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1 Introduction
If f,g: (0,00) = R are non-negative integrable functions, satisfying 0 < fooo f2(x) dx < o0,
0< fooo g%(y) dy < 0o, the celebrated Hilbert integral inequality is as follows (see [1]):

%% f(x)g() <, NG
/0 fo o dxdym{/o f(x)dx} {/0 g(y)dy} , W

where the constant factor 7 is the best possible. Inequality (1) is very important in har-

monic analysis and theory of partial differential equations (see [1, 2]). During decades,
inequality (1) has been extensively studied by numerous authors, evolved into a lot of
meaningful results, which include the research of parametric quantization, mixed kernels,
homogeneous kernels and non-homogeneous kernels, the extensions of fractal space, etc.
(see [3—15]). In 2011, Yang gave an integral inequality of Hilbert type with exponential
kernel as follows (see [16]):

/Omfoooe_xyf(x)g()’)dxdy< \/77{ /Ooofz(x)dx} : {/Ngz(y)dy} %, 2)

0

where the constant factor /7 is the best possible.
In this paper, by using the method of weight function, the technique of real analysis, and
the theory of special function, a Hilbert-type integral inequality and its equivalent form

. i “ (ma B . . . .
with the kernel as L2 }LVE:;“”‘“” 7 are given, and their optimum constant factor in rela-

tion to Whittaker function and the application of the obtained results are briefly discussed.
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We configured with power parameters for each factor of the integral kernel. Besides, we
introduce a free parameter 6 (it can take any real number) when using the weight func-
tion method based on “Hardy interpolation problem”. In practical applications, the con-
ditions 0 < [, #”"~fP(x) dx < 0o and 0 < [;° y1~'g%(y) dy < 0o in the obtained results are
easily met by selecting the parameter 6 as needed. On the other hand, a series of Hilbert-
type integral inequalities with single kernels, mixed kernels, and compound kernels can
be obtained by selecting appropriate parameter 6 and other parameter values, so that the
obtained results can be used more widely.

2 Preliminaries
Some special functions are required in the following deduction (see [17]).

(1) Suppose that Re(s) > 0, then gamma function I"(s) and incomplete gamma function
I'(s,a) (a > 0) are defined by the expressions

I'(s):= /00 et tdt, (3)
0
I'(s,a):= /00 et ldt. (4)

(2) Beta function B(u,v) (u,v > 0) is defined by the expression

! r(u)r
B(u,v) ::/ Q- e tde = M (5)
0 I'(u+v)
(3) Confluent hypergeometric function (also called Kummer function) 1F;(A, u,z)
(A, 4,z > 0) is defined by the expression

- (?»)n o F(M) o~ 2" (n+ 1)
1F1( oz Z n!( (i) Z mC(n+p) ©)

n=

here, the mark (x), =x(x+1)---(x+n-1) =

(x>0) Ify>0,a>0-1,by(6), we
obtain

Fi(l,2+a-0,y)=T(2 0 7
1F1(1,2+a ¥) o= )Z n+2+a 6) (7)

(4) Whittaker function M(k, m, z) is defined as
1 _z 1
Mk, m,z):=2""2e 21F1<m—k+ §,2m+1,z>. (8)

By (7) and (8), we have

n

-0 a-0 1 0 >
M( , +—,y):ya%+le_%f'(2+0(—9)zy—' 9
n=0

2 2 2 I'n+2+a-0)

When y >0, a >6 — 1, by (5) and (9), we find

1
I = / eV 0 dy
0
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1
= e’yf e’ 10520 gt
0

n

o)
=e}/ E
n!

n=0 0

| <

t)n P Gdt

~ " I(n+ 1) (1+a-0)
N Z? I'n+2+a-0)

n=0
O—a 1 _ v
y 2 e2I'(l+a-0) _+1
= 102 0
r2+a-0) errQra- )Z
vy let fa—0 a0 1
= M , +=y ).
l+a-06 2 2 2

Furthermore, setting ¢ = u, when y >0, 8 > 6 — 1, by (4), we find
o0 oo
L= / eVP 0 dt = ye_ﬁ_lf e PO du=yPr1+p-0,y).
1 ¥

Lemma 1 1fp>1,1%+$:1,9€R,y >0, when y >0, « >0 -1, 6 is an arbitrary real
number. The weight functions are defined by the following expressions:

> (min{1, xy})* (max{L,xy})f y~*
w(a:ﬂ;%@’x) ::/(; erxy de’
) (min{1, xy})*(max{1,xy})f x
oo, B,y,0,y) = /(; e y_(”l dx,

then we have

w(a, B,y,0,%)
= w(a’ﬁ’ )’»90’) = C(O"ﬁr )/,«9)

I M55+ 5, ) +y P r (L B=06,y),

27 2 2

Proof Setting xy =t,wheny =0,a >6, 8 <0 — 1, we have

00 . o p
ola, B,v,0,x) ::/ (min{1,xy})*(max{1,xy})’ y d
0 erxy x9 1

1 o0
/ 0 dt + / =0 dt
0 1

1 1
+ .
a—0+1 B-0+1

When y >0, a,8 > 6 — 1, we have

* (min{1,xy}))*(max{L,xy})f y~*
Zz dy
ersy x9-1

w(a, B,v,0,x) := /
0

F(n+2+(x 0)

|

y>0,0,8>60-1.

(10)

(11)

y=0a>6,<0-1,

(12)
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dt

evt

~ /'°° (min{1, £})*(max{1, £})? o
0

1 00
= / et 0 dr + / eV P 0di=1 + 1,
0

1

O—a 1 _ v
y 2 e 2 -0 a-06 1 0-B-1
= M , -, I'(1 -60,y).
l+a-0 ( 2 T2 TV)tY (L+p=6.y)
Similarly, we can get w(e, B,v,0,y) = C(a, B,v,0). O

Lemma 2 pr>1,%+$:1,9eR,y20,wheny:0,a>9,,3<9—1,andwheny>(),
a, B >0 -1, ¢ isasufficiently small positive number, both real functions f (x), g(y) are defined
as

- 0, x€(0,1), . 0, x € (1,00),
f(x) = gt g(y) = _0+E&
xr, xell,00), y e, ye(0,1],

then we have

[/ X0 1f”(x dx:| [/myq"—lgp(y)dy] ! e=1, (13)
 (min{1, xy})* (max{L,xy)*f€)20) ,
ce=¢€ prom
> Cla, B, y,e)(l -o(1)) (¢—0%). (14)

Proof With the defined functions above, we can easily get

_ [/mxpg_lj?p(x) dx:|1_’ [/qug_lgp(y) dy]q -
0 0
[e'e} }7 1 %1
_ -1l-¢ —1+e e —
= [/1 x dx] [/0 y dy] e=1.

Setting xy = £, when y = 0, notice the condition as « > 0, B <6 — 1. By Fubini’s theorem
of commutative integral order (see [18]), we obtain

hee= 8/ / (min{l,xy})u(max{l,xy})ﬂf(x)g(y) dxdy
o Jo

:sfmx‘l_g dx/x(min{l, t})* (max{1, t})’3 0T dt
1 0

00 1 x B
=s/ x"l_gdx[/ £ 9+th+/ %4 dt:|
1 0 1
o0 1 o] . o0 .
= / x‘l_gdx[ / £ dt + / P dr - / #a dt}
1 0 1 x
1 1 [ %) c
= + —ef x1E dxf P04 gt
a—9+1+% ,6—9+1+§ 1 M

1 1 o0 gt
> s+ : —8/ x‘ldx/ 77" dt
oe—9+1+5 ﬁ—9+1+5 1 x
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1 1 €
= + —
a=0+1+2 f-0+1+% (/9—9+1+§)2
1 1

01(1).

+ p—
a—-60+1 B-0+1

In addition, when y > 0, @, 8 > 6 — 1, notice the fact e7* < 1, £ € [x,00) (x > 1). Making
use of (10) and (11), we also obtain

evrxy

- [ee} [e¢} 5 o /3’“ ~
e o s/ / (min{1,xy})*(max{1,xy})’ f(x)g(y) dxdy
o Jo

o] X 1 o B €
:8/ x—l—s dx/ (mln{lrt}) (maX{L t}) t—9+§ dt
1 0

evt

00 1 . X .
s/ x e dx[/ eV dt 4 / e viPorg dt:|
1 0 1
00 1 . 00 . 00 .
= sf x e dx[/ eV dp 4 f eV P gt —/ e ViP 0 dt]
1 0 1 x

0—a £
yTil*qu‘% a-0 & a-0 1 ¢
= M +—, +§+2—,y

1+a—9+§ 2 29 2

+y0_ﬁ_1_;1"<1+,3—9+ f,y)
q

o0 oo 0 .
—8/ x e dx/ eVP 0 gt
1 X

O—a
71 a—-60 ¢ a-60 1 ¢
M + —, +—+ =,y
2 2g 2 2 2q

_e
2q e

>

RI® | o

14
l+a-0

+y9_’3_1_21’<1+,3—9+ f,7/>
q

o0 oo 0 o
—8/ x_ldx/ P70 q gt
1 X

y‘%”-le-%M a-60 a-60 1 B B-6,)|(1—0a(D)
= , + =,y )+ +B -0, —0y(1)).
l+ta—0 R AR v 2

To sum up, we have

erxy

U el b (min{1, xy})* (max{1,xy})f f (x)3(y)
heg= 8/0 /0 dxdy

> Cla, B,7,0)(1-0(1)) (¢ —0"). O

3 Main results

Theorem 1 Ifp>1, }9 + % =1,0 € R, f(x),g(y) > 0, satisfying 0 < fooo K7L (x) dx < 00,0 <
fooo y1g4(y)dy < 00. y > 0, and parameters a, B, y, 0§ meet the following requirements:
wheny =0,a>0, <0 -1, and when y >0, «, B >0 — 1. Then the following inequality
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holds:
% (min{1,xy})*(max{1,xy})’f (x)g() drd
eyxy ray
< c<a,ﬂ,y,e>{ [ dx}p { [ dy}ﬁ. 15)
0 0

The constant C(a,B,y,0) appearing on its right-hand side is the best possible, where
C(w, B,y,0) has the same expression as (12).

Proof By weighted Holder’s inequality (see [19]) and Lemma 1, we have

/ > / * (min{1,xy})* (max{1,xy})’f (x)g(») dxdy

evxy
/ ]°° (min{1, xy)) (max{L, xy})*f (x)g(y) [y Hx— ] e
ersy x 2 y_g 4
{f /00 (min{1, xy})*(max{1, xy})ﬁfp(x) y dxd }1
erey = q

q
dx dy}

{/"O/"o (min{1, xy})*(max{1,xy})?g?(y) x~°
x
eyxy )f%

1

_ { / " ol By, 0,9 L7 () dx}” { / " oles By, 0,y ) dy}q
0 0

{ /0 oque‘lg”’(y) dy} " (16)

in (16) takes the form of equality, then by the conclusion of

ST

= C(a,,B,y,G){/:Ox”e_lfp(x)dx}

“n

Now, suppose that
Holder’s inequality, there exist constants A and B, which are not all zero, such that

y X .
A= fP(x) =B—5¢"(y) a.e.in(0,00) x (0,00),
x yr

so there is a constant C # 0, the expression
AxP?fP(x) = By g%(y) = C  a.e.in (0,00) x (0,00)

is valid. Assuming that A # 0, we have ¥*°~1f?(x) = A—Cx a.e. in (0,00). The integral as
fooo A—Cx dx is divergent, which contradicts the fact that 0 < fo xP~1fP(x) dx < co. Hence
expression (16) only takes the form of strict inequality.

We will prove by counter-proof that the constant factor C(x, 8,y,0) in (15) is the best
possible. If the constant factor C(«, 8,y,60) in (15) is not the best possible, then there ex-
ists a positive number K < C(a, 8, y,0) such that inequality (15) is still valid when replac-
ing C(«, B,y,0) by K. But employing expressions (13) and (14), we get C(«, B,7,0)(1 —
0(1)) < K. Letting ¢ — 0%, it follows that K > C(«, 8, y,0), which contradicts the previ-
ous hypothesis that K < C(«, 8, y,0), so the constant factor C(a, 8, y,6) in (15) is the best
possible. g
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Theorem 2 Under the same conditions as Theorem 1, the inequality

/ooy%’ (1=g®) { /oo (min{1, xy})* (max{L,xy})’f (x) dx}p dy
0 0

erxy

<CP’(a,B,7,9) /Ooxpe’lfp(x) dx (17)
0

holds and the constant factor CP(w, 8,y ,0) appearing on its right-hand side is the best pos-
sible. In addition, inequality (17) is equivalent to inequality (15).

Proof First, we will derive (17) from (15).
Define a real function as [f (x)],, := min{n, f(x)}. For 0 < f0°° x971fP (x) dx < 0o, there exists

no € N such that 0 < ff xP97LfP (x) dx < 0o (n > np). Setting a real function as

&) ::y}—;(l—qe) [/n (min{1,xy})* (max{1,xy})? [ ()], dx]f? (% y<mn= Vlo>

1 eyxy

when 7 > ny, making use of (15), we find
0< /1 Y1l (y) dy
- [ g 0t dy

dx dy

:/n/n (mm{l,xj/})“(max{l,xy})ﬁ[f(x)]ngn()’)

evxy

<c .o [ ol [ gos) (18)

n

Moreover, making use of (18), we find

o< [y iggoray= [ i { [ minth) st ). dx}” "

1 eyxy

n n

< Cp(a,ﬂ,y,é’)/lnxpe’l [f(x)]]; dx < 00. (19)

For n — oo, it follows that 0 < [;° y*~1g%.(y)dy < 00 and 0 < [~ #**~1f(x) dx < co.
By (15), we know that expressions (18) and (19) still keep the form of strict inequalities.
Hence, inequality (17) holds.

Next, we will derive (15) from (17). If inequality (17) holds, by Hélder’s inequality, we

have

erxy

o0 1-g6 o0 1 d B gq6-1
| [yT [ (min{1, ay)* (max{1, xy))"f @) dx][yTg(y)] "

erxy

< {/ T [/ % (min{1,xy})" (max{1,xy})"f (x) dx]p dy}}g
0 0

evxy

/ = / > (min{1, xy})* (max{1,2y})’f (x)g(y) dxdy
0 0
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> a9=154 () o ‘
X{/o ¥ g y) y}
< c<a,/3,y,e>{ [ ) dx}ﬁ { [ ") dy}q.
0 0

It is shown above that inequality (15) holds, so inequality (17) is equivalent to inequality
(15).

In addition, suppose that the constant factor C?(«, 8, ¥, 6) is not the best possible. Then
by (17), the constant factor C(«, B,y,60) we acquired in (15) is not the best possible too,
which contradicts the conclusion of Theorem 1. Thus the constant factor C?(«, 8, y,0) in
(17) is the best possible. g

4 Operator expression with norm
Suppose that p > 1,117+ %1 =1,y>0,0eR,f(x),g(y) >0,wheny =0, >0, B <6 -1,and

wheny >0,0,8>60 - 1. ¢p(x) = xP0-1 ¥ (y) :yq9—1 (x,y > 0), apparently, wl—p(y) _ y§(1*q9).
Now, define normed linear spaces as

12(0,00) = {f: 1l = [ [0 w(x)Lf(x)Ipdx]p < oo},
L%,(0,00) := {g: lgllgy = [/0 W(y)!g(y)lqdy}q < 00},
12, ,(0,00) = {h: Vil 10 = [ fo wl"”(y)|h(y)|pdyr < oo}.

If f € I4(0,00), a singular integral operator is defined as T : I},(0,00) — L* | (0, 00),

i

*° (min{1,xy})* (max{1, xy})”
evxy

T () = /0 f(x)dx, ye(0,00).

For f € 14,(0,00), g € L;I(O, 00), the formal inner product of Tf and g is defined as

0o poo . o B
(TF.0) = /O /0 (min{1,xy})* (max{1,xy})"f (x)g(y) dxdy.

evrxy

With regard to (17), we have

IO 10 = f VPO T dy < CP(a, B,7,0)If 11, < 00. (20)
0
According to the expression (20), the operator T is bounded, that is,

1T p,p1-r

1T =
f(;lo)eLpl_p(O,oo) ”f”w
4

= Cla,B,7,0).

Because the constant factor C(a, 8, y,0) is optimal, therefore || T|| = C(w, B, y,6).
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Theorem 3 By the preceding Theorems 1 and 2, inequalities (15) and (17) can be expressed

as the following operator expressions with norm:

(TF,8) < I T Nl €l (21)
[T 1 < ITIPIFIL,- (22)

5 Simple applications

We select the appropriate parameter values in (15) and (17) (first selecting the values of y
and 6, then determining the range of « and ) and calculate the value of constant factor
C(a, B,y,0) using Maple mathematical software. At the same time, combining with the
representation methods of (21) and (22), some results in the references and some hand-
some Hilbert-type integral inequalities and their equivalent forms with single kernels or
mixed kernels are obtained.

Example 1 Letting y =1, 0 = %, a=p=0,p=q=2, wecan get C(0,0,l,%) = /7 by
calculating formula (12). If f,g > 0, p(x) = 1, satisfying O < ||f|l2, lIgll2 < oo, then we obtain
(2) and its equivalent form

00 %) 2
/0 [/0 e‘xyf(x)dx] dy < |fll3, (23)

where the constant factor 7 is the best possible.

Example 2 Letting y =0, 0 = %, a=1,8=-1,p=qg=2,wecan get C(1,-1,0, %) = % by
calculating formula (12). If f,g > 0, p(x) = 1, satisfying 0 < ||f]l2, lgll2 < 0o, then we have
the equivalent inequalities

min{1, xy

f / max{(1,xy} x)g(y)dxdy<—uf||z||g||z, 04
min{1, xy} 2 64

/0 [0 max(L o) W} dy <5 If 15, 05)

where the constant factors %, % are the best possible.

Example 3 Letting y =0,60 = -3, =0, /3——2p q =2, we get C(0,-2,0,- ) %by
calculating formula (12). Iff,g > 0, ox) = x2’ satisfying 0 < ||[fll2,¢, llgll2,p < 00, then we
have the equivalent inequalities

_ fwg) 8
./ / (max{L, xy})2 dxdy < gllf||2,¢||g||2,<p, (26)
2 Sf(x) 2 64
/()‘ Y I:/(; de} dy < ?Hf”zy(p; (27)

where the constant factors %, % are the best possible.

Example 4 Lettingy =0, 0 = %, a=2,8=0,p=g=2,weget C(2,0,0, %) = % by calculat-
ing formula (12). If f,g > 0, ¢(x) = 2, satisfying 0 < fll245 lIgll2,o < 00, then we have the
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equivalent inequalities

oo o0 8
[ [ it roordsdy < Sl 08)
o Jo 3

AT !
/0 )ﬁ [/0 (min{l,xy})zf(x) dx:| dy < ry |[f||§,¢,, (29)

where the constant factors %, % are the best possible.

Example 5 Lettingy =1,0=0,a=1,8=0,p=g=2, we get C(1,0,1,0) = % by calcu-
lating formula (12). If f,g > 0, ¢(x) = %, satisfying 0 < ||fll2,¢, lI€ll2,» < 00, then we have the
equivalent inequalities

oo o0 1 1’ - ].
/ / mm{+if(x)g(y) dxdy < eT I ll2 l1g1l12,65 (30)
1,
/ [ %’?}ﬂ)dx} dy < ( ) 113, Gy

where the constant factors %, (%)2 are the best possible.

Example 6 Lettingy =1,0=0,0=0,8=1,p=g =2, we get C(0,1,1,0) = % by calcu-
lating formula (12). If f,g > 0, ¢(x) = 1, satisfying 0 < [|f|2,¢» gll2,¢ < 00, then we have the
equivalent inequalities

/ / ma"“xe{w)g(y dxdy <—|lf||w||g||2w o
00 * max{1,xy}f (x) ’ e+l
[ ™ ] e (4 > iz -

where the constant factors e*l (621 )2

are the best possible.

Example 7 Letting y =1, 6 = %, a=1B8=-1,p=q=2 we get C(l,—l,l,%) =
g(Senf(l) —4) + e = 0.5570924045" by calculating formula (12). If f,g > 0, ¢(x) = 1,
satisfying 0 < ||f [l2,¢, [Igll2,, < 00, then we have the equivalent inequalities

/w wwda«dw(?(Serf(n%)+e-1)|w|z,¢||g||2,¢, (34)
0 0

max{1,xy}e”
[ £°° min{1,xy}f (x) 2 Jr -1 2 2
‘/0 [ i de] dy < <T(5erf(1)—4)+e ) 1115, (35)

where the constant factors ﬁ (5erf(1)—4) +e7!, (ﬁ (5erf(1) — 4) + e71)? are the best pos-
sible, and erf(x) = f f ot dt is an error function.
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