b2||Aﬂ2|Q|52/"SUP[ )Z(bl()/l)—M)KM(xQJl,yz)ﬂo()’l)fzoo(h)d}’1d}’z
0 1w

+ ||b2||A,52|Q|ﬂ2/" SUP/( )2(191()/1)—)»1)Ku,n(xQ’J’l;)’z)ﬂm()’l)ﬁw(yz)d)’l dys|.
n |

Observe that

U ()@ < |(b1@) = 2) U ()@ + U7 (b1 = 2 fS) @)

n

n

+ sup /(Rn)z (b1(n) - M)KM(x,y1,yz)f1°°(y1)f2°(yz) dy1 dy,

esu| [ (0100 =) 30 02) s
( )

(R"

+SUP/ , b1(y1) — M) Ky, 31, y2)7° 012 (2) dys dy, |
)

n
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From this we have

1 * /
No S i [ [1eallsg QP U G o) - 6 de
Q

16211 A (22317
< B2 B2

~ |Q|1+ﬁ1/n/|(b1(z)—xl)|u*(f1, )(z) dz + |Q|1+ﬁ1/nfQU*((bl_)‘l)ﬂo,fzo)(Z)dz

||bz||%

su bi(y1) — A
|Q|1+/31/n Up‘/(R")Z( 1(yl 1)

X [Ku,n(z,ybyz) - Ku,n(xQ,ybyz)]flo(yl)fz“ ()’2) d)’l dy2 dz
15215,
|Q|1+ﬂ1/n/(;sgp/(‘n)z(bl(yl)_)"l)

X (K (2515 92) = K0, 31, 0) [ 01 (v2) dyy dys | dz

||b2||%

su bi(y1) — A
|Q|1+/31/n Up‘/(R")Z( 1(y1 1)

x [Ku,n(Z,yhyz) —1<M,n(xQ,y1,yz)]ﬁ°°(y1)f2°°(yz)dy1 dy,|dz

= N21 + N22 + N23 +N24 + N25.

By the Holder inequality,

1/r

1 Y 1/ i
N215||b2||Aﬁ2 <W/Q|b1(z)—)\l| dZ> (|Q|/|u (fl;fz)(z)| dz)
S Nbullag, 15215, M (U* (1, £2)) ()

Take 1 < q; <p1, 1 <qa <p2, and 1 < g < 0o such that 1/qg = 1/q; + 1/g2. Then by the
Holder inequality and by Lemma 3.2,

162114, x o oy lt ) T
szSW |U ((b1—)»1)f1, 2)(Z)| dz
Q

152114,

~ |Q|f31/n+1/q ” (by - )"l)flo ”L’h HfZO HL‘Iz

S 1Bl i, 1531155, My, () @)M o, ()(5).

For any y, € (Q*)¢, we have |y, — x| ~ [y2 — z| and |z — xg| < "'22—_‘2' < %max{lz -nl
|z — y2|}. Then by Minkowski’s inequality and by Lemma 3.1,

16115,
A
No3 S |Q|1+ﬂ1/n/Q . /]R")2 bi(y1) - )|

X ‘Ku 0 (Zy1,92) — K,y (xQ:ylyJ’Z)’ lflo()/l)fzoo ()’2)’ dy, dy, dz

_ 1Bl Wbl / / R0 ()]
S Ql @z (2= + 2= 2]
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> <a)< |Z_xQ| ) " |Z_xQ| >dy1dy2dz
|z=y1| + |z = ya] lz=y1| + |z = y2]
- 6111 4g, 162114, / 0| 1RO
~ 10] Q* @ 2= [PAEd

|z—xQ|) |z — xg| )
X | w + dy, dy, dz
( (Iz—yzl |z = y1] + |z =yl 72N
1511 4g, 1Dl 5
SM// iG]
|Q QJox

- (@27 + 279 H0n)
x EV/Z\]“?’\/EQ\Z]”zﬁQ |2kﬁQ|2

dy, dy, dz
< 1
S b1, 162llg, 1o Q*[fl(yl)| dy,
— Q| 1
xy —= (02K +27F)———— )| &
;|2k+3ﬁQ|( B2 555 ] oo rpaen g "0
< Cllbllag, 1621145, MGR)©)M(f) ().
Similarly, Noa 5 (1011145, 110211 g, M (1) (x)M (f2) (x).

For any y1,y, € (Q"), we have |y; — x| ~ |y1 — z| and |y2 — x| ~ |y2 — z|. Then by
Minkowski’s inequality and by Lemma 3.1,

1821l
|Q|l+ﬂ1/n/Q . /RH)Z bi(y1) - X1)|

X |K ;7(2,3/1,}’2)—Ku,n(xQ,yhyz)Hfl (yl)ﬁ”(yzﬂdmdyzdz

II191||A,3l ||b2||/\,32// Iy1 =2l L 1) (92)]
= |Q[t A/ @2 (Iz=yl+lz=y)*

" (w( |z — x| )+ |z — x| )dyldygdz
|z = y1l + |z =yl |z = y1] + |z = y2l

||171||A,31 162114, //‘ AODIRG2)]
((Q")°)?

25,-\_,

s |Q|1*ﬁ1/” ly1 — xq|?H1
X (w(lz_xQ|>+ 12 = xql )dyldyzdz
lz =yl Iz—y1| +1z -l
- IIblllAﬁ1 162114, / DRG]
~ QA Q1T Sk ymak g I —xq|?h1

|z—xQ|) |z — xg| )
x | w + dy, dy, dz
( (|z—y1| e—ml+lz—yl )
2 5kpy —k —k
25PL(w(27%) + 27F)
S ||191||A,31 ||172||A,32 Z W

k=1

Vl()’l)| dy,
2k+3ﬁQ\2k+2ﬁQ

X / [fz()’z)}dyz
2k+3ﬁQ\2k+2ﬁQ

S 161l ag, 16211 4, M(f) (%)M (f2) (%),

where assumption (1.6) was used.
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Combining the estimates for N1, Noy, Nz, Nag, Nos, we get

Ni S 1Bl 152115, (M (U7 (5 5)) () + My, (R)0M oy () ) + MR @M ().

The rest of the proof is the same as in [22], and hence we proved Theorem 1.3. O
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