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Abstract
n-widths in approximation theory characterize how well one can approximate a
subset by some “good” subsets of a normed linear space. Especially, n-widths of sets
of RN have been studied deeply. Now the following problem is posed: we know that
R

N can be embedded in the fuzzy number space EN . Is it then possible to define
n-widths of set A in EN and obtain asymptotic estimates for these n-widths?
In this paper, we shall introduce four n-widths of A in EN and determine these

n-widths of Zadeh’s extension of diagonal matrices.
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1 Introduction
Let A and B be two subsets of a normed linear space X. One may ask: how well A can
be approximated by B? In the theory of n-widths of A in X, B will be a simple subspace
of X. We will consider the possibility of allowing the simple subspaces to vary within X
and find the one best adjusted to A. In many cases very simple sets may approximate A in
an asymptotically optimal manner. It is then possible to judge whether it is worthwhile or
not to spend additional time and money in using better but more complicated subspaces.
The results of n-widths of A in R

N may be found in [1–8].
It is well known that RN can be embedded in EN . Thus if we restrict dp

s -metric (see
Sect. 4) convergence and level convergence on R

N , then these types of convergence both
become lp-metric (induced by ‖ · ‖p) convergence. Motivated by the study of n-widths
of A in R

N , we introduce definitions of four n-widths of A in EN . Moreover, asymptotic
estimates of these n-widths of Zadeh’s extension of diagonal matrices are obtained.

2 Preliminaries
2.1 Fuzzy numbers
For a fuzzy set u : RN → [0, 1], suppose that:

(1) u is normal, i.e., there exists x ∈R
N such that u(x) = 1;

(2) u is upper semi-continuous;
(3) supp u = cl{x ∈R

N : u(x) > 0} is compact;
(4) u is fuzzy convex, i.e.,

u
(
λx + (1 – λ)y

) ≥ min
{

u(x), u(y)
}

, 0 ≤ λ ≤ 1,

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.

https://doi.org/10.1186/s13660-019-2041-7
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-019-2041-7&domain=pdf
http://orcid.org/0000-0001-5994-1663
mailto:hanyj@mail.xhu.edu.cn


Han et al. Journal of Inequalities and Applications         (2019) 2019:86 Page 2 of 12

for all x, y ∈R
N . Then u is called a fuzzy number. Let EN be the family of all fuzzy

numbers. RN can be embedded in E
N , as any u ∈R

N can be viewed as the fuzzy
number

û(x) =

⎧
⎨

⎩
1, u = x;

0, u �= x.

For u, v ∈ En, α ∈ [0, 1], the α-cut of u is defined as follows:

[u]α =

⎧
⎨

⎩
{x ∈ R

N : u(x) ≥ α}, if 0 < α ≤ 1;

supp u, if α = 0;

and the algebraic operations on EN are defined as

[u + v]α = [u]α + [v]α , [ku]α = k[u]α , k ∈R,α ∈ [0, 1].

If f : RN →R
N is a function, we define Zadeh’s extension of f by

f̃ : EN → EN ,

f̃ (u)(x) =

⎧
⎨

⎩
supz∈f –1(x) u(z), if f –1(x) �= ∅;

0, if f –1(x) = ∅.

Lemma 1 ([9]) If f : RN → R
N is continuous, then f̃ is a well-defined function and

[̃
f (u)

]α = f
(
[u]α

)
, ∀α ∈ [0, 1],∀u ∈ EN .

2.2 n-Widths of diagonal matrix
Definition 1 ([10]) Let (X,‖ · ‖) be a normed linear space, and A ⊆ X.

(1) The Kolmogorov n-width of A in X is defined by

dn(A; X) = inf
Xn

sup
x∈A

inf
y∈Xn

‖x – y‖,

where the left-most infimum is taken over all n-dimensional subspace Xn of X .
(2) The Bernstein n-width of A in X is defined by

bn(A; X) = sup
Xn+1

sup
{
λ : λS(Xn+1) ⊆ A

}

= sup
Xn+1

inf
x∈∂(A∩Xn+1)

‖x‖,

where Xn+1 is any (n + 1)-dimensional subspace of X , and S(Xn+1) is the unit ball of
Xn+1.

(3) The Gelfand n-width of A in X is defined as

dn(A; X) = inf
Ln

sup
x∈A∩Ln

‖x‖,

where the infimum is taken over all subspaces Ln of X of codimension n.
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(4) The linear n-width is given by

δn(A; X) = inf
Pn(A)

sup
x∈A

∥
∥x – Pn(x)

∥
∥,

where the infimum is taken over all continuous linear operators Pn of X into X of
rank n.

Lemma 2 ([11]) Let Xn+1 be any (n + 1)-dimensional subspace of a normed linear space
(X,‖ · ‖), and let S(Xn+1) denote the unit ball of Xn+1. Then

dk
(
S(Xn+1); X

)
= 1, k = 1, 2, . . . , n.

Let lN
p be the N-dimensional normed spaces of x = (x1, . . . , xN ) ∈R

N , with the normed

‖x‖p =

⎧
⎨

⎩
(
∑N

i=1 |xi|p)1/p, 1 ≤ p < ∞,

max1≤i≤N |xi|, p = ∞.

Let D = diag{D1, . . . , DN } be an N × N diagonal matrix. Without loss of generality, we
assume that

D1 ≥ D2 ≥ · · · ≥ DN > 0.

n-widths of Dp = {Dx : ‖x‖p ≤ 1} can be found in [1, 2, 10].

Theorem A ([2, 10]) For 1 ≤ p ≤ ∞,

dn
(
Dp; lN

p
)

= dn(
Dp; lN

p
)

= bn
(
Dp; lN

p
)

= δn
(
Dp; lN

p
)

= Dn+1.

Theorem B ([1]) Given 1 ≤ q ≤ p ≤ ∞. Let 1/r = 1/q – 1/p. Then

dn
(
Dp; lN

q
)

= dn(
Dp; lN

q
)

= bn
(
Dp; lN

q
)

= δn
(
Dp; lN

q
)

=

( N∑

k=n+1

Dr
k

)1/r

.

3 n-Widths of fuzzy numbers
The following notation will be used throughout this paper. Let Xn be an n-dimensional
subspace of RN , Ln be subspaces of RN of codimension n. S(Xn) denotes the unit ball of
Xn. Set

X̃n =
{

u : u ∈ EN , [u]0 ⊆ Xn
}

,

L̃n =
{

u : u ∈ EN , [u]0 ⊆ Ln}
,

S(X̃n+1) =
{

u : d(u, 0̂) ≤ 1, u ∈ X̃n+1
}

.

Let P̃n be Zadeh’s extension of the continuous linear operators Pn of RN into R
N of rank n.

Definition 2 Let (EN , d) be a metric space, and A ⊆ EN .
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(1) The Kolmogorov n-width of A in EN is defined by

dn
(
A; EN )

= inf
X̃n

sup
u∈A

inf
v∈X̃n

d(u, v),

where the left-most infimum is taken over all X̃n ⊆ E
N .

(2) The Bernstein n-width of A in EN is defined by

bn
(
A; EN )

= sup
X̃n+1

sup
{
λ : λ ≥ 0,λS(X̃n+1) ⊆ A

}
.

(3) The Gelfand n-width of A in EN is defined as

dn(
A; EN )

= inf
L̃n

sup
u∈A∩L̃n

d(u, 0̂),

where the infimum is taken over all subspaces L̃n of EN .
(4) The linear n-width of A in EN is given by

δn
(
A; EN )

= inf
P̃n

sup
u∈A

d
(
u, P̃n(u)

)
,

where the infimum is taken over all P̃n.

Proposition 1 Let (EN , d) be a metric space, and A ⊆ EN .
(i) δn(A; EN ) ≥ dn(A; EN ).

(ii) δn(A; EN ) ≥ dn(A; EN ).

Proof Let P̃n be Zadeh’s extension of the continuous linear operators Pn of RN into R
N of

rank n.
(i) From Lemma 1 and rank Pn = n, we know that there exists an n-dimensional subspace

Xn of RN subject to the following relation:

[
P̃n(u)

]0 = Pn
(
[u]0) ⊆ Xn, u ∈ A ⊆ EN .

Then P̃n(u) ∈ X̃n, i.e., P̃n(A) ⊆ X̃n. By the definitions of dn(A; EN ) and δn(A; EN )

δn
(
A; EN ) ≥ dn

(
A; EN )

.

(ii) If P̃n(u) = 0̂, then

[
P̃n(u)

]0 = Pn
(
[u]0)

= {0},

and [u]0 ⊆ Ln, i.e., u ∈ L̃n. Therefore

sup
u∈A

d
(
u, P̃n(u)

) ≥ sup
u∈A

P̃n(u)=0

d(u, 0̂),

whence it follows that δn(A; EN ) ≥ dn(A; EN ). �
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4 n-Widths of ˜D
We first choose a suitable metric d(·, ·) on EN to establish a relation between ‖x – y‖p and
d(u, v), x, y ∈ lN

p , u, v ⊂ EN . Then the distance between subsets of EN can be estimated by
‖x – y‖p.

Let K(RN ) be the family of nonempty compact subsets of lN
p . If A, B ∈K(RN ), 1 ≤ p < ∞,

the Hausdorff distance between A and B is defined by

dp
H (A, B) = max

{
sup
a∈A

inf
b∈B

‖a – b‖p, sup
b∈B

inf
a∈A

‖a – b‖p

}
.

For u, v ∈ EN , 1 ≤ s < ∞, α ∈ [0, 1], we define

dp
s (u, v) =

(∫ 1

0
dp

H
(
[u]α , [v]α

)s dα

)1/s

,

then dp
s is called the Ls-metric on EN [12]. Let LN

s,p := (EN , dp
s ).

Proposition 2 ([12]) (EN , dp
s ) is a metric space for 1 ≤ s, p < ∞.

Let D = diag{D1, . . . , DN }, D1 ≥ D2 ≥ · · · ≥ DN > 0, be an N × N diagonal matrix, and D̃
be Zadeh’s extension of D.

Lemma 3 Let u ∈ EN , k ∈R, 1 ≤ s < ∞, α ∈ [0, 1]. Then

dp
s (D̃u, k0̂) =

(∫ 1

0

(
sup

a∈[u]α
‖Da‖p

)s
dα

)1/s

,

and

dp
s
(
D̃(ku), 0̂

)
= |k|dp

s
(
D̃(u), 0̂

)
.

Proof Since supp 0̂ = {0}, it follows that

dp
H

(
[D̃u]α , k[0̂]α

)
= dp

H
(
D

(
[u]α

)
, k[0̂]α

)

= max
{

sup
a∈[u]α

inf
b∈k[0̂]α

‖Da – b‖p, sup
b∈k[0̂]α

inf
a∈[u]α

‖Da – b‖p

}

= sup
a∈[u]α

‖Da‖p.

Hence

dp
s (D̃u, k0̂) =

(∫ 1

0

(
sup

a∈[u]α
‖Da‖p

)s
dα

)1/s

.

Similarly, we can get the second equation. �

In this paper we are concerned with the estimate of n-widths of

D̃s,p =
{

D̃u : u ∈ EN , dp
s (u, 0̂) ≤ 1

}
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and

D̃–1
s,p =

{
D̃–1u : u ∈ EN , dp

s (u, 0̂) ≤ 1
}

.

It is often the case, see examples in [10], that a very simple form of bn(A; X) =
supXn+1 infx∈∂(A∩Xn+1) ‖x‖ is used. We introduce a similar definition of bn(D̃s,p; LN

s,p) for easy
computation.

Definition 3 For 1 ≤ s, p < ∞,

bn
(
D̃s,p; LN

s,p
)

= sup
X̃n+1

inf
u∈X̃n+1

dp
s (u,0̂)=1

d(D̃u, 0̂).

Now we state our main results.

Theorem 1 For 1 ≤ s, p < ∞,

dn
(
D̃s,p; LN

s,p
)

= dn(
D̃s,p; LN

s,p
)

= bn
(
D̃s,p; LN

s,p
)

= δn
(
D̃s,p; LN

s,p
)

= Dn+1.

Theorem 2 Given 1 ≤ s < ∞, 1 ≤ q ≤ p < ∞. Let 1/r = 1/q – 1/p. Then

dn
(
D̃s,p; LN

s,q
)

= dn(
D̃s,p; LN

s,q
)

= δn
(
D̃s,p; LN

s,q
)

=

( N∑

k=n+1

Dr
k

)1/r

.

Remark For 1 ≤ q ≤ p < ∞, Theorem 1 and 2 are obvious generalizations of Theorems A
and B.

Before proving these two theorems, we need some lemmas.

Lemma 4 For 1 ≤ s, p < ∞,
(i) δn(D̃s,p; LN

s,p) ≥ dn(D̃s,p; LN
s,p) ≥ bn(D̃s,p; LN

s,p).
(ii) δn(D̃s,p; LN

s,p) ≥ dn(D̃s,p; LN
s,p) ≥ bn(D̃s,p; LN

s,p).

Proof From Proposition 1 the following results are known:

δn
(
D̃s,p; LN

s,p
) ≥ dn

(
D̃s,p; LN

s,p
)
, δn

(
D̃s,p; LN

s,p
) ≥ dn(

D̃s,p; LN
s,p

)
.

Now we prove that dn(D̃s,p; LN
s,p) ≥ bn(D̃s,p; LN

s,p). If λS(X̃n+1) ⊆ D̃s,p, then from the defini-
tion of dn(A; EN )

dn
(
D̃s,p; LN

s,p
) ≥ dn

(
λS(X̃n+1); LN

s,p
) ≥ dn

(
λS(Xn+1); LN

s,p
)
. (1)

For â ∈ λS(Xn+1), v ∈ X̃n, a direct computation shows that

dp
H

({a}, [v]α
)

= sup
b∈[v]α

‖a – b‖p ≥ inf
b∈Xn

‖a – b‖p
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and

dp
s (â, v) =

(∫ 1

0
dp

H
({a}, [v]α

)s dα

)1/s

≥ inf
b∈Xn

‖a – b‖p.

Therefore

sup
â∈λS(Xn+1)

inf
v∈X̃n+1

dp
s (â, v) ≥ sup

a∈λS(Xn+1)
inf

b∈Xn
‖a – b‖p,

which implies that

dn
(
λS(Xn+1); LN

s,p
) ≥ dn

(
λS(Xn+1); lN

p
)
.

From (1) and Lemma 2

dn
(
D̃s,p; LN

s,p
) ≥ λ.

By the definition of bn(A; EN ) in Definition 2 (2), we have dn(D̃s,p; LN
s,p) ≥ bn(D̃s,p; LN

s,p).
The proof of dn(D̃s,p; LN

s,p) ≥ bn(D̃s,p; LN
s,p) is totally analogous to the proof of dn(D̃s,p;

LN
s,p) ≥ bn(D̃s,p; LN

s,p), here we omit it. The theorem is proved. �

Let a = (a1, . . . , aN ) ∈ R
N , A, B ⊆ R

N , we write a ⊥ A if
∑N

i=1 aixi = 0 for all x = (x1,
. . . , xN ) ∈ A and A ⊥ B if

∑N
i=1 aibi = 0 for ∀a = (a1, . . . , aN ) ∈ A, b = (b1, . . . , bN ) ∈ B. Set

A⊥ =

{

y ∈R
N :

N∑

i=1

xiyi = 0,∀x = (x1, . . . , xN ) ∈ A

}

.

Let u ∈ EN , C ⊆ EN , we write u ⊥ C if [u]0 ⊥ [v]0, ∀v ∈ C.

Lemma 5 For u ∈ EN , the following properties are equivalent.
(i) u ⊥ X̃N–n.

(ii) u ∈ X̃n.

Proof (i) ⇒ (ii). Since u ⊥ X̃N–n, we know that for ∀v ∈ X̃N–n, i.e., [v]0 ⊆ XN–n, we have
[u]0 ⊥ [v]0.

[u]0 ⊂ X⊥
N–n.

Note that X⊥
N–n = Xn. Then (ii) follows.

(ii) ⇒ (i). If u ∈ X̃n, i.e., [u]0 ⊆ Xn, then for all x ∈ [u]0 there is an (N – n)-dimensional
subspace XN–n such that x ⊥ XN–n. Consequently, we have [u]0 ⊥ XN–n, i.e., u ⊥ X̃N–n. �

Lemma 6 For 1 ≤ s, p < ∞, n < N ,

bn
(
D̃s,p, LN

s,q
)
dN–n–1(

D̃–1
s,q, LN

s,p
)

= 1.



Han et al. Journal of Inequalities and Applications         (2019) 2019:86 Page 8 of 12

Proof By the definition of dN–n–1(D̃–1
s,q, LN

s,p) and Lemma 5, we have

dN–n–1(
D̃–1

s,p, LN
s,q

)
= min

˜XN–n–1

max
u∈X̃n+1

dp
s (u,0̂)≤1

dq
s
(
D̃–1u, 0̂

)

= min
˜XN–n–1

max
u⊥ ˜XN–n–1

u�=0̂

dq
s (D̃–1u, 0̂)
dp

s (u, 0̂)

= min
˜XN–n–1

max
u⊥ ˜XN–n–1

u�=0̂

[
dp

s (u, 0̂)
dq

s (D̃–1u, 0̂)

]–1

.

Setting v = D̃–1u, by Lemma 1 we have

[v]α = D–1[u]α , ∀α ∈ [0, 1],

and

[u]α = DD–1[u]α = D
[
D̃–1u

]α = D[v]α = [D̃v]α , ∀α ∈ [0, 1].

Since D is invertible, hence v ⊥ X̃N–n–1. Now

dN–n–1(
D̃–1

s,q, LN
s,p

)
= min

˜XN–n–1

max
v⊥ ˜XN–n–1

v�=0̂

[
ds,p(D̃v, 0̂)

dq
s (v, 0̂)

]–1

=
[

max
X̃n+1

min
v∈X̃n+1

v�=0̂

dp
s (D̃v, 0̂)
dq

s (v, 0̂)

]–1

=
[
bn

(
D̃s,p, LN

s,q
)]–1. �

Proof of Theorem 1 Let Pn = diag(D1, . . . , Dn, 0, . . . , 0). For any u ∈ EN ,

dp
H

(
[D̃u]α

)
, [P̃nu]α) = dp

H
(
D

(
[u]α

)
, Pn

(
[u]α

))

= max
{

sup
a∈[u]α

inf
b∈[u]α

‖Da – Pnb‖p, sup
b∈[u]α

inf
a∈[u]α

‖Da – Pnb‖p

}

= max
a∈[u]α

∥∥(D – Pn)a
∥∥

p. (2)

Then

δn
(
D̃s,p; LN

s,p
) ≤ max

dp
s (u,0̂)≤1

dp
s (D̃u, P̃nu)

= max
u�=0̂

dp
s (D̃u, P̃nu)
dp

s (u, 0̂)

= max
u�=0̂

(
∫ 1

0 (maxa∈[u]α ‖(D – Pn)a‖p)s dα)1/s

(
∫ 1

0 (maxa∈[u]α ‖a‖p)s dα)1/s

= max
u�=0̂

(
∫ 1

0 (maxa∈[u]α (
∑N

i=n+1 |Diai|p)1/p)s dα)1/s

(
∫ 1

0 (maxa∈[u]α ‖a‖p)s dα)1/s
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≤ max
u�=0̂

Dn+1(
∫ 1

0 (maxa∈[u]α (
∑N

i=n+1 |ai|p)1/p)s dα)1/s

(
∫ 1

0 (maxa∈[u]α ‖a‖p)s dα)1/s

≤ Dn+1.

In a similar way,

δn
(
D̃–1

s,p; LN
s,p

) ≤ 1/Dn+1.

From Lemma 6

bn
(
D̃s,p; LN

s,p
)

=
(
dM–n–1(

D̃–1
s,p; LN

s,p
))–1

≥ (
δn

(
D̃–1

s,p; LN
s,p

))–1.

Thus

bn
(
D̃s,p; LN

s,p
) ≥ Dn+1.

By Lemma 4, we prove that these four n-widths equal Dn+1. �

Let 1 ≤ p, q < ∞, and 1/p + 1/p′ = 1/q + 1/q′ = 1. We use the notation x′(x) = 〈x, x′〉 for
x ∈ lN

p , x′ ∈ lN
p′ , and similarly for lN

q . Diagonal matrix D : lN
p → lN

q has an adjoint D′ : lN
q′ →

lN
p′ , defined by 〈Dx, y′〉 = 〈x, D′y′〉 for x ∈ lN

p and y′ ∈ lN
q′ . It is well known that D = D′. Let Ln

be subspaces of lN
p of codimension n and L̃n = {u ∈ EN : [u]0 ⊆ Ln}, set

Ln
⊥ =

{
x′ : x′ ∈ lN

p′ ,
〈
x, x′〉 = 0, all x ∈ Ln}

,

L̃n
⊥ =

{
v : v ∈ EN , [v]0 ⊂ Ln

⊥
}

.

It is well known that dim Ln
⊥ = n.

Lemma 7 Let 1 ≤ s, p, q < ∞, and 1/p + 1/p′ = 1/q + 1/q′ = 1. Then

dn
(
D̃s,p; LN

s,q
) ≥ dn(

D̃s,q′ ; LN
s,p′

)
.

Proof Let Ãp = {u ∈ EN : dp
s (u, 0̂) ≤ 1}. Then

sup
u∈Ãp∩L̃n

sup
a∈[u]0

‖Da‖q = sup
u∈Ãp∩L̃n

sup
a∈[u]0

sup
‖b′‖q′≤1

〈
Da, b′〉

≤ sup
u∈Ãp∩L̃n

sup
a∈[u]0

sup
v∈Ãq′

sup
b′∈[v]α

〈
Da, b′〉

= sup
v∈Ãq′

sup
u∈Ãp∩L̃n

sup
b′∈[v]α

sup
a∈[u]0

〈
a, D′b′〉. (3)

Let u ∈ Ãp ∩ L̃n and a′ ∈ Ln
⊥. Then 〈a, a′〉 = 0, ∀a ∈ [u]0. Hence

〈
a, D′b′〉 =

〈
a, D′b′ – a′〉 ≤ ‖a‖p

∥∥D′b′ – a′∥∥
p′ ≤ ∥∥D′b′ – a′∥∥

p′ .
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For u′ ∈ L̃n
⊥, we have

sup
b′∈[v]α

sup
a∈[u]0

〈
a, D′b′〉 ≤ sup

b′∈[v]α
inf

a′∈[u′]α
∥
∥Db′ – a′∥∥

p′ . (4)

Following (3), (4), and D = D′

sup
v∈Ãq′

sup
u∈Ãp∩L̃n

sup
b′∈[v]α

sup
a∈[u]0

〈
a, D′b′〉 ≤ sup

v∈Ãq′
inf

u′∈L̃n⊥
sup

b′∈[v]α
inf

a′∈[u′]α
∥
∥Db′ – a′∥∥

p′

≤ sup
v∈Ãq′

inf
u′∈L̃n⊥

dp′
s

(
u′, D̃v

)
. (5)

Combining Lemma 3, (3), and (5)

sup
u∈Ãp∩L̃n

dq
s (D̃u, 0̂) ≤ sup

v∈Ãq′
inf

u′∈L̃n⊥
dp′

s
(
u′, D̃v

)
,

then taking the infimum over L̃n, we have the result. �

Proof of Theorem 2 We first prove that δn(D̃s,p; LN
s,q) ≤ (

∑N
k=n+1 Dr

k)1/r .
Let Pn = diag(D1, . . . , Dn, 0, . . . , 0). For any u ∈ EN , as (2) in the proof of Theorem 1

dq
H

(
[D̃u]α

)
, [P̃nu]α) = sup

a∈[u]α

∥
∥(D – Pn)a

∥
∥

q

= sup
a∈[u]α

( N∑

k=n+1

|Dkak|q
)1/q

.

From 1/r = 1/q – 1/p and Hölder’s inequality

( N∑

k=n+1

|Dkak|q
)1/q

≤
( N∑

k=n+1

|Dk|r
)1/r( N∑

k=n+1

|ak|p
)1/p

,

we have

dq
H

(
[D̃u]α

)
, [P̃nu]α) ≤ sup

a∈[u]α

( N∑

k=n+1

|Dk|r
)1/r( N∑

k=n+1

|ak|p
)1/p

≤
( N∑

k=n+1

|Dk|r
)1/r

sup
a∈[u]α

( N∑

k=1

|ak|p
)1/p

=

( N∑

k=n+1

|Dk|r
)1/r

dp
H

(
[u]α , [0̂]α

)
.

Then

δn
(
D̃s,p; LN

s,q
) ≤ max

dp
s (u,0̂)≤1

dq
s
(
[D̃u]α

)
, [P̃nu]α)

≤ max
dp

s (u,0̂)≤1

(∫ 1

0
dq

H
(
D

(
[u]α

)
, Pn

(
[u]α

))s dα

)1/s
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≤ max
dp

s (u,0̂)≤1

( N∑

k=n+1

|Dk|r
)1/r

dp
s (u, 0̂)

≤
( N∑

k=n+1

|Dk|r
)1/r

. (6)

Now we are to prove dn(D̃s,p; LN
s,q) ≥ (

∑N
k=n+1 |Dk|r)1/r . From Lemma 3

dq
H

(
[D̃u]α

)
, [0̂]α) = dq

H
(
D

(
[u]α

)
, [0̂]α

)

= max
a∈[u]α

‖Da‖q

= max
a∈[u]α

( N∑

k=1

|Dkak|q
)1/q

and

dp
H

(
[u]α

)
, [0̂]α) = max

a∈[u]α

( N∑

k=1

|ak|p
)1/p

.

By the definition of dn(D̃s,p, LN
s,q) and Theorem B

dn(
D̃s,p, LN

s,q
) ≥ dn(

Dp, LN
s,q

)
= dn(

Dp, lN
q

)
=

( N∑

k=n+1

Dr
k

)1/r

. (7)

Combine (6), (7), and Proposition 1(ii),

δn
(
D̃s,p; LN

s,q
)

= dn(
D̃s,p, LN

s,q
)

=

( N∑

k=n+1

Dr
k

)1/r

.

Similarly, we can have

δn
(
D̃s,q′ ; LN

s,p′
)

=

( N∑

k=n+1

Dr
k

)1/r

and

dn(
D̃s,q′ , LN

s,p′
) ≥

( N∑

k=n+1

Dr
k

)1/r

.

By Proposition 1(i) and Lemma 7

dn
(
D̃s,p; LN

s,q
)

=

( N∑

k=n+1

Dr
k

)1/r

.

The theorem is proved. �
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