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1 Introduction

Nowadays the fractional calculus has an important role in diverse scientific fields due to its
several applications in dynamical problems including signals, hydrodynamics, dynamics,
fluid, viscoelastic theory, biology, control theory, image processing, computer network-
ing, and many others [1-5]. A large number of scientists have worked on generalizations
of existing results including theorems, definitions, models, and many more. A generaliza-
tion of classical inequalities by means of fractional-order integral operators is considered
as an interesting subject area. For instance, recently, Agarwal et al. [6] proved Hermite—
Hadamard-type inequalities by using generalized k-fractional-integrals. Aldhaifallah et
al. [7] used the (k, s)-fractional integral operator to generalize the inequalities for a fam-
ily/class of n positive functions. Set et al. [8] studied Hermite—Hadamard-type inequalities
for a generalized fractional integral operator for functions with convex absolute values of
derivatives. Khan et al. [9] produced the Minkowski inequality by using the Hahn integral
operator. On the other hand, noninteger-order calculus, usually referred to as fractional
calculus, is used to generalize integrals and derivatives, in particular, integrals involving
inequalities. Recently, Dumitru and Arran [10] introduced a new formula for fractional
derivatives and integrals by using the Mittag-Leffler kernel. More theoretical concepts re-
garding fractional operators with Mittag-Leftler kernels (Atangana—Baleanu operators)
and the higher-order case have been discussed in [11, 12], whereas the generalization to
the generalized Mittag-Leffler kernels to gain a semigroup property have been recently ini-
tiated in [13, 14]. Khan [15] studied inequalities for a class of # functions by means of Saigo
fractional calculus. Jarad et al. [16] presented a Gronwall-type inequality for the analysis
of the fractional-order Atangana—Baleanu differential equation and in [17] for generalized
fractional derivatives.
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Shuang and Qi [18] proved some Hermite—Hadamard-type inequalities for a class of
s-convex functions and studied special means. Mehrez and Agarwal [19] produced new
integral inequalities by means of classical Hermite—Hadamard inequalities and obtained
particular cases of their results with applications to special means. Park et al. [20] investi-
gated new generalized inequalities, which then were utilized for stability analysis. Sarikaya
et al. [21] established fractional integral inequalities generalizing the classical results by
using the local fractional approach.

The integral inequalities with Mittag-Leffler functions have been studied as a generaliza-
tion of the classical inequalities. For instance, Farid et al. [22] generalized several classical
inequalities using an extended Mittag-Leftler function and evaluated particular cases of
their results. More related work can be found in [23-25].

In this paper, we use the AB-fractional integral operator for generalization of classical
Minkowski inequalities. Our results are more general and applicable than those in the
classical case. There are many definitions of fractional integrals, for example, Riemann—
Liouville, Hadamard, Liouville, Weyl, Erdelyi-Kober, and Katugampola [26-29], which
can be considered for getting the same results. Now we give some definitions and lemma
related to the AB-fractional operator.

Definition 1.1 ([30]) The fractional ABC-derivative in the Caputo sense of a function
f € H*(a, b) is defined by

e, pip -1 [ or] 0 e L)

where b > a and v € [0, 1], and B(v) > 0 satisfies the property B(0) = B(1) = 1.

Definition 1.2 The fractional ABC-derivative in the Riemann—Liouville sense of a func-
tion f € H*(a, b) is defined by

BR e BOW) d [T —v(r =)
AR D7) = / f(s)Eu[ﬁ}ds, (12)
where b > a and v € [0, 1].

Definition 1.3 ([31, 32]) The fractional AB-integral of the function f € H*(a, b) is given
by

) = )+

_ -1
Bo) /f(s)(r s)' " ds, (1.3)

F()

where b>aand 0<v < 1.

Remark 1.4 Since the normalization function B(v) > 0 is positive, it immediately follows
that the AB-integral of a positive function is positive. We will rely on this fact throughout
the proofs of the main results.

Lemma 1.5 ([33]) The ABC-fractional derivative and AB-fractional integral of a function
f satisfy the Newton—Leibnitz formula

a8 1 (Y€ DI () =f(0) - f@). (1.4)
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Organization of the paper. This paper includes four sections. Introduction is given in
Sect. 1, with a literature review, important definitions, and a lemma, which we will use
in the proofs. In Sect. 2, we prove Minkowski’s inequality for the AB-fractional integral
operator. Other AB-fractional integral inequalities are proved in Sect. 3. The summary is

given in Sect. 4.

2 The AB-fractional Minkowski inequality

Theorem 2.1 Letv >0andp > 1. Letu,v € C,[a, b] be two positive functions in [0, 0o such
that ABaIt”u(t) < 00 and ABuIt“v(t) <ooforallt>a. If0<a < ”(ﬁ) < 0 for some o, 6 € R
and all t € [a, b), then

(220w )7 + (BT 0)7 < AR (ule) + v(0)]7, (2.1)
where

A= 9((11102):9% I)l)
Proof From the condition “4 < 6 we obtain

ut) < (%)(w(t) (D). (2.2)

Taking the pth power of both sides of Eq. (2.2), we have

0\ »

uP(t) < <m> (u(®) +v(®)". (2.3)
Multiplying both sides of (2.3) by v), we get

1-v 0 \1-v »

BO) u(t) < (9 N 1) BO) (u(t) + V(t)) . (2.4)
Also, replacing ¢ by s in Eq. (2.3) and multiplying both sides by B U) , we get

v(t—s)"~ 0 \v(t-s)¥1 »

Sore 0= (751) S w0 " 22

Integrating both sides of Eq. (2.4) with respect to s, we have

! ( —s)"! 0 \ [fvi-s)! ,
/a BOIFG) uf(s)ds < <m> /a BT )( u(s) + v(s))’ ds. (2.6)
Adding (2.4) and (2.6), we obtain
t S \) 1 2] p 1-v »
p() / Bo)rm O (9 1) [B(v) (u(t) +v(2))

¢ (t_ )v—l
+/a m%ﬂv(sm}
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This implies

0
ABHI:MP(S) < (9_

N 1>pABaIt“ (u(s) + v(s))p. (2.7)

Taking the }gth power of both sides of Eq. (2.7), we find

S

0 4B
=57l

< [T (ule) +v0) ). (2.8)

( I (1))

On the other hand, by using the condition 0 < a < % we directly get

V() <

=G +1a)p (u(®) + )Y’ (2.9)

Multiplying Eq. (2.9) by ﬁ, we get

1-v 1 1-

B0) V() < 7oy BO )(u(t) +v(t))’. (2.10)

Also, replacing ¢ by s in Eq. (2.9) and multiplying both sides by we get

]B v)’

oe-s)"! L (o )
BT " = Wrap Boire) MO ) (211)

Integrating both sides of Eq. (2.11) with respect to s, we have

Fo(e—s)v 1 t (g — 51 )
/u Borm " %= (1+a)p/u BOIr) L)+ Vo) s (2.12)

Adding (2.10) and (2.12), we obtain

1- v v(t—s)~ 1 1 1-v »
70+ [ % = g ) (40 0)

¢ (t_ )v—l
+ /a mw(sﬂv(s))l’ ds). (2.13)

This leads to the AB-fractional integral inequality

AB TV (1) < AB T2 (u(t) + (D)) (2.14)

1
1+a)y

Taking the }ath power of both sides of Eq. (2.14), we find

1 1 1
v )r < - +a[AB 2 () +v(8) ] (2.15)
By Egs. (2.8) and (2.15) we obtain
(2w 0)7 + (F I 0)F < AP (ule) + v(0)']7. (2.16)

Thus, the proof of the AB-fractional integral inequality is completed. d
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3 Other types of inequalities

Theorem 3.1 Letv>0andp>1,q>1,1 + = =1. Let u,v € C,la,b] be two posztzvefunc-
tions in [0, oo[ such that 8, T} u(t) < co and a5 JLiv(E) < oo forallt>a If0<a <282 <0
for some o,0 € R* and all t € [a, D], then

(“E 2 u()? (“F )T < <9) AT (b (v ()] (3.1)

u(t

Proof Using the condition &2 <6, we get

Q=
Q-
Q-

ui <0@avy (3.2)

1

Multiplying (3.2) by u? and using the condition % 5+ =1we have

|

Qe

—
W
w

=

1
urvi.

Q=

u<@o

Now let us use (3.3) twice. First, multiplying by 1%3(;111})’ we get

1-v <9%1—v
Bv) =" B(v)

11
urvi, (3.4)

Second, multiplying by g ”(t , we obtain

\)

v(t-s)"! (-9t 11
B = By " (3.5)

Integrating both sides of Eq. (3.5) from 0 to ¢, we have

t U(t - S)U_1 1 t V(t _ S)u_l 1 f
‘/u WM(S) ds <04 /a Wu(s)ﬁ V(S)q ds. (36)

Now, by adding Eq. (3.4) and Eq. (3.6) we find

”(t S)v lu(s)dsgeﬂll[%B(_v‘))u(t)}’v(t);
Pyp(—s)’t 1 1
+/a Wu(s)l’v(s)q ds:|.
This implies
AB 70t < 01 [*2 T2 (ur (v (1) ]. (3.7)

Taking the I%th power of both sides of (3.7), we have

(3.8)

RS
\‘H
—
b
[~
Q
8
—
S
S
—
o~
~
<
_
—
o~
~
N—
—_
=

[y ue)]? <
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u(t)

o We have

Now, by the condition « <

=
'EI»—A

vE <« 7 u (3.9
Multiplying Eq. (3.9) by v , we get
-1 1
V<0l17 up]/q (3.10)
Now let us use (3.10) twice. First, multiplying by gr;, we get
1_vv< —711—\) Py (3.11)
Bo) ~ O B ‘
Second, multiplying by g ”(t S ,we obtain
v(t — )1 p(t-s)Vt 11
<aq?P 3.12
BOIG) - BOIW " (3.12)
Integrating both sides of Eq. (3.12) from 0 to ¢, we have
Eyt—s) ! v(it-s)t 11
——————v(s)ds < / ——————u(s)?Pv(s)4 ds. (3.13)
/aB(V)F() a BO)I(v)
Now, by adding Eq. (3.11) and Eq. (3.13) we find
v(t—s)”1 =1 1-v , 1 1
e [ s <o | oS uwivi
BO)I() B(v)
Ey(t—s)! 1
— id 3.14
[y B9 s, (.14)
This implies
B 10y <7 [T (ur (v (1)]. (3.15)
Taking the éth power of both sides of (3.15), we have
1 1 AB 1 1 1
[“*.2iv(s)]7 < am [, (ur (t)ve ()] (3.16)
Finally, multiplying Eq. (3.8) and Eq. (3.16), we obtain
1 1 2] P
1 1 P 1,01
(* Zru@)? (I v() <E> (220 (u? (eve ). (3.17)
O

Theorem 3.2 Let v >0 and p > 1,q > 1,1% + é = 1. Let u,v € Cyla,b] be two posi-

tive functions in [0, 00[ such that 48 I"uP(t) < 00, 4B, T ud(t) < oo, 4B, T}V (t) < 00, and
AB ThvA(t) < oo forall t > a. If 0 < < 8 <6 for some o,0 € R* and all t € [a, D], then

AB T (u(e) +v(t)) < AP I (P () + VP (1)) + B, AP LT (ul(2) +v1(2)), (3.18)
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where

20-1gp 241

* _ *

T pO+ 1)’ B, = q(1 +a)i.

Proof Using the condition ”Et <6, we obtain

6 (u(t) + v(t))

Taking the pth power of both sides of Eq. (2.2), we have
0\ »
uP(t) < <m> (u(®) +v(®))". (3.20)

Multiplying both sides of (3.20) by %, we get

1-v 0 \'1-
P 21
B(v)u(t)§(6+1> Bo )(u(t)+v(t)) (3.21)
Also, replacing ¢ by s in Eq. (3.20) and multiplying both sides by E(:;}V(S , we get
v(t—s)"" 6 \'v-9"" Vi

Integrating both sides of Eq. (3.21) with respect to s, we have

Lyt —s)vt 0\ [fv(t—s)! )
/a By ¥ %= (m) / BT “e) o) ds (3.23)
Adding (3.21) and (3.23), we obtain

o)+ / Ve s ds

IB%(U)F(U)
0 1 Lyt —s)'! )
< (9 N 1) []B%(v) (u(®) +v(®))" + /a W(u(s) +v(s)) dsi|.
This implies
0 \”?
VT (0) < (ﬁ) AB LT () +v(e)). (3.24)

Multiplying (2.7) by the constant }7, we find

;( NP (1)) < 1(09—1>p[ABaIt”(u(t)+v(t))p]. (3.25)

On the other hand, by using the condition 0 < @ < %2 we directly get

vi(e) < Loy

(u(t) + v(t))q. (3.26)
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Multiplying (3.26) by g5, we get

1 1-

IB%( )vfI( ) < T+ a) BO) (u(t) + v(t)) (3.27)

v(t s)

Also, replacing ¢ by s in Eq. (3.26) and multiplying both sides by 575775, we get
v(t —s)' 1 N | v(t —s)' 1

q
B = Tran By OO (328)

Integrating both sides of Eq. (3.28) with respect to s, we have

t v(t—s)” 1 1 t v(t—s)”‘l .
[ Srer s = e [ (w0 v9) . (3:29)

Adding (3.27) and (3.29), we obtain

v(t-s)"! 1 J1
Vq(t) / BT )Vq(s) <4s )q[B( )(u(t)+v(t))

_ -1
+/ %(w(s) + v(s))q ds].
This implies

1
+a)d

AB V() < AB T (u(t) +v(e))". (3.30)

Multiplying (2.14) by%, we have

g("iz;vm)) <!

e SEHCCREON | (3.31)

By means of Egs. (3.25) and (3.31) we get

1 4B 1 4B
(LU =LV
i @) + (V@)

1 0 » 1 1
< <m) [ )+ 0 ]+ L L ) ), 532

To complete our proof, we have to use Young’s inequality

we v (3.33)
P q

u(t)v(t) <

Multiplying (3.33) by g5, we get

- ( )u(t)v(t) <& ‘;(”p(t) + Vq;”). (3.34)
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Also, replacing ¢ by s in Eq. (3.33) and multiplying both sides by %, we get

v(t —s)' 1 o)) < v(t —s)'1 Ps)+ v(t —s)' 1

Bore) "= pmore” O wore” (3.35)

Integrating both sides of Eq. (3.35) with respect to s, we have

Ey(g—s)v! Pyt —s)L E(t— )]
/a WM(S)V(S)dSE/a mup(s)ds+/a qu(‘g)d& (3.36)

Adding (3.34) and (3.36), we obtain

1-v Lyt —s)!
mu(t)v(t) + /a Wu(s)v(s) ds

1-v (u”(t) vq(t))
< +
T B\ p q

| o s [ 0w (337)

This implies
AB v 1AB v_p 1AB v.q
L u()v(t) < 1; oL P (t) + z_] oL, VI(2). (3.38)

Using (3.32) and (3.38), we have

AT} u(o)v()
1/ 6 \ras ., s 11 g ]
=< 1_9 <9 + 1) [ aIt (u(t) + V(t)) ] + gm[ aIt (u(t) + V(t)) ] (339)
Using the inequality
w+v) <27' " +V), wv=0,r>1, (3.40)

with 7 = p and multiplying (3.40) by the constant ﬁ, we find

-V

B(v)

(u(t) + v(t))p <orl % (u(t)” + v(t)p). (3.41)

Then multiplying Eq. (3.40) with r = p by %, we get

v(t —s)'1 (e v <2 v(t —s)' 1

B(w)I"(v) BOW)I(v) (e +47). (3.42)

Integrating Eq. (3.42) from a to ¢, we have

t _ -1 ¢ -l
/ 7%(;‘));_,)(‘)) (u(s) + v(s))l’ ds < 21’-1/ %(up(s) + v”(s)) ds. (3.43)
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Adding Eq. (3.41) and Eq. (3.43), we obtain

1-— t (t— )v—l
B(U])) (u(t) + v(t))p + L W (u(s) + V(S))p ds
1= fu(e-s)"t
< 1(153 (v‘; (u(ey + V() + / m ((s) + () ds). (3.44)
This implies
AB T (u(t) + v(®))” < 20748 I) (uf () + v (2)). (3.45)

Repeating the same process with r = g, we get

ABaIt” (u(t) + V(t))q < 2‘1_1ABﬂIt" (u"(t) + v"(t)). (3.46)
Substituting by (3.45) and (3.46) into Eq. (3.39), the proof completed. a
Theorem 3.3 Let v >0, and let u,v € C,[a, b] be two positive functions in [0, oo[ such that

AB TV u(t) < oo and A8, I)v(t) < oo for all t > a, If 0 < o < % <0 for some a,6 € R* and
all t € [a,b], then

éABaI; (D) < BT (ule) + v®))* < éABaI; (u(v(t)), (3.47)
Proof Using the condition

0<a§%§9, (3.48)
we conclude that

(1+a)u(e) < (ule) + () < (60 + D)u(), (3.49)

o ; L) < (ult) + v(0) < - ;“ u(t). (3.50)

By (3.49) and (3.50) we obtain

1 (@) +v@®)> 1

Multiplying (3.51) by ﬁ and then by %, we get
11-v 1-v (u(t) + v(1)? 11-v
8 B0 “ " =B Gra@r D = o By YO (352)
1v(t-s)' 1 v(t =)' (u(t) + v(t)? 1v(t-s)' 1
aBO)Iro) O = B U@+ D) = @ By “Ove- (353)

Integrating Eq. (3.53) from 0 to ¢ with respect to s, we have

1 [fv-s)! Lot =s)""1 (uls) + v(s))?
3 | om0 0s= [ Sore i aw (359
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1 ftv(-s)T
< ;/a —B(U)F(v) u(s)v(s) ds.

Adding Egs. (3.52) and Eq. (3.54), we obtain the required inequality. O

4 Conclusion

In this paper, we have considered Minkowski’s inequality for the AB-fractional integral
operator. We have also obtained some other types of integral inequalities for the AB-
fractional integral operator. By the help of this work we obtained more general inequalities
than in the classical cases. For possible further work, we suggest to apply the obtained in-

equalities to prove the existence of solutions of fractional differential equations.
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