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1 Introduction

As is well known, Lyapunov inequality was first introduced by Lyapunov [1], who estab-
lished a necessary condition for the existence of nontrivial solution of the boundary value
problem (BVP for short):

x'(t) + q(t)x(t) =0, te(ab),

1.1
x(a) =x(b) =0, 4D
as the form
b 4
/ |q(s)| ds > b= (1.2)

where g € C([a, b], R). Since then, Lyapunov inequality and Lyapunov-type inequality have
been studied with great interest, and they have been proved to be an effective tool in
the study of differential and difference equations, such as oscillation theory, disconjugacy,
eigenvalue problems, etc. (see [2—5]).

In recent years, by the rise of theoretical research in fractional differential equations,
there has been tremendous interest in the research of Lyapunov-type inequalities for frac-
tional BVP, see [6—30] and the references cited therein.
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In [11], Ferreira discussed the Lyapunov-type inequality for the following fractional
BVP:

(DS, x)(t) + q(t)x(t) =0, tel(ab),
x(a) =x(b) =0,

(1.3)

where D¢, is the left Riemann—Liouville fractional derivative of order o, @ € (1,2] and g €
C([a, b], R). The Lyapunov-type inequality for problem (1.3) was established as follows:

b 4 a-1
/ |a(s)| ds > F(d)(—) . (1.4)
a b-a

Furthermore, in 2016, Ferreira [12] considered the Lyapunov-type inequality for a se-
quential fractional BVP

(D .DPx)(t) + q(t)x(t) =0, t€ (a,b),
x(a) =x(b) =0,

(1.5)

where ,D?, y = «, B stand for the left Riemann-Liouville fractional derivative or the left
Caputo fractional derivative of order y, y € (0,1] and 1 < & + 8 <2, q € C([a, b], R). Two
interesting results have been obtained as follows:
(i) Take , D",y =a, B, is the left Riemann-Liouville fractional derivative, then problem
(1.5) has a nontrivial continuous solution provided that

b 4 a+f-1
q(s)|ds>T'(a+B)| —— . (1.6)
p b-a

(ii) Take ,DY,y =a, B, is the left Caputo fractional derivative, then problem (1.5) has a
nontrivial continuous solution provided that

b _1\@+28-1
/ |q(s)|ds>(r(a+ﬁ) (x+28-1) w7

b— a)aﬂS—l (0[ + /3 _ 1)a+ﬂ—lﬁﬁ ‘

It is worth noting that the study of the Hilfer fractional differential equations has re-
ceived a significant amount of attention in the last few years. Hilfer fractional derivative
was proposed by Hilfer in 2000, which is a generalization of both Riemann—-Liouville and
Caputo fractional derivatives (see [31]). Meanwhile, the discussion of Lyapunov-type in-
equalities for fractional BVP with Hilfer fractional derivative can be found in papers [25,
29, 30].

In [25], Pathak investigated Lyapunov-type inequalities for the following Hilfer frac-
tional differential equation:

(Dg’f}x)(t) +q(t)x(t) =0, te(ab), (1.8)
with boundary conditions

x(a) =x(b) =0, (1.9)
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or
x(a) =x'(b) =0, (1.10)

where DZF is the left Hilfer fractional derivative of order o and type B, € (1,2], 8 € [0,1],
q € C([a, D], R). The author got two Lyapunov-type inequalities: for BVP (1.8), (1.9) as

ra)a-2-a)1- )0
/ |q(S)|dS (h a)(x l(a )a 1[0{ -1 +ﬁ(2—0€)]a 1+8(2-a)’ (1'11)
for BVP (1.8), (1.10) as
«-2 Fa)e—1+B(2-a)]
/ (b=s) |q(s)|ds (b—a)max{a - 1,82 -a)} (1.12)

In [30], Wang obtained Lyapunov-type inequality for the fractional multi-point BVP
involving Hilfer derivative:

(DLLR)@) + qt)x(t) =0, t € (a,b),

(1.13)
Ma)=0,  x(b)= L7 Bixl&),
where g € C([a, b],R), Dg’f is the left Hilfer fractional derivative of order o and type
B with a € (1,2], ﬁe[Ol] a<& <& <<€y <h Bi>0(0G(=12,....,m-2),
(b — a)i~@0=F) 5 52 g (g, _ g)!=C-)(1-F) The Lyapunov-type inequality for problem
(1.13) is given as follows:

f | |ds I'(x) 1
(s (b-a) L1+ Y "2 BTh)

where

(@-1)""a-1+28—ap)" '
(20 — 2 +2f — af)**2+2~b
(¢t - a) (2-a)(1-B)

o= (b—a)'=C=P) _ 52 g (g, — @)t~ 0-A)

tela,b).

Motivated by these results, in this paper we study Lyapunov-type inequalities for a se-

quential Hilfer fractional differential equation
(DZi’ﬂlDZi’ﬁzx)(t) +q(t)x(t) =0, te€(ab), (1.14)

with multi-point boundary conditions

m-2
Ma)=0,  x(b)=) ow(&), (1.15)
i=1
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or

x(@)=0,  &'(b)=>_sx(n), (1.16)

i=1

where g € C([a, b],R), DZi’S i i=1,2,are two left Hilfer fractional derivatives of order o;
and types 8; witho; € (0,1], 1 < 3 +arp <2, B; € [0, 1]. For the definition of Hilfer fractional
derivative, see Sect. 2. A remarkable characteristic of this kind of fractional derivative is
that the type B; allows D" to interpolate continuously from the Riemann—Liouville case
D = D%, to the Caputo case D% = €D% (see [32]). To state our main results, we as-
sume that the following conditions hold:
(A1) a<é1<by<-<&pn<hb,o;>0(i=1,2,...,m—-2)and
m-2
A= (b- a)U‘Z—(l—al)(l—ﬂl) _ Zgi(&, _ a)az—(l—m)(l—ﬂﬂ > 0.
i=1

(Ay) a<ni<na< - <Nua<b,6;>0(i=1,2,...,m-2)and

Ay = [ = (1—an)(1 = ) |(b — @)1=

m-2
_ Z 8i(n;i — a)az—(l—al)(l—ﬂﬂ > 0.
i=1

In the present work, we are focused on establishing the Lyapunov-type inequalities for a
sequential Hilfer fractional differential equation with two types of multi-point boundary
conditions. As far as we know, the Lyapunov-type inequality for fractional BVP with Hilfer
derivative has seldom been considered up to now. The new insights of this paper can be
presented as follows. On the one hand, we provide some properties of Hilfer fractional
derivative, which are not introduced in the previous paper (see Sect. 2, Lemmas 2.6, 2.7,
and 2.8). On the other hand, we extend the previous results. Many previous results are a
special case of our work, which is embodied in Sect. 3. The main difficulties in this article
are as follows. First, we have to construct Green’s function for BVPs (1.14), (1.15) and
(1.14), (1.16). Second, it is difficult to estimate the maximum of Green’s function because
Green’s functions do not satisfy the non-negativity.

The rest of this paper is organized as follows. In Sect. 2, we recall some definitions,
lemmas of fractional calculus. In Sect. 3, by constructing Green’s functions and finding its
corresponding maximum value, we prove our main results. Finally, a conclusion is given
in Sect. 4.

2 Preliminaries
In this section, we recall some definitions and lemmas which are used throughout this

paper.

Definition 2.1 ([33-35]) Let J = [a,b] (—00 < a < b < 00). The left Riemann—Liouville
fractional integral of order « > 0 of a function x : (a4, b) — R is defined by

(I%,%)(8) = ﬁ f t(t—s)“’lx(s) ds (t>a),

provided that the right-hand side integral is pointwise defined on [, b].
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Definition 2.2 ([33—-35]) The left-sided Riemann—Liouville fractional derivative of order

a>0(n-1<a <n neN*) ofafunction x:(a,b) — R is defined by

a" 1

a0 = T ap

(D2)(0) = 2

/(t )" x(s)ds (t>a),

provided the right-hand side integral is pointwise defined on [a, b].

Definition 2.3 ([33-35]) The left-sided Caputo fractional derivative of order & >0 (n—1 <
a <n, n € N*) of a function x : (a4, b) — R is defined by

1 ! n—o— n
(“DL) @) = (L) 0 = =5 f (t-9)""2"(s)ds (t>a),

provided the right-hand side integral is pointwise defined on [a, b].

Definition 2.4 ([32]) The left-sided Hilfer fractional derivative of order @ >0 (n—1 <« <
n, n € N*) and type 0 < 8 <1 of a function x : (4, b) — R is defined by

(D2Px)(t) = (LD (1P %)) (1) (¢ > a),
where D" = d"/dt".
Lemma 2.1 ([33-35]) Leta >0, n=[a] + 1. Ifx € L' (a,b), [";*x € AC"[a, b], then

n-1 (t ﬂ)k (n-a) k

d
L0 =0 = ) ey 1) A U
k=0

Lemma 2.2 ([33-35]) Ifa >0, A > -1, then

o A (A +1) i o A I'(x+1) _ ya
Ia+(t—ﬂ) —m(t—ﬂ) 5 Da+(t—ﬂ) _7F(A+1_a)(t d) .

Lemma 2.3 ([36]) Leta >0, n=[a] +1,0 < B <1.Ifx € L}a,b), [- " Px ¢ AC"[a,b],
then

n-1 (t - a) ~(n-a)(1-p) k

a B _ n—-a)(1-B)
(15, Dl ) 6) = x(6) - Zr(k A aD Am g )0,

Lemma 2.4 ([35]) Let « >0, n € N, and D = d/dx. If the fractional derivatives (D%, x)(t)
and (D31"x)(t) exist, then

(D"D2,2)(0) = (D5:"%) ).

Lemma 2.5 ([35]) Leto >0,n € N,and D = d/dx. If the fractional derivatives (D"x)(t) and
(D2 x)(t) exist, then

(D5, D7%)(0) = (D)0,
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Lemma2.6 Leta>0,n=[a]+1,0<B <1,meN,andD =d/dx. If the fractional deriva-
tives (D"x)(t) and (DL x)(t) exist, then

(D2 D)0 = (D)0,

provided that
Aa)=0, j=0,1,2,...,m—1.

Proof Since 2 (a) = 0,7=0,1,2,...,m— 1, then we get
(I D"x)(t) = x(2),

which yields the following equalities hold:

(D2 D) (1) = (12— D" [P D) (1
= (IO D B0 (7 D)) 2)
= (I8 DI 5) 0) = (D) )
The proof is completed. .

Lemma 2.7 Leta>0,n=[a]+1,0< B <1.Ifx e Cla,b], I;;ﬂ(nfa)x € ACla,b), then

D*PI% x(t) = x(t). (2.1)

a+ ~a+

Proof On the one hand, if (n—«) =0, i.e., B =0 or « = n, then

D*PI% x(t) = D* I® x(t) = x(t)

a+ ~a+ a+-a+

or

DPI x(t) = DI, x(t) = x(2).

a+ ~a+

On the other hand, if 8(n — «) # 0, by Definitions 2.2, 2.4 and Lemma 2.1, we have

DEPIE x(8) = (12D (127 x) ) (2)
B(n—-a) yB(n-a) (t— )t 1-B(n-a)
_ n-a n-o _ _ : -B(n-a

= (I8 DLV %) (2) = x(t) Bo—a) thrg(lﬁ x)(2).

Since x € Cla, b], one has

lim (1,7 ("_"‘)x)(t) =0.

t—a+

Thus, (2.1) holds for B(n — ) # 0. The proof is completed. |
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Lemma2.8 Leta>0,n=[a]+1,0<B<1,A>-1, then

I'hA+1+B(n-a))
IF'hA+l-a+BH—-a))

Dgf(t _ d))ﬁﬂ(n—a) _ (t _ a)ﬁ(n—a)#\—a'

In particular,
DYt —a)* TP —0, j=1,2,...,n
Proof For A > -1, by Definition 2.4 and Lemma 2.2, we have

Dﬂtﬁ(t ﬂ))wﬂna Iﬂn a)Dnllﬂna(t a)x+,3na)
_F()\+1+ﬂ(n a))ﬂ

T T(+l+n-a)
LG L4 B-) g
Fh-a+1)
FO+1+B(n-a)

_ _ A -a+p(n-a)
“T6-arp_ant Y '

n-o Dn( )A+n—a

V(¢ —a)*™

In particular,

MNo-j+1+Bn-a))
I'n-j+1)

=0, asj=12,...,n

Dg;ﬂ(t _ a)a—ﬂﬁ(ﬂ—a) — Ifin—a)Dn(t _ a)n—]
Thus the proof of Lemma 2.8 is completed.

3 Main result
Take the Banach space (X, || - ||c0)»

X =Cla,b] with the norm ||x]| = m[ayb; ‘x(t)|.
tela,

Lemma 3.1 LetO<ay, a0 <1, 1<a; +ay <2,0< By, By <1. Assume that (A,

Then, for y € X, the function x € X is a solution of the following BVP:

DAPD®2Pry(t) + y(t) = 0, t € (a,b),
m-2

xa)=0,  x(b)=) ow(&),
i=1

if and only if x satisfies the integral equation

( a)az (1-er1)(1-p1) b m=2

b
x(t) = / K(t,5)y(s)ds +

Aq
where
b—a)de)1-B-w | (£ 5), a4 <s<t<hb,
Klt.s) = (b-a) 1(t,5)
I (o +as) ky(t,s), a<t<s<b,

) holds.

(3.1)

(3.2)

Za,l((g,,s)y(s) ds, telabl, (3.3)

Page 7 of 22
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and

k(t,s) = (t - a)az—(lfal)(l,ﬂl)(b

kZ(tr s) =

(t —a)® 2—(1-a1)(1- /31)(19_

(2019) 2019:98

_ S)a1+ot2—1 _ (b _ a)az—(l—al)(l—ﬂl)(t _S)a1+az—17

S)ot1+a2—l.

Proof By using Lemma 2.3 twice and combining Lemma 2.2, we get that x is a solution of

(3.1) if and only if

(t - a)az—(l—m)(l—ﬂl) (t- a)—(l—az)(l—ﬂz)
x(t) = =712 y(t) + ¢ +c ,
o P O e 1-(—a)A-B)  CTA-(A-a)1-8)
where ¢;,¢; € R. Considering the boundary conditions x(a) = 0, x(b) = ZZ]Z owx(§;), we
get
Flay+1-1=a)1=B)1| 4.0 =
©=0 “as 2]9 az*(l—aj)(l—ﬁl)ﬂl I“rf 2yl + Zaix(&) ’
(b-a) i=1
Thus,
o (t — a)*> D[y 1)), ]
x(t) = _I“i zy(t) * (b _a)az—(l —a1)(1-p1)
(t - ﬂ)az—(l—m)(l—m) m-
+ w—(1—a1) (1 me(s")
(b-a)? (1-a1)(1-p1) —
b (t — a)* ~(1-a1)(1-p1) m-2
- / Ky ds + = gy chc(%‘l (3.4)
Therefore,
m-2 b m=2 S 2 & _a)otz 1-o1)(1-p1) M2
i=1 YIN\SL
o) = [ Y oK aeds o =Rl Y o)
i=1 4 =1 i=1
That is,
m=2 ay—(1-a1)(1-p1) b M2
b-—a)” 1
S (e = - | Eoxods (35)
i=1 1 a
By substituting (3.5) into (3.4), we obtain
b (t— a)GZ—(l—al)(l—ﬂl) bm=2
x(t) =/ K(t,s)y(s)ds + f 0:K(&;,5)y(s) ds.
a ’ A1 a Z
The proof is completed. g

Page 8 of 22
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Lemma 3.2 Let O < aj,00 <1, 1 <y + ap < 2,0 < By, B2 < 1. Assume that (A,) holds.
Then, for y € X, the function x € X is a solution of the following BVP:

DZ}'ﬁngﬁ'ﬁZx(t) +9() =0, te(ab), (3.6)

m-2
x(@)=0,  &'(b)=>)_sx(n), (3.7)
i=1

if and only if x satisfies the integral equation

b _ yee—(1-a1)(1-B1) b M2
w0= [ Hespas s L TS s 1< lab, 69
! 4 =1

where
(b _ S)ot1+oz2—2
H(t,s) = Hi(t,s),
©3) = ey v o - = an@—por &Y
and
hl(t’s)» dSSStSb,
Hl(t,S)=

hy(t,s), a<t<s<h,
hi(t,s) = () + oy — 1)(b - a)2—(011+a2)—/61(1—a1)(t _ a)az—(l—al)(l—ﬂl)

(t _ S)ot1+a271
(b _ S)Ot1+0(272 ’

ha(t,s) = (a1 +ay — 1)(b - ﬂ)2—(a1+az)—ﬂ1(1—a1)(t _ a)a2—(1—a1)(1—/31)’

— [ -1 =a))(1-B1)]

Proof By a similar method used in Lemma 3.1, we obtain

(t— a)ﬂlz—(l—al)(l—ﬂﬂ
oy +on+ pi(l—a)]

x(t) = I, "2 y(0) + a1

where ¢; € R. Then, taking derivative to the both sides of the above equality, we have

_ t
x'(t) - _w / (¢ —S)“1+D’2_2y(s) ds

oz = (1= an)(1 = B¢ — @) 00
+C1 .

Tog + o+ fi1(1—ay)]

I (o +ay)

Using the boundary condition x'(b) = ZZIZ 8;x(n;), we get

_ Tlog + oy + B1(1—oy)]
[z — (1= a1)(1 = )] (b — )21~ =AD)

a1+az—1/” a1 a2 -«
X | —— (b =) y(s) ds + ZSix(ni) .
[F(al +a2) Ja py

1
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Hence,

(t = @) =D (o) 1y — 1) [ (b = 5)1722y(s) ds

— _Iollﬂ)tz
x(t) a+ y(t) + oty — (1 B al)(l _ ,31)] (b _ a)az—l—(l—al)(l—ﬁl)r(al + Ol2)

(t— a)az (1-e1)(1-p1)

Six(n;
[ozz—(l a1)(1 - BB - a)>™ 1-(1-e1)(1-P1) Z x(n;)

b (t - a)az—(l—al)(l—ﬁﬂ
= H(t,s)y(s)ds +
/; ( )y( ) [az _ (1 _ 051)(1 _ ﬂl)] (b _ a)wz—l—(l—al)(l_ﬁl)
m-2
X Z ix(n;).
i=1

Therefore,

(3.9)

m-2 b m=2 m-2 ar—(1-a1)(1-F1) "2

X S:(n: —a Y
E 8ix(n;) zf E 8;H(n;,s)y(s)ds + Zz:l (M ) E o
i=1 a

o = (1= ar))(1 = B (b — @) e

It follows that
m-2 b m=2
oy — (1 —ay)(1-pB1) /
8ix(n:) = 8iH (i, s)y(s
; n Az(b— )1 ag+(1-a1)(1-51) Z y

If we plug (3.10) back into (3.9), we obtain

(t - a)az—(l—al)(l—ﬂﬂ bm-2
= f S8 H (1 9)y(5) ds,

b
= / H(t,s)y(s)ds +
“ i=1
which completes the proof.

Lemma 3.3 (See [14]) If1 < w <2, then

2—w - (w-1)*"1
(- 1)(w—1)/(w—2) - w®

(3.10)

Lemma 3.4 The functions K(¢,s) and H;(t,s) defined in (3.3) and (3.8) satisfy the following

properties:

(i) K(¢,s) and Hi(t,s) are two continuous functions for czny (t,3) € [a,b] x [a,b];

a1+ a ap)(
(i) |K(2,s)| < (e ror 12 ap—(a)U-pI VI g iy (1 o) [a,b] x [a, b];

I (o +a2) 200 —(1-a1)(2- )] 242~ (-« C-AD)

(ili) |H1(%8)| < (b—a)max{o; + o2 — 1, B1(1 — 1)} for every (t,s) € [a, b] X [a,b].

Proof Obviously, (i) is true. To prove (ii), for (¢,s) € [a,b] x [a, D], it is straightforward to

show that

0 f kZ(trS) < kZ(S7 S)'

Page 10 of 22
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Differentiating k; (¢, s) with respect to s, we have

dki(t,s) = —(on + g — 1)(t — )2~ (-)(-P)(p, _ gyor+er=2
as
+log+ay -1 - a)az—(l—al)(l—ﬂl)(t _s)ot1+az—2
= (1 +ay—-1)(b- a)az—(l—al)(l—ﬁl)(t _ S)Dt1+0t2—2
. f—s 2—(or1 +ar2) f—a az—(1-a1)(1-p1)
X — —
b-s b-a
2 0’

which shows ki (¢, s) is increasing with respect to s € [a, £]. Thus,
ki(t,a) < k(t,s) < ki(t,1).
Since

kit a) = (t - a)wz—(l—m)(l—ﬁﬂ(b _ a)aﬁaz—l -b- a)“Z—(l—al)(l—ﬂl)(t _ a)aﬁaz—l

B1(1-a1)
=(t- ﬂ)azf(lfm)(lfﬂl)(b _ a)a1+0t271 |:1 _ (b — ﬂ) ' ' ] <0.

t—a

Thus,
|ki(z,5)| < max{ max ki (¢,t), max (—ki (¢, a))}.
telab] telab]

We consider the functions

F(8) = ky(t,£) = (t — a)2~Um)W=PO(p _ pyeareal ' ¢ [4,b],

f(®) =-ki(t,a)

=(b- a)a1+0l2—1(t _ a)aﬁolz—l [(b _ a)ﬂl(l—oll) —(t- a)ﬁl(l—oq)], telab).
Differentiating f(¢) on (a, b), we have

F1(€) = [ = (1 =) (1 = )] (¢ — @) 1 Urei=PDp — gyerreat
— (a1 + @z — 1)(t — a)2~U-e)(=P1)(p _ poer+aa=2

=(t- a)az—l—(l—al)(l—f}l)(b _ t)a1+a2—2
x {[oa = (1 =)A= B1)](b - 1) = (01 + s - V)t - )},

and

F1@) = [aa— 1 =a)A = B)][er =1 = 1 = a1)(1 - )]
x (¢t — a)ﬂt2*2*(1*a1)(1*ﬂ1)(b _ t)“”"‘?’l

=201 +az - D]z — (1-a1)(1 - B1)]
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x (£ — a)az—l—(l—m)(l—ﬂl)(b _ t)u1+a2—2

+ (01 + 0y — 1) (g + oy — 2)(t — @)~ Ume)A=BL) (p _ pyea+e=3,

By calculating, we get f'(¢£) = 0 has a unique zero in (a, b) as follows:

ay— (I—ay)(1-pB1)
200 — (L —o1)(2 - B1)
o] + 0y — 1

=b- 200 — (1 —ay)(2 - ﬁl)(b -a)€ab) (3.11)

(b -a)

t=t"=a+

Because

ay—(1-a)(1-p51) =0, ay—1-(1-a)(1-p1) =<0,

ap+a,—1>0, o +a;—2<0,
it is easy to verify that

f(¢) =<o.
Hence, we obtain

max f(¢) = f(t*)

tela,b]

_ [ ay —(1—ag)(1-p1) (b—a)

205 = (1 —a1)(2 - B1)

i o] + 0 — 1 arvey-l
b_
|2 —T—anz=p)" “)]

[az _ (1 _ 011)(1 _ ﬁl)]oﬂf(l*al)(lfﬂl)(al + oy — 1)a1+a2—1

i|¢12(1011)(1/31)

_ b—a o1 +2ap-1-(1-a1)(1-B1)
[ 20 — (1 —a1)(2 - /31)]

We now prove that maxte[a,b]f(t) < maXeeep) f(¢). In fact, if B1(1 — 1) =0, thenf(t) =0,
and the conclusion is obvious. If 8;(1 — ;) # 0, differentiating f (t) on (a,b), we have

J'© = (@ + o0 = 1)(b - a2 00 (g — gyreas

~[en = (1= )1 - )] (b — @171 - gy U,
and

F/(®) = (@ + ag = 1)y + @y = 2)(b — )2 A (¢ _ gymvea=s
—oz - (1= B - an)][er =1 - (1= B1)(A - )]

x (b — a)* 17271 (¢t — )27 2-(-PDl-e1), (3.12)

Page 12 of 22
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By calculating, we get f ’(t) = 0 has a unique zero in (a, b) as follows:

+oap—1
M T (3.13)

t:t*:ﬂ+|:a2—(l—a1)(l—/31) (b—a)€(a,b).

i|1/ﬁ1(10t1)

Submitting (3.13) into (3.12), we have

J'(€) = ~[ea = (1= 01)(1 = )] Bi(1 — an)(b — @) 212"
][052—2—(1—/31)(1—011)]//31(1—0‘1)

|: 0(1+O[2—1
o= (1—a1)(1-p1)

<o.

Thus,

max f f) = max f t
te[a,b]f ® te[a,b]f (&)

Bi(l—ay)b- a)z(a1“12*1)+,51(1*011)
B a = (1—a)(1-p1)

(a1 +ap-1)/p1(1~a1)
(1—ar)(1- ﬁl)} '

oy +ap—1
Oy —

Take w = w, then 1 < w < 2. It follows from Lemma 3.3 that
ay—(1-a1)(1-B1)

maxf(t) _ (b _ a)Z(a1+a2—l)+;31(l—a1)(2 _ w)(w _ 1)(w—1)/(2—w)

tela,b]
(w-1)
<(b- a)Z(a1+!¥2—1)+51(1—a1) (@-1)
a)(l)
1
} ag—(1-a7)(1-B7)

202 — (1 - ey)(2 = py))e2~ e

x (b - a)2(a1+012—1)+/31(1—0t1)

~ { (o1 + 0y — 1)@+ Vg (1 —qy)(1 = py)]%2~-e)1-A1)

<b- ﬂ)2(a1+(¥2—1)+ﬂ1(1—a1)(a1 Yoy — 1)((¥1+a2—1)
[y — (1 = ay)(1 = By)] 2 e 1=F0)
(20— (1= a)(2 - )P (-0F

= max f ().
te[u,b]f ®

From the above we get

’/<1(t,s)| < max k(£ t) = max ky(s,s)
tela,b) sela,b]

[z = (1= )1 = )]V g 4y - 1!

8 |: b-a
205 — (1 —a1)(2 - B1)

:|20tz—(1—011)(2—ﬂ1)
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Therefore,

K(,5)| < MaXrelq,p) K1 (2, £)
T I (o + ag)(b — g)*2~1en0-AD)

[(b - a)e +aa = 1]y — (1 - ay)(1 = py)] 2 o)
ey + )20 = (1 - ap)(2 = py) ]2 e

To prove (iii), for (¢,s) € [a,b] x [a, b], obviously, we have that the following inequalities
hold:

0 < hy(t,s) < hy(s,s) = hi(s,s).

Differentiating 5, (¢, s) with respect to ¢, we have

ohy(t, s
1) (e o= Do~ (1 - )1 - 3]
x (b- a)Z—(aﬁaz)—ﬂl(l—al)(t _ a)az—l—(l—al)(l—ﬁl)
(t _S)a1+ot2—2
— [ = (1 —an)(1 - 1) (o1 + 0y - I)W
= (a1 + o — Doy = (L—a1)(1 - B1)]
b\ leare) b — a\ Feet-prl-a1)
=) =) ]
t—s t—a
<0.

Hence, /;(¢,s) is a decreasing function of ¢ € [s, b], which implies that
hy(b, S) = hl(trs) = hl(S,S) = h2(31 5),
hi(s,8) = (a1 + s — 1) (b - a)Z—(a1+az)—ﬁ1(l—a1)(s _ a)az—(l—m)(l—m)

(3.14)
<(a1+ay—1)(b-a),

hy(b,s) = (a1 + 0y = 1)(b—a) — [az — (1 —a1)(1 = B1) (b - s).

It is trivial to show that /;(¢,s) is an increasing function with respect to s € [a, b]. Thus,
h1(b,a) < hy(b,s) < h(b,b).
Note that

h1(b,b) = (a1 +ay —1)(b—a) >0,
hi(b,a) = —p1(1 —a1)(b-a) <0.

We get

’hl(b,s)| <(b- a)max{a1 +ay—1,B8(1- al)}. (3.15)

Page 14 of 22
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Combining (3.14) and (3.15), we obtain
|h1(t,5)| <(b-a) max{oq +ap—1,6(01 - al)}.
Therefore,
|Hy(t,5)| < (b - a)max{oy +az — 1, B1(1 - 1)}
Then we complete the proof of Lemma 3.4. O

Remark 3.1 From the proof of Lemma 3.4, we have the following conclusions:

(i) K(¢s) has a unique maximum, given by
max |K(t,s)|
(ts)elab]®
= K(t%,¢%)

[(b—a)(on + oz — 1] oy — (1 —og)(1 = By)] 22" 1ren)1=AD)
(o1 +02)[200 — (1 — ) (2 = py)) 22D

’

where ¢* is defined by (3.11);
(i) max ger, 2 [Hi(69)| = (b — a) max{a; + oy — 1, 1 (1 — 1)} and

}H " )| (b-a)a; +ap—1), ifandonlyifz=s=5,
1, 8)| =
(b-a)p1(l —a1), ifandonlyift=>b,s=a.

Theorem 3.1 Assume that (A1) holds. If the fractional BVP (1.14), (1.15) has a nontrivial

continuous solution for a real-valued continuous function q, then

b
/ |q(s)| ds
a
§ I(on + )20 = (1~ y)(2 = )22 V@0 A,
(b= @) ar + oy = DU [y = (L—en)(1 - p) ]2 VA,

(3.16)

where
m-2
Al = A1 + Zai(b _ d)a2—(1—“1)(1—/31)’
i=1

Proof Assume x(t) is a nontrivial solution of BVP (1.14), (1.15), then

p m=2

b _ \ee—(1-a1)(1-p1)
x(t) = / K(t,5)q(s)x(s) ds + (t-a) A / ZG,K (&, 8)q(s)x(s) ds,
a 4 =1
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and

b
x(0)| < / IK(t,5)] - |a(s)| - [x(s)| ds

(t - a)ar(l*al)(l*ﬂl) bm=2
+ A / Zai|l((“§i,s)| . |q(s)| . |x(s)| ds, te€la,b].
4 =1

Since x is a nontrivial solution, which will require g(s) # 0 on [a, b]. Moreover, from ¢(s) €
Cla, b], we obtain that there exists an interval [a;, b1] C [a, b] such that |g(s)| > 0 on [ay, b;].
Then, by Lemma 3.4 and Remark 3.1, we have

[(b - a)(r + @z — 1)]" 2 ay — (1 —ay)(1 = By)] 2" T UPD A

%Moo <
I (ay + )20 = (1 - ap)(2 = By) P2 meVCAUA
b
x / |4(5)] dsllll -
Thus, inequality (3.16) holds. This completes the proof of Theorem 3.1. d

Theorem 3.2 Assume that (Ay) holds. If the fractional BVP (1.14), (1.16) has a nontrivial
continuous solution for a real-valued continuous function q, then

S I(oy + o)y — (1 —0)(1 = B1)] Ay

b
T ) 3.17
/; (b-4) 46| maxf{o; + a2 — 1, B1(1 — 1)} Ay 7
where
m-2
Ayi= Aglb-a)+ Y 8i(b - a)rrerhili-an,
-1

Proof Assume that x(¢) is a nontrivial solution of BVP (1.14), (1.16), then

_ a)otz—(l—al)(l—ﬁl) b m=2
- [ ottt ds
2 a i

b
x(t) = / H(t,8)q(s)x(s) ds +
Y (b= H (8, 5)q(s)x(s) ds
ey +a)on — (1—ay)(1 - By)]
(£ — @) O-e)0P0) 0572 s, (p 51022y (o, 5)q(s)(s) ds

* Ay (0 + ag)[ey — (1 —ap)(1 - B1)] ’

and

[P (b= 9| Hy (2,5)] - 1q(s)] - |x(s)| ds
Iy +ag)[og — (1 —ap)(1 = B1)]
(- )2 (-e)=py) fbsam2 sy _ gerrer=2 i (. 5)] - |q(s)] - [x(s)]| ds
Ao I (01 + a2)[org — (1 —a1)(1 = B1)] '

|x(1)] <

An argument similar to the one used in Theorem 3.1 shows that there exists an interval
[az, b2] C [a, b] such that |g(s)| > 0 on [ay, by]. Now, applying Lemma 3.4 and Remark 3.1,
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we have

max{a; +ay — 1, B1(1 - 1)} A, b +ay-2
e < e s =0 el A ], 0" a0l

from which inequality in (3.17) follows. The proof is completed. d
Theorem 3.1 gives the following corollaries.

Corollary 3.1 The necessary condition for the existence of a nontrivial solution for BVP
(1.1) is

b
/a |q(s)|ds> @

Proof Apply Theorem 3.1 for o3 =3 =1, 0, =0 (i =1,2,...,m — 2), then (3.18) holds.
Obviously, (3.18) coincides with the classical Lyapunov inequality, i.e., inequality (1.2). O

(3.18)

Corollary 3.2 The necessary condition for the existence of a nontrivial solution for BVP
(1.5) of case (i) is

(a+B-
/|q Fm+ﬁﬂ2 ) 6.19)

)a+ﬁ 1

Proof Apply Theorem 3.1 foro; =, =8, 81 =52=0,0,=0(i=1,2,...,m —2), then
(3.19) holds. Obviously, (3.19) coincides with inequality (1.6). O

Corollary 3.3 The necessary condition for the existence of a nontrivial solution for BVP

(1.3) is
b 4 a-1
/ |q(s)| ds > F(a)<—> . (3.20)
p b-a
Proof Apply Theorem 3.1 fora; =1, =0, =1+ay,0;,=0 (i=1,2,...,m — 2), then
(3.20) holds. Obviously, (3.20) coincides with inequality (1.4). a

Corollary 3.4 The necessary condition for the existence of a nontrivial solution for BVP
(1.5) of case (ii) is

(3.21)

/h | (S)| ds > o+ B)a +28 1)a+2;371
a q (b - a)OHﬂ—l(o[ + 13 _ 1)a+ﬂ_113ﬂ.

Proof Apply Theorem 3.1 for o1 = a,a5 = 8,81 = B2=1,0,=0 (i = 1,2,...,m — 2), then
(3.21) holds, which coincides with inequality (1.7). O

Corollary 3.5 Counsider the following fractional BVP:

D% x(t) + q(t)x(t) =0, te(a,b),
x(a) =x(b) =0,

(3.22)
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where q € C([a, b],R), CDZ . isthe left Caputo fractional derivative. If (3.22) has a nontrivial
continuous solution in [a, b], then

b r o
/ lq9)| ds > — L (3.23)
a [(b—a)(a - 1)]
Proof Apply Theorem 3.1 foras=1,81=1, a=a1+1,0;,=0(=1,2,...,m—2T, then
(3.23) holds. Corollary 3.5 coincides with [14, Theorem 1]. O

Corollary 3.6 The necessary condition for the existence of a nontrivial solution for BVP
(1.8), (1.9) is

/h |lq(s)| ds > I(o)[a - (2 -a)(1 - pg)*@oi-p
a (b - a)oz-l(a _ l)ﬂt—l[a _14 ,3(2 _ a)]ﬂt—l+ﬁ(2—a) .

(3.24)

Proof Apply Theorem 3.1 foray =1, ¢ =a1+1,8=01,0,=0(=1,2,...,m - 2), then
(3.24) holds, which coincides with inequality (1.11). By Remark 3.1, we show that the non-
strict inequality (1.11) can be replaced by strict inequality (3.24). O

Corollary 3.7 Assume that the following boundary value problem

Difx(t) + qx(t) =0, te(ab),
®a)=0,  x(b) = I om(E),

where q € C([a,b],R), DyY is the Hilfer fractional derivative of order o and type p € [0,1],
has a nontrivial continuous solution in [a, b], then

TFa)2-2-a)2-B)*9EPA,

b
d An '
/u |a(s) V@ ) L - o a1 - AP A, -

where

m=2
A= (b - a)17(2—01)(17ﬁ) _ ZGL'(& _ a)l—(Z—a)(lfﬂ)’
i=1
m-2
A=A+ Zo’i(h — ﬂ)l_(Z—a)(l—ﬁ)'
i=1

Proof Apply Theorem 3.1 for oy =1, o = @1 + 1, 8 = 1, then (3.25) holds, which coincides
with [30, Theorem 3.1]. O

Theorem 3.2 gives the following corollaries.

Corollary 3.8 Ifa nontrivial continuous solution of the following boundary value problem

x"(£) +q(t)x(t) =0, te(a,b),
x(a) =x'(b) =0,
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exists, where q € C([a, b],R), then

b 1
/ﬂ |q(s)|ds>b_ﬂ. (3.26)

Proof Apply Theorem 3.2 for a3 =3 =1,8; =0 (i = 1,2,...,m — 2), then (3.26) holds,
which coincides with [16, Corollary 5]. O

Corollary 3.9 Suppose that the following boundary value problem

DZiDgix(t) + q(t)x(t) =0,  t € (a,b),
x(a) =x'(b) = 0,

where q € C([a, D], R), Dgl is the left Riemann—Liouville fractional derivative, has a non-
trivial continuous solution in |a, b], then

(o +ay)

o (3.27)

b
/ (b —)*1*72|q(s)| ds >

Proof Apply Theorem 3.2 for 8, =8,=0,8;=0(i=1,2,...,m—2), then (3.27) holds. O

Corollary 3.10 Counsider the following fractional BVP:

D¢ x(t) + q(t)x(t) =0, te(a,b),
x(a) =x'(b) =0,

(3.28)

where q € C([a, b],R), D%, is the Riemann—Liouville fractional derivative of fractional or-
der «. If (3.28) has a nontrivial continuous solution in [a, b), then

I'(x)

b
/ (b-5)*7|q(s)| ds > ) (3.29)
p b-a

Proof Apply Theorem 3.2 for a3 =1, 8o =0, ¢ =1+, 8, =0 (i=1,2,...,m — 2), then
(3.29) holds. 0

Corollary 3.11 Counsider the following fractional BVP:

CDRLCDGx(t) + q(t)x(t) =0, t € (a,b),
x(a) =x'(b) = 0,

(3.30)

where q € C([a, b],R), CDE;E, is the left Caputo fractional derivative. If (3.30) has a nontrivial
continuous solution in [a, b], then

I'(o + o)

b
f (b —s)*1+®272 |q(s)| ds > (3.31)

(b-a)maxfo; +oo — 1,1 — a1}’

Proof Apply Theorem 3.2 for ;1 =8> =1,6;=0(i=1,2,...,m—2), then (3.31) holds. O
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Corollary 3.12 Consider the following fractional BVP:

D% x(t) + q(t)x(t) =0, te€(a,b),
x(a) =x'(b) =0,

(3.32)

where q € C([a,b],R), D2, is the left Caputo fractional derivative of order «. If (3.32) has

a nontrivial continuous solution in [a, b], then

I'(x)
(b-a)maxfa - 1,2 —a}

b
/ b- s)“_z‘q(s)} ds> (3.33)

Proof Apply Theorem3.2foray =1, =1L a=01+1,8;=0(=1,2,...,m—2),then(3.33)
holds, which coincides with [17] and [23, Theorem 3]. O

Corollary 3.13 The necessary condition for the existence of a nontrivial solution for BVP
(1.8), (1.10) is

Fo)a-1+pQ2-a)]

(b-a)max{e - 1,82 -a)}’ (3.34)

b
/ b- s)”‘_2|q(s)| ds >

Proof Apply Theorem3.2forap =1, =01+1,8=p1,8;=0(i=1,2,...,m—2),then (3.34)
holds, which coincides with inequality (1.12). By Remark 3.1, we show that the non-strict
inequality (1.12) can be replaced by strict inequality (3.34). d

Corollary 3.14 If a nontrivial continuous solution of the following fractional boundary

value problem

Difx(t) + qx(t) = 0, te(a,b),
x(a)=0,  &(b)=Y "7 8x(ny),

exists, q € C([a, b],R), DZ;ﬂ is the Hilfer fractional derivative of order o and type B € [0,1],
then

T(o)[a -1+ B2 —-a)lAgxp

—, (3.35)
max{a — 1,82 -a)}Ax

b
f (b-35)*|q(s)| ds >

where

m-2
Ay i=[a =1+ B2 -)](b-a) P =" 5(n; - a)*~ O,
i=1

m=2
Api=Ay(b-a)+ Y 8i(b—a) .
i=1

Proof Apply Theorem 3.2 for ap =1, ¢ = 3 + 1, 8 = B1, then (3.35) holds. O
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4 Conclusion

In this paper, the Lyapunov-type inequalities of sequential Hilfer fractional BVPs were
investigated for the first time. Since the Hilfer fractional derivative is a generalization of
both Riemann-Liouville and Caputo types fractional derivatives, this requires that our
results can be reduced to the corresponding classical results, and we do it. So our work is
meaningful and the results we obtained are more general. There is some work to be done
in the future such as: finding Lyapunov-type inequalities for higher order Hilfer fractional
BVPs; studying Lyapunov-type inequalities for Hilfer fractional p-Laplacian equation, and

SO on.
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