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1 Introduction and main results

Integral geometry originated from geometric probability. It is a very important branch of
the global differential geometry, which investigates the global properties of manifolds and
convex bodies. Geometric inequality is an important topic in integral geometry. Perhaps
the classical isoperimetric inequality is the oldest geometric inequality, that is, the disc
encloses the maximum area among all domains of fixed perimeter. Let K be a domain of
area A with simple boundary of perimeter P in R?, then

P’ _47A >0, (1.1)

the equality sign holds if and only if K is a disc.

The root of the classical isoperimetric problem can be traced back to ancient Greece.
However, the rigorous mathematical proof of the isoperimetric inequality was obtained
in the 19th century. Via the variational method, the first rigorous mathematical proof of
the isoperimetric inequality was obtained by Weierstrass in 1870. By comparing a simple
closed curve and a circle, Schmidt found a concise proof of the isoperimetric inequality
in 1938. The isoperimetric inequality has been extended to the discrete case, the higher
dimensions, and the surface of constant curvature (see [1, 2, 6,9-11, 15, 18, 22, 31-35]).

The quantity of the isoperimetric inequality (1.1)

Ay(K)=P*—4mA (1.2)
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measures the deficit between K and a disc of radius P/2x, it is called the isoperimetric
deficit of K.

During the 1920s, Bonnesen proved some inequalities of the following form:
Ay(K) =P* - 47 A > By, (1.3)

where By is a nonnegative invariant of geometric significance and Bx = 0 if and only if K
is a disc. An inequality of the form (1.3) is called the Bonnesen-style inequality, and it is
stronger than the isoperimetric inequality (1.1). Many Bonnesen-style inequalities have
been found (see [1, 4, 12, 16, 19, 33]).

Conversely, we considered the upper bound of the isoperimetric deficit, that is,

Ay(K) =P* —4m A < Uy, (1.4)

where Uy is a nonnegative invariant of geometric significance, it is called the reverse
Bonnesen-style inequality.
For the oval domain K in R?, Bottema obtained the following reverse Bonnesen-style

inequality (see [5]):
P> — 4 A <% (pp — pm) (1.5)

where p,, and p,; are the minimum and maximum of the continuous curvature radius
p of the boundary 9K, respectively. The equality holds if and only if p,, = pu, that is,
K is a disc. Howard, Gao, Pan, Zhang, and others (see [8, 17, 29]) obtained some re-
verse Bonnesen-style inequalities with the methods of analysis and curvature flow as fol-

lows:
P’ 47 A < c|A|, (1.6)

where c is a constant and A is the area of K, the domain K is bounded by the locus of the
curvature centers of 9K, where the equality sign holds if and only if K is a disc, that is, K
is a point. Some reverse Bonnesen-style inequalities for surface X? of constant curvature
have been obtained in [13, 23, 27, 28]. Zhou et al. obtained some reverse Bonnesen-style
inequalities for any convex domain in [33].

By comparing a simple closed curve and a circle, Schmidt proved the isoperimetric in-
equality in 1938. We were motivated by Schmidt’s works, we compared the two simple
closed curves directly and obtained the symmetric mixed isoperimetric inequality (see
[14, 20, 21, 24-26, 30]). That is, let K (k = 0,1) be two domains of areas A with simple
boundaries of perimeters Py in R?. Then

P3P} — 1672ApA, > 0, (1.7)
where the equality sign holds if and only if both K and K are discs. When one of the do-

mains is a disc, inequality (1.7) immediately reduces to (1.1). That is, the symmetric mixed

isoperimetric inequality (1.7) is a generalization of the isoperimetric inequality (1.1).
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The quantity
Ao(Ko, Ky) = P2P} — 1672 ApA, (1.8)

is called the symmetric mixed isoperimetric deficit of K and K.
We were motivated by Bonnesen’s works, we considered whether there is a nonnegative
invariant By, x; of geometric significance such that

Ao(Ko, Ky) = P2P} — 1672 ApA) > By, (1.9)

where By, x, = 0 if and only if both K and K; are discs. An inequality of the form (1.9) is
called the Bonnesen-style symmetric mixed inequality, it is stronger than the symmetric
mixed isoperimetric inequality (1.7). Zhou, Xu, Zeng, and others (see [14, 20, 21, 2426,
30]) obtained some Bonnesen-style symmetric mixed inequalities with the known kine-
matic formulae of Poincaré and Blaschke.

Conversely, we considered the upper bound of the symmetric mixed isoperimetric
deficit of Ky and K, that is,

Ao(Ko, Ky) = PEP} — 162 ApA) < Uky ;) (1.10)

where Uy, k, is a nonnegative invariant of geometric significance, it is called the reverse
Bonnesen-style symmetric mixed inequality. When one of the domains is a disc, an in-
equality of the form (1.10) reduces to a reverse Bonnesen-style inequality. For any con-
vex domain K; (k = 0,1) of areas A; and perimeters Py in R2, Zhou, Xu, Zeng, and
others obtained the following reverse Bonnesen-style symmetric mixed inequalities (see

[21, 25, 30]):
P3P} — 16w AgA; < 4 *PoP1 (Ro1R; - rorr?), (1.11)
P3P} — 16w AgA; < 167 (R3R] - 13r7), (1.12)

where rg; = max{¢: t(gK;) C Ko;¢g € G2} and Ry; = min{¢ : £(gK;) 2 Ko; g € G,} are the inra-
dius of Ky with respect to K; and the outradius of K, with respect to K, respectively. G,
is a group of plane rigid motions. Ry and ry are the radius of the minimum circumscribed
disc and the radius of the maximum inscribed disc of K, respectively. Each equality sign
holds if and only if both Ky and Kj are discs.

The purpose of this paper is to find some new reverse Bonnesen-style inequalities for the
oval domain in R?, which generalize known reverse Bonnesen-style inequalities. Via the
kinematic formulae of Poincaré and Blaschke, and Blaschke’s rolling theorem, we obtain
a sharp reverse Bonnesen-style inequality (3.10) in Theorem 3.2 as follows:

P> — 4 A < 2mpy — P)(P - 27 py),

which improves Bottema’s result. Furthermore, we obtain two reverse Bonnesen-style
symmetric mixed inequalities (4.10) and (4.11) in Theorem 4.2 as follows:

2
P3P} — 1677 AgAy < 4 A% (ol - pit)”

PoP; \ ( PoP
P3P} —16m%AgA; < 16n2Af<p3§ - WA, ) (471A1 - p5”1>.
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When Kj is a unit disc, (4.10) reduces to the known reverse Bonnesen-style inequality
(1.5) of Bottema, inequality (4.11) reduces to (3.10).

2 Preliminaries

A set of points K in R” is convex if the line segment Ax + (1- 1)y € K forallx,y € Kand 0 <
A < 1. A domain is a set with nonempty interior, and an oval domain is a convex domain
of boundary at least C2. A convex body is a compact convex domain. The Minkowski sum
of convex sets K and L, the scalar product of convex set K with A > 0 are, respectively,
defined by

K+L={x+y:xe€K,yel},
and
A ={Ax:x € K}.

A homothety of the convex set K is of the form x + AK for x € R”, A > 0.
For the proof of the main theorem, we cite Blaschke’s rolling theorem in R? from [3, 7,
13, 25].

Lemma 2.1 (Blaschke’s rolling theorem) Let K be an oval domain in R?, p,, and py be
the minimum and maximum of the curvature radius of 0K, respectively, B, be a circle of
radius t in R2.
Ift € (0, py,) and B, is tangent to 0K inside, then B, has no other common point with dK.
Ift € [pp1, +00) and By is tangent to oK outside, then B, has no other common point with
oK.

By Lemma 2.1, we obtain the following corollary.

Corollary 2.1 Let K be an oval domain in R?, p,, and py; be the minimum and maximum
of the curvature radius of K, respectively, B; be a circle of radius t in R?. When t € (0, py,)
or t € [pp,+00), and dK N d(B;) # @, then B; has two common points with 0K or By is
tangent to 0K.

Proof Suppose that B, has more than two common points with dK when ¢ € (0, p,,,] or
t € [pm,+00), then we can move B, properly so that it is tangent to dK and has other
common point with 9K this is inconsistent with Blaschke’s rolling theorem. O

Corollary 2.2 Let Ki (k = 0,1) be two oval domains in R?, p,,(0K}) and pp(3Ky) be the
minimum and maximum of the curvature radius of 0Ky, respectively. When pp(0Ky) <
om(0Ky) or 0,,(0K7) > pp(0Ky), and 0Ky N K, # @, then 0Ky has two common points with
0K or 9K is tangent to 0K;.

Proof Suppose that dKj has more than two common points with dK;, we can draw a circle
B, of radius ¢ through three points among these common points. Therefore, we have ¢ €
(om(0Ky), pa1(0Kyp)) and ¢t € (p,,(0K7), par(dK7)); this is inconsistent with the conditions of
Corollary 2.2. O
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3 Reverse Bonnesen-style inequalities

Let K be an oval domain of area A and perimeter P in R?. Let p(3K) be the curvature radius
of boundary 9K and p,, = min{p(dK)}, pp = max{p(dK)}. Let dg denote the kinematic
density of the group G, of plane rigid motions, and B; be a circle of radius ¢ in R?. Let
n{dK Nd(gB;)} denote the number of points of intersection dK N d(gB;) and x {K NgB;} be
the Euler—Poincaré characteristics of the intersection K N gB;. Then we have the following
kinematic formula of Poincaré (see [18]):

/ n{dK Nd(gB,)} dg = 8n Pt (3.1)
{g€G2:0KNd(gBr)#0}

and the kinematic formula of Blaschke

/ x{K NgB;}dg = 27°t* + 27 Pt + 27 A. (3.2)
{geGy:KNgB#0}

If « denotes a set of all positions of B; in which either gB; C K or gB; D K, then the kine-
matic formula of Blaschke (3.2) can be rewritten as

f dg = 271°t* + 2 Pt + 2 A — f x{K NgB,}dg. (3.3)
Iz {g€G2:0KN3(gBy) %)

Since K is an oval domain in R?, then

x{K NgB;}dg = / dg. (3.4)

v/{geGZ:E)Kﬂf)(gBt)-le] {g€G2:0K N3 (gBs) 0}

When ¢ € (0, p,,] or ¢ € [pa, +00), by Corollary 2.1, we have n{dK N 9(gB,)} = 2 or gB; is
tangent to K. When gB, is tangent to 0K, we have

/ n{dK Nd(gB;)} dg =0, (3.5)
(g€Go:0K N3 (gBy)#7)
therefore,
/ n{aK N 8(gBt)} dg = / 2dg. (3.6)
(g€Ga:0KNd(gBy)#7)} {g€Go:0KNd(gBy) A4}

By (3.4) and (3.6), we have

x{K NgB,}dg = 1 / n{dK Nd(gB,)} dg. (3.7)

-/{gerziiKﬂii(ng)-T/@} {g€G2:0K N3 (gBy) 7}

Therefore, when ¢ € (0, p,,] or ¢ € [pp, +00), by (3.3), (3.7), and (3.1), we obtain

/ dg = 2m%t> + 2Pt + 2 A — f x{K NgB:}dg
1 {g€Ga:0K N (gBr)#0)

1
= 2%t + 2Pt + 2 A — = / n{BK N B(gBt)} dg
(2€G2:0KN(gBy)#4)

= 272t% + 27 Pt + 2w A — A Pt
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= 2% — 27 Pt + 2w A

>0. (3.8)
Theorem 3.1 Let K be an oval domain of area A and perimeter P in R?, then
at*—Pt+A>0; te(0,pn,]ortepp,+00). (3.9)

The inequality is strict whenever t € (0, p,,) or t € (pp1, +00). When t = p,, or t = py, the
equality holds if and only if K is a disc.

Proof We obtain inequality (3.9) directly from (3.8)
f dg = 222 27 Pt +2mA > 0; £ € (0, p] Or t € [ppr, +00).
n

By Blaschke’s rolling theorem (Lemma 2.1), we know B, has no other common point with
9K when B, is tangent to 9K inside with ¢ € (0, p,,], or B, is tangent to 9K outside with
t € [pm, +00). Therefore, we have gB, C K when t € (0, p,), gB; O K when t € (pp, +00),
and d(gB;) has no common point with 9K, then fu dg >0whent € (0, py,) or t € (par, +00).
That is, inequality (3.9) is strict whenever ¢ € (0, p,,) or t € (a1, +00).

When ¢ = p,, or £ = py, the equality holds clearly in inequality (3.9) if K is a disc. Con-
versely, if K is not a disc, by Blaschke’s rolling theorem (Lemma 2.1), we know that B,,, has
no other common point with dK when B,,, is tangent to 0K inside, and B,,, has no other
common point with 0K when B,,, is tangent to dK outside. Therefore, if K is not a disc,
we have gB,,, C K and d(gB,,,) has no common point with 3K, gB,,, O K and 8(gB,,,) has
no common point with dK, then f# dg > 0 when K is not a disc. That is, K is a disc when
fu dg = 0. Therefore, when ¢ = p,, or t = py, the equality holds in (3.9) if and only if K is a
disc. O

Theorem 3.2 Let K be an oval domain of area A and perimeter P in R?, then
P*—4n A < 2npp — P)(P = 27 py), (3.10)

where p,, and py are the minimum and maximum of the continuous curvature radius p
of the boundary 0K, respectively. The equality holds if and only if K is a disc.

Proof By inequality (3.9),
at*—Pt+A>0; te(0,pn]orte pm+0),
we have

Tom” —Ppm +A >0,

7 pm® —Poy + A >0,
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that is,

—47wA < 4n?p,,? — 4w Pp,,,

47w A < 4712pM2 — 47 Ppyy.
Therefore, we have

P’ — 47w A < P> — 47 Pp,, + 472 pp>

=(P- anm)Z,
and

P’ — 47w A < P? —4nPpy; + 47 pas

= (2mpu - P).

Since B(t) = wt? — Pt + A reaches the minimum when ¢ = % and inequality (3.9), we have
Om =< % < pa, that is, 2mp,, < P < 27w p,. Therefore,

VP2 - 4w A <P -2mp,,,
VP2 -4 A < 2mpp — P.

By multiplying the last inequalities side by side, we have
P> — 4w A < (2 ppr — P)(P = 27 py).

The equality holds in (3.10) if and only if the two equalities hold in (3.9) when t = p,, and
t = pp, that is, K is a disc. a

Foralla > 0, b > 0, we have 4ab < (a + b)?, that is,
(27 pm = P)(P = 271 pm) < 70*(oat — i)
Therefore, the upper bound of the isoperimetric deficit in inequality (3.10) is better than
the upper bound in inequality (1.5), that is, the reverse Bonnesen-style inequality (3.10)

strengthens Bottema’s result.

4 Reverse Bonnesen-style symmetric mixed inequalities
Let K; (k = 0,1) be two oval domains in R?. Let p(3K) be the curvature radii of boundaries
0Ky, and let p,,(0Ky) = min{p(0Ky)}, par(0Ky) = max{p(dKy)}. Let

%, (Ko, K1) = max{¢ : py(0(£(gK1))) < pin(0Ko); g € Ga}
and

Py (Ko, K1) = min{z : 0 (3(¢(eK1))) = pm(9Ko); g € Ga}
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be the inradius and the outradius of curvature, Ky with respect to K3, where G, is a group of
plane rigid motions. It is obvious that 05(Ko, K1) < pf/[(KO,Kl). Since both pg, (Ko, K1) and
plgw(l(o,K 1) are rigid invariant, we simply denote them by pf and pj!, respectively. Note
that, if Kj is a unit disc, then pjj} and pj! are the minimum p,,(3Kp) and the maximum
pm(0Kp) of the continuous curvature radius of the boundary 9Ky, respectively.

Let K (k = 0,1) be two oval domains of areas Ay and perimeters Py in R2. Let dg denote
the kinematic density of the group G, of plane rigid motions. Let n{dKy N 9(t(gK1))} de-
note the number of points of intersection Ky N d(¢(gK7)), and let x {Ky N £(gK7)} be the
Euler—Poincaré characteristics of the intersection Ko N ¢(gK;). Then we have the following
kinematic formula of Poincaré (see [14, 20, 21, 24—26, 30]):

/ n{dKo N 3(t(gk))} dg = 4tPoPy (4.1)
{g€G2:0KoNA(t(gK1))#0}

and the kinematic formula of Blaschke

/ X {1(0 N t(g](l)} dg =2 (t2A1 + AO) + tPoPl. (42)
{geGo:KoNt(gK7)#%}

Let 1 denote a set of all positions of K; in which either £(gK;) C Ky or £(gK;) D Ko, then

(4.2) can be rewritten as

/ dg =27 (£ Ay + Ag) + tPoPy — / x {Ko N t(gKy)} dg. (4.3)
I {geG2:0KoN(t(gK7))#0}

Since K (k = 0,1) are two oval domains in R?, then

X {Ko N t(g](l)} dg = / dg (44)

/[:gEGQ:BKoﬂa(t(gKl))#V)} {geG:0KoNa(t(gK1))#0}

When ¢ € (0,p01] or t € [p)f,+00), we can obtain pu(3(t(gK1))) < pm(3Ko) or

Pm(9(£(gK1))) = pm(dKy). By Corollary 2.2, we have n{dKy N d(¢(gK1))} = 2 or 9(¢(gK1))
is tangent to dKy. When 9(£(gK7)) is tangent to 9Ky, we have

f n{dKo N3 (t(gky))} dg =0, (4.5)
{g€G2:0KoN3(¢(gK1))#0}

therefore,

n{dKo N d(t(gky))} dg = / 2dg. (4.6)

/{gerii’Kom(t(gKl))#@} {g€G2:0KoN3(¢(gK1))#0}

By (4.4) and (4.6), we have

/ x {Ko N t(gKy)} dg
{g€Go:0KoNd(t(gK1))#0)

1

2 /{gerzaKoma(r(gKl))#m

n{dKo N3 (t(gky))} dg. (4.7)
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Therefore, when ¢ € (0, pi] or ¢ € [p}!, +00), by (4.3), (4.7), and (4.1), we obtain
/ dg =2 (t2A1 +A0) + tPoPl —/ X {Ko n t(g](l)} dg
W {g€G2:0KoN3(¢(gK1))#0}

_ 27T(t2A1 +A0) +tPyP; — l/ Vl{aKo N 8(t(gK1))} dg
{g€G2:0KoNd(t(gK1))#4)

= 27TA1t2 —P()Plt + 27TAO

> 0. (4.8)

Theorem 4.1 Let K; (k = 0,1) be two oval domains of areas Ay and perimeters Py in R?,
then

2w A — PoPit +2mAg = 0; e (0,p0] ort € pdf, +00). (4.9)

The inequality is strict whenever t € (0, plj;) or t € (p}l, +00). When t = plji or t = pf], the
equality holds if and only if both Ky and K are discs.

Proof We obtain inequality (4.9) directly from (4.8)
/ dg =2mA 1> — PPt +2mAg > 0; te (o, pgﬂ orte [,oévl[, +00).
n

When t € (0, p}), that is, pp(3(£(gK1))) < pm(3Kop), we have

t(gK1) C Bpyateieky)) C Bom(ako) € Koi £ € (0, 001),

where (B, (3((gk,)))) has no common point with 3(B,,,3x,)). Therefore, we have £(gK7) C
Ko, and 9(¢(gK7)) has no common point with 9(Kp) when ¢ € (0, pf1). When ¢ € (p{!, +00),
that is, p,,(9(t(gK1))) > pam(9Kp), we have

t(@K1) D By, 3061 D Boytoko) D Kos £ € (g1, +00),

where 9(B,,,,(3((gk))) has no common point with 8(B,,,sx;)). Therefore, we have #(gK;) D
Ko, and 9(£(¢gK7)) has no common point with 3(Kp) when ¢ € (0!, +00). In summary, we
have fu dg >0when ¢t € (0, i) or t € (p{f, +00). That is, inequality (4.9) is strict whenever
t€ (0, o) ort € (pl, +00).

When ¢ = pfi or t = pjl, the equality holds clearly in inequality (4.9) if both Kj and K; are
discs. Conversely, if Ky and K; of which at least one is not a disc, it includes the following
two types: Only one of them is not a disc; Ky and Kj are not discs. When only one of Kj
and K; is not a disc, we have p{(gK1) C Koy and 9(p{; (gK1)) has no common point with
dKo, pd1(gK1) D Ko and 9(p{(gK1)) has no common point with 9Ky, then fu dg > 0 when
only one of Ky and K] is not a disc. When K and K; are not discs, we have

P01€K1) C By (oo k1)) € Bpmtoro) C Ko,
where 3(p{}(gK1)) has no common point with dKj, and

M
P01 €K 2 B, aiabiexan) 2 Boatoko) 2 Koo
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where 3(05!(gK1)) has no common point with 9Kj, then fﬂ dg > 0 when Ky and Kj are not
discs. In summary, fu dg > 0 when Kj and K; of which at least one is not a disc. That is,
both Kj and K are discs when fﬂ dg = 0. Therefore, when t = p{fj or t = ,o{)vf , the equality
holds in inequality (4.9) if and only if both Ky and K; are discs. O

When Kj is a unit disc, inequality (4.9) immediately reduces to inequality (3.9).
We now obtain the following reverse Bonnesen-style symmetric mixed inequalities.

Theorem 4.2 Let Ki (k = 0,1) be two oval domains of areas Ay and perimeters Py in R?,

then
PP} —167°AgA; < 4 A2 (0l - o), (4.10)
PyPy PyP;
P2P? — 1672 A0A; < 167242 oM - —— ) —— - p ), 4.11
0" oL = P01~ gma, )\ ama, ~ P (4.11)

where each equality holds if and only if both Ky and K are discs.
Proof By inequality (4.9),
2T AtE — PoPit + 2 Ay > 0; te (0, pg{] orte [pévll, +00),
we have
271A1(p0”{)2 —PyPypj; +2mAg > 0,
27 A, (021)” = PoPy it + 2 Ag > 0,
that is,
~16m%40A, < 16x2A%(pf1)” - 8 AL PPy o},
—167%AoA; < 167242 (p)” — 8 A1 Py Py ol
Therefore, we have
P2P} — 1672 AgA; < PP? + 167°A%(pl)))” — 87 A1 PoP: pl:
= (PoPy —4mA )’
and
P2P? — 1672 AgA; < P3P% + 167°A%(pl!)’ — 81 A, PPy plf
= (PoPy — 47 A ).

PPy . .
ma;» and inequality

< pl!, thatis, 4 A1 plli < PoPy < 4w A1 p}!. Therefore,

Since Bi, i, () = 2w A1£> — PoP;t + 2 Ag reaches the minimum at ¢ =

(4.9), we have pgf < 57?211

VPAP? —1672A0A1 < PoPy — AT A1pY;,
V P2P? — 16w2A0A, < AT A1 00t — PoP;.

Page 10 of 12
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By adding and multiplying the last inequalities side by side, we have
P2P? — 1672 AgA; < 4 A2 (oM — pit)’
and

Py Py PyPy
P2P? —16m2A0A, < 16m2A2 [ pMf - —= ) —— - p ).
o1 T Al = 16T 7AY | Po1 arA, )\ arA, Po1

Each equality holds in (4.10) and (4.11) if and only if the equalities hold in (4.9) when
t=pjand = p{)vl[, that is, both Ky and K are discs. O

When Kj is a unit disc, the reverse Bonnesen-style symmetric mixed inequality (4.10)
immediately reduces to the known reverse Bonnesen-style inequality (1.5) of Bottema,
inequality (4.11) reduces to inequality (3.10). For all @ > 0, b > 0, we have 4ab < (a + b)?,
that is,

PoPy \ ( PoPy 2

Therefore, the upper bound of the symmetric mixed isoperimetric deficit in inequality
(4.11) is better than the upper bound in inequality (4.10), that is, the reverse Bonnesen-
style symmetric mixed inequality (4.11) is stronger than inequality (4.10).
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