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1 Introduction
Let H be a separable Hilbert space, and {x;};c; be a countable sequence in H. It is called a

frame for H if there exist constants 0 < C; < C; < oo such that

Gillxl? < Y [wa) | < Gllal® forxeH, (1.1)

iel

where C;, C, are called frame bounds. 1t is called a Bessel sequence in H if the right-hand
side inequality of (1.1) holds. And it is called a Riesz basis if it is a frame for #, while it
ceases to be a frame for H whenever an arbitrary element is removed. Given a frame {x;};c;

for H, a sequence {y;};c; in H is called a dual frame of {x;}c; if it is a frame for H such that

X = Z(x,xi)y,- forx € H. (1.2)

iel

It is easy to check that if {y;};c; is a dual frame of {x;};c;, then {x;};c; is also a dual frame
of {yi}ier. So we say ({#:}icr, {¥:}icr) is a pair of dual frames in this case. It is well known
that ({x;}icr> {yi}icr) is a pair of dual frames for H if and only if {;};c; and {y;};c; are Bessel
sequences in H satisfying (1.2), and that a Bessel sequence (frame, Riesz sequence) is ex-
actly the image of an orthonormal basis for 7 under a linear bounded operator (bounded
surjection, bounded bijection) on . For basics on frames, see, e.g., [3, 18].

Throughout this paper, we denote by L(7) the set of bounded linear operators on .
We define the operation “®” as follows. For /43,4y € H, we define the operator /1; 8/, on
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‘H by
(1,805)(x) = (x,hp)h;  forx € H. (1.3)

It is well known that an arbitrary rank-one linear operator is always of this form. Herein,
we use @ instead of ® since @ denotes rank-one antilinear operator throughout this paper.

Now we turn to the tensor product of Hilbert spaces. There are several ways of defining
the tensor product of Hilbert spaces. Folland in [6], Kadison and Ringrose in [9] repre-
sented the tensor product of Hilbert spaces H; and H; as a certain linear space of opera-
tors. Let H; and H; be complex separable Hilbert spaces. An operator T from #; to H;
is said to be antilinear if

T(ax + By) =aTx + BTy (1.4)

for x, y € Hy and «, B € C. We consider the set of all bounded antilinear operators from
H; to H;. The norm of an antilinear operator T : H, — H; is defined as in the linear case:

IT|l = sup || Tgll. (1.5)
llgll=1

By a standard argument as in [10], given a bounded antilinear operator 7 : Hy, — H;, all

series ) i, |l Tu]»ll2 associated with an orthonormal basis {u;}e; for H; take the same value

(not necessarily finite).

Definition 1.1 Let H; and H; be Hilbert spaces. Then the tensor product H; ® H, of H;
and H,; is the set of all bounded antilinear maps T : H; — H; such that Zie] | T ||> < o0
for some, and hence every orthonormal basis {u;};c; of H,. Moreover, for every T € H; ®
H,, we set

T = 1 Tugg ).

jeJ

Recall from [6, Theorem 7.12], that H; ® H is a Hilbert space with the norm ||| - ||| and
the associated inner product

(QT)=) (QujTu) for QT eHy®Ha. (1.6)

jel
Let f € H1, g € H,, we define their tensor product f ® g by
(f®9)(¢)=(gg)f forg eH,. (1.7)
Obviously, f ® g belongs to H; ® H,. By Lemma 2.2 below, a bounded antilinear operator

T from H; to H,; is rank-one if and only if T = f ® g for some 0 #f € H; and 0 # g € H,.
Also, by [6], for any f,f" € H; and g, g’ € Hs,

fogrod)={egg) (1.8)
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Moreover, by Proposition 7.14 in [6], the tensor product of two orthonormal bases for H;
and H, is an orthonormal basis for H; ® H;. Throughout this paper, we always use {e;};c;
and {#;};; to denote orthonormal bases for 7; and H,, respectively.

We now consider the tensor product of operators. Given T € £(#;) and Q € L(H,),
define the tensor product 7 ® Q of T and Q by

(T® QB=TBQ* forBeH; ®H.,.

By a standard argument, we have that T ® Q € L(H; ® H>). The following proposition is
repeated from [6, 7, 12].

Proposition 1.1 Suppose T, T’ € L(H1), Q,Q € L(H>), then

@) T®QeL(H1®H,) and |IT ® Qlll = ITIQI-

(b) (TRQ(f®g) =Tf Qg forallf € Hi,g € H,.

© (TeQIT"®Q)=(TT) ® (QQ).

(d) If T and Q are invertible operators, then T @ Q is an invertible operator and
(TeQ'=T"'®Q™"

e TeQ =T"®Q"

(f) Letf,f' € H1\{0} and g,g’ € H\{0}. If f @ g = f' ® &, then there exist constants a
and b with ab = 1 such that f' = af and g’ = bg.

In [5, 8], it is proven that the tensor product of a sequence with itself is a frame if this
sequence is a frame. In [10], it is proven that the tensor product of two frames must be a
new frame for the corresponding tensor product space. In 2008, Bourouihiya in [1] and
Upender in [17] obtained the following proposition which is generalized to the G-frame

setting in [16]. For basics on G-frames, see, e.g., [13—15] and the references therein.

Proposition 1.2 The sequence {f; ® g : i € I,j € J} is a Bessel sequence (frame, Riesz basis)
SJor H1 ® Hy if and only if {fi}icr and (gj}je; are Bessel sequences (frames, Riesz bases) for
‘H, and H,, respectively.

A fundamental problem in the frame theory is to find dual frames with good properties.
A pair of dual frames gives an expansion of the elements in the space which is like atomic
decomposition in harmonic analysis. Unfortunately, for a given tensor product frame, little
has been known to us except for its canonical dual in [10]. This study aims to investigate
dual frames of a general tensor product frame {f; ® g/} (i j)er~;. Particularly, we are interested
in dual frames with tensor product structure.

From the viewpoint of operators, [4, Theorem 3], demonstrates that, on an arbitrary
ellipsoidal surface A in a separable Hilbert space #, there exists a sequence {x;};c; such

that some multiple of the identity operator Al has the following rank-one decomposition:

)Jq.[ = Z x,-Qxi,

iel
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where I3; denotes the identity operator on . For the case of dim H < 0o, [2] characterizes

sequences {a;}1, such that

M
My = inMi
i=1
for some constant A and {x;}?!,, where ||x;|| = a; for 1 < i < M. For the case of dimH = oo,
[11, Proposition 7], presents another sufficient condition on {«;}{; satisfying the following
identity:

o0
Iy = inMi
i-1

with ||x;]| = \/a;. Furthermore, the decomposition of more general operators was studied
in [11]. For an arbitrary positive operator B with finite rank, [11, Theorem 2], characterizes

a class of sequences {a;}*, for which there exists {x;}}, with |x;|| = /a; such that

M
B= Z xiﬁxi.
i=1

And for an arbitrary positive non-compact operator B, [11, Theorem 6], gives a sufficient

condition on {4;}7°, for which there exists {x;}7°, with ||x;|| = /a; such that

B= i xiﬁxi.
i=1

In summary, these results focus on decomposing an bounded linear operator on H into a
sum of rank-one linear operators. Actually, a pair of tensor product dual frames also gives
some rank-one decomposition of operators. Recall that every T € H; ® H; is a bounded
antilinear operator from H, to H; and that, if {f; ® g} ;j)erxs and {fl ®§;}(l"j)€]x] form a pair
of dual frames for H; ® H,, then

T= Y afi®F (1.9)

(iy)elx]

for T € H1 ® Ha, where a;; = (T,f; ® g;). Therefore, the #-based decomposition presents
arank-one linear operator decomposition of bounded linear operators on , while the ®-
based (1.9) presents a rank-one antilinear operator decomposition of bounded antilinear
operators from H; to H;.

The rest of this paper is organized as follows. In Sect. 2, we characterize tensor product
dual frames, give an explicit expression of all dual frames of tensor product frames, and
prove the existence of non-tensor product dual frames. In Sect. 3, we present an explicit
expression of all tensor product dual frames of tensor product frames. Some examples are

also provided in Sect. 2 to illustrate the generality of the theory.
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2 Dual characterization
This section is devoted to dual characterizations. We will derive a necessary and sufficient
condition for two tensor product Bessel sequences to be a pair of dual frames; obtain an
explicit expression of all duals of tensor product frames; and prove the existence of non-
tensor product duals of tensor product frames. For this purpose, we first introduce some
notations.

Let f = {fi}ic; and g = {gj};; be sequences in H; and H,, respectively. We write

feg={i®g:)eclx]}

Suppose that f and g are Bessel sequences in H; and H;, respectively. We denote by T,
Ty, and Ttgg the synthesis operators corresponding to f, g, and f ® g, that is,

Tee= Y cli)f; forceX(I),

iel

Toc = Zc(j)gj for ¢ € I(J)

jel

and

TtggC = Z ci,j)fi®g force B x ).
Gj)elx]

And we denote by Sg, Sg, Stgg the frame operators corresponding to f, g, and f ® g, ac-
cordingly, i.e.,

Se=TeTf,  Sg=TgT),  Steg = TregTing:

In particular, for the finite dimensional case, we also introduce the following notations.
Let {e;}}"; and {}}., be orthonormal bases for #; and H,, respectively. Then each ele-

ment of H; and , can be uniquely represented in terms of {e;}/”; and {u;}.;, respectively.

For f € H, and g € H,, we define ¢(f) € C” and ¢(g) € C" by

f=<e1, ey -+, em)C(f) (2.1)
and
g=<u1, Uz, vt un)c(g) (2:2)
with
a(f) ci1(g)
-] | and | (23)

Cin (f) Cn (g)
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Given sequences f = {f;}, in #; and g = {gj}ll»\:[1 in s, we denote by Mg and M, the fol-
lowing m x M and n x N matrices:

Aﬁ:(qﬁx o), -, c%ﬂ) (2.4)

and

Mg =(cler), o), -, clav)- (2.5)

The following lemma demonstrates that the synthesis (analysis) operator associated
with the tensor product of two Bessel sequences is exactly the tensor product of their

respective synthesis (analysis) operators.

Lemma 2.1 Let f = {f;};c; and g = {gj}jc; be Bessel sequences in H, and H,, respectively.
Then

Tf®g =T ® Tg and Tf*®g = Tf* (%) T;

Proof Since f and g are Bessel sequences in H; and H,, respectively, Tt and T are all
linear bounded operators. For arbitrary ¢ € 2(I) and d € {2(J), by Proposition 1.1(b), we
see that

Trog= »_, c)d()i®g
(ipelx]

= Y (@) ® (dlg)

(ipelx]
= (Te) ® (Tyd)

~(T; ® Tg)(c® d),

Also observe that {c® d : c € I*(I),d € [>(J)} is dense in [2(I x J). It follows that

Tf®g = Tf & Tgy
whence
Tf*@g =T ® T; : -

Similarly to the case of “®; the following lemma shows that the tensor products take
over all rank-one antilinear operators from #; to #;.

Lemma 2.2 For T € H; @ H,, dim(range(T)) < 1 if and only if

T=f®g

for some f € Hy and g € H,.
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Proof The sufficiency is obvious. Next we prove the necessity. Suppose dim(range(7)) <
1. If dim(range(T)) = 0, then T = 0 ® g for an arbitrary g € H,. Next we suppose
dim(range(T)) = 1. Take 0 # f € range(T). Then, to every /i € H,, there corresponds a
unique number Cj, such that

Th = Cyf.
Define A : H; — Cby

Ah=C, forheH,.
Then

(@1 Ay + ay Abo)f = T(enhy +aahz) = Aleahy + o),
equivalently,

Alorhy + aghy) = a1 Ahy + oy Ay (2.6)
for 1,09 € C and /3, hy € H,. Also observing that

| ARIFN = I1ThI < T Al
we see that

17l

Ah| = Al
| Il

This together with (2.6) leads to A is a linear bounded functional on ;. So there exists
unique g € H, such that

Ah=(hg) forheH,.
It follows that
Th=Ahf = (g, h)f =f ® g(h)
forhe Hy,andthus T=f ®g. d

The following lemma gives an explicit expression of the tensor product of two finite-
dimensional spaces. It will be used in Example 2.1 below.

Lemma 2.3 Let {e;};, and {u;}/_, be orthonormal bases for H and H,, respectively. Then
Hi®Hs = iA:A(ul, Uy, s u,,)z= (el, ey v, eW,)AE

forze C", A isan m X n matrix } (2.7)
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Proof By a simple computation, we have

(e ® uj)(h) = Mei

=<el, e e, em> E;je(h) (2.8)

for1<i<m,1<j<mn,heH, whereE;; denotes the m x n matrix with (i, j)-entry being

1 and others being zero, c(/) denotes the conjugate of c(/). Since {¢; @ u;: 1 <i<m,1 <
j < n} is an orthonormal basis for ; ® H,, observe that

Hi®@Hy=spanf{e; @ u;:1 <i<m,1<j<n}.
This leads to (2.7) by (2.8). The proof is completed. O

Next we turn to the main results of this section. The first theorem gives a necessary and
sufficient condition for two tensor product Bessel sequences to form a pair of dual frames.

Theorem 2.1 Assume that f = {fi}ics and f = {E}tel are Bessel sequences in Hi, and g =
{gj}jes and g = {gj}jej are Bessel sequences in Hy. Thenf Q@ g and f @ form a pair of dual
frames in Hi @ H, if and only if there exist constants a and b with ab = 1 such that

T¢Ti =aly, and TgTi = bly,. (2.9)
Proof Since f and 1 are Bessel sequences in H; and g and g are Bessel sequences in H,,
by the definition of dual frame, f® g and f® g are a pair of dual frames in H; ® H, if and
only if

Trog Tz = 1o
This is in turn equivalent to

Tf®ng®§(ei Qu)=eQu; for(i,j)elx] (2.10)

due to the fact that {e; ® u; : (i,j) € I x J} is an orthonormal basis for H; ® H,. Therefore,
to finish the proof, we only need to demonstrate that (2.10) is equivalent to (2.9). Next we
do this. By Lemma 2.1 and Proposition 1.1(c), we have that

Tf®gT§k®§ = (Tf by Tg)(T'%k & Tg)
- (113 @ (1,T3).
It follows that

Tf®ng®,g(e,» ®u) = (TiTie:) ® (TgTzu;) for (i,j) € I x]
by Proposition 1.1(b). So (2.10) can be rewritten as

(TiTie) ® (TyTiuj) = e @u;  for (i) €I % ], (2.11)
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equivalently, for each (i,j) € I x J,
T¢Tiei=ae; and TgTzu;=bu; withab;=1 (2.12)

by Proposition 1.1(f), where a;, b; are two constants. Fix iy € I, then b; = ai foreveryje].
0

It follows that all b; take the same value b. Again from a;b = 1 for every i € I, we see that

all a; take the same value a. This implies that (2.12) is equivalent to

TtT; =aly, and TgTy =bly, withab=1

due to the fact that {e;};e; and {1;};c; are orthonormal bases for #; and H,, respectively.
The proof is completed. O

Observe that, given Bessel sequences f = {f;}ic/, f = {f;}ie; in H; and g = {glier 8=1{Z}jes
in Hy, f and f (g and g) form a pair of dual frames in H; (H,) if and only if T¢ T3 = Iy,
(TgTg = Iz,). As a special case of Theorem 2.1, we have the following corollary. It shows
that the dual property is preserved under the tensor product operation.

Corollary 2.1 Let f = {f;}ic; and g = {gj}j; be frames for H, and H,, respectively. Assume
that £ = (f}ie; and g = {g}jes are dual frames of f and g, respectively. Then f®gisadual
frame of f ® g.

Corollary 2.1 and Proposition 1.2 show that a tensor product frame always admits a
tensor product dual. It is natural to ask whether all duals of a tensor product frame are of
tensor product. The following theorem characterizes all duals of a general tensor product
frame. Then using it we derive Theorem 2.3 which shows the existence of non-tensor
product duals of tensor product frames.

Theorem 2.2 Let f ® g be a frame for H, ® Hy with f = {fi}ic; and g = {gj}jej. Then the
dual frames of £ @ g are precisely the families

{S‘_lﬁ @G rwy- ) (Sf_lfi'ﬁ’xsg_lgi’g'f’)%’f} ’ (2.13)
(j)elx] (ij)elx]

where {w;j} i jeixy is a Bessel sequence in H1 ® H,.

Proof By Proposition 1.2, f and g are frames for H; and H,, respectively. So S¢ and S
are well-defined, bounded, and invertible. By Theorem 6.3.7 in [3], the dual frames are
precisely the families of the form

{Sf_ég(fi ®g)+wii— Y (Siaglfi ®g)Sfi ®g/)wif,/} : (2.14)

(i/,j’)EIX] (i)elx]

-1

where {w;;}(jerx; is a Bessel sequence in H; ® H,. Also, by Proposition 3.2 of [10], Sf®g =

Si'® Sgl. This implies that

Stagli ®g) = S\ ® Sg'g,
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(Staglfi @ g).fr @ g7) = (ST S0 (S &0 87)

for (i,)), ({',j') € I x J by Proposition 1.1(b) and (1.8). Therefore, (2.14) can be written as
(2.13). The proof is completed. 0

Lemma 2.2 shows that every element of H; @ H; is of tensor product whenever one of
dim(#;) and dim(H;) equals 1. So a tensor product frame in H; ® H, admits a non-tensor
product dual only if both dim(#;) and dim(#,) are greater than 1. Next, with the help of
Theorem 2.2, we will prove that this condition is also sufficient for a redundant tensor
product frame to admit a non-tensor product dual.

Theorem 2.3 Let dim(H,), dim(H,) > 1, and £ ® g be a redundant frame for H, & H, with
f = {fitict and g = {gj}jc;. Then £ ® g admits at least one non-tensor product dual.

Proof By Theorem 2.2 and Lemma 2.2, to finish the proof, we only need to find a Bessel
sequence {W;} jerxs in Hi1 ® H, such that

dim(range(T;;)) > 2 for some (i,j) € I x J, (2.15)

where

Ti,j = Sf_lfl ® S;lg/ + Wi,j - Z (Sf_lﬁ,ﬁ/XSglgj,g/)wi//.

(i j)elx]

Since f ® g is not a Riesz basis for H; ® Ha, there exist (i1,/1), (i2,)2) € I x J such that

(Sf_xl»g(fil ® g )’fiz ® g/’z) 7 3i1,i281'1,1'2 (2.16)
by [3, Theorem 7.1]. By [10, Proposition 3.2], Proposition 1.1(b), and (1.8), we have
(Sf_é)g(ﬁl ®g1'1)rfi2 ®g1'2> = (Sf_lfipﬁz)(S;gh’giz)'
Hence, (2.16) is equivalent to

(551ﬂ1:ﬁ2>(5§1&1’&2> #Silvi2871:j2' (2.17)

By a simple argument, we have that (2.17) holds if and only if one of the following three
conditions happens:

Condition 1 (S;* il,ﬁl)(Sglgh,g'l) #1, S, ®Sg1gj1 #0.

Condition 2 (S;'f;,.f;,) (Sglgh,gh) #1, S ® Sglgh =0.

Condition 3 (i1,/1) # (i2. o), (S7fiuofi) (5280, 81) = L (S; s fin) (S5281,8) #0.

Next we prove that, whenever one of the above conditions is satisfied, we may construct
a Bessel sequence {w;}(;jer~s such that range(T;, ;) contains two orthogonal nonzero vec-
tors. This leads to (2.15) with (i1, j1).

For Condition 1, choose unit vectors # € H; and v € H, such that

(0,82 fi) = (v.S5'gy) = 0. (2.18)
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This can be done since dim H;, dimH, > 1. Define {w;;}(jjerxs by

uQv
(8¢ iy fiy )45 811 851

0 otherwise.

if (i) = (v, j1);

Wl‘y]' =

Then by a direct computation, we have
Tijr = Sf’lfi1 ® Sg’lgj1 +uUQv.
It follows from (2.18) that
Tijy (S;gyl) = ||S;g,'1 ||sz’1f,»1, Ty =u,

which are two orthogonal nonzero vectors.
For Condition 2, choose unit vectors u;, uy € H; and vy, v, € H, such that

(U1, uz) = {v1,v2) = 0. (2.19)

Define {w;;}(jerxs by

U @vi+ux @vy  if (5,) = (i1, /1);

Wivl .
0 otherwise.
Then
Ti1J1 = Wi+

It follows from (2.19) that
Til,jl (Vl) =uj, ’Til,jl (VZ) = Uy,

which are two orthogonal unit vectors.

For Condition 3, choose unit vectors u € H; and v € H, such that
(.85 i) = (v, Sg'gn) = 0. (2.20)
Define {Wi,j}(i,j)elx] by

_ u®v
(S¢ iy fin) (S5 81 g1

0 otherwise.

if (4,)) = (i2,/2);
Wl‘]' =

D

Then

Ty = S?fh ® S;& +URV.



Wang and Li Journal of Inequalities and Applications (2019) 2019:76 Page 12 of 17

It follows from (2.20) that

- - 20
Tiy o (Sglgl'l) = ”Sglgil ” S 1fil’ Tiy o V) =u
which are two orthogonal nonzero vectors. The proof is completed. d
Next we give an example of Theorem 2.3 in the finite dimensional case.

Example 2.1 Let H; and H, be two finite dimensional Hilbert spaces, and {e;}/"; and
{uj}}2, be orthonormal bases for 7, and H,, respectively. Assume that f ® g is a redundant
frame for H; ® H, with f = {f}, and g = {g]}N Then, by a simple calculation, for any
f € Hi, g € Ha, we have that

o(Sef) = MeMielf),  c(Sgg) = MgMie(g),
o(ST) = (M) elf),  e(S'e) = (M) el@),
and
(St ®S5'g)e
- (575 @57) (w0 )@
=<€1, em)(c(s;lﬁ)eac(s;g,))c(g)
(e v en) (alSQST s eSS ) )
)

= (61, Tty em Ai,jc—@: (2.21)

for (i,)) € {1,2,...,M} x {1,2,...,N}. By Lemma 2.3, an arbitrary sequence {wi,j}?f’lj'\;:l in
H1 ® H; has the form

Wijg = Wi <u1 un) c(g) = (61 e €m> .Qi,,'c_(g) (2.22)

for (i,j) € {1,2,...,M} x {1,2,...,N} and g € H,, where £2;; is an m x n matrix for every
(i,)) € {1,2,...,M} x {1,2,...,N}. It follows by Theorem 2.2 that all dual frames of f @ g
have the form

{Ti,/ZTl’,ng (81, ey, em) |:Ai,j+-Qi,j
M,N

M N
=0 {e(Se ) clth))e(Sg' g) s clgr)) 2 ]:|c—(g) for g € Hz} , (2.23)

/=1 j=1 i=1j=1

where £2;; is an m x n matrix for each (;,) € {1,2,...,M} x {1,2,...,N}.
Write

M N
Vi = A+ Q= )Y (e(S ) clf))(e(Sg ) clg))$2

=1 j/=1
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for (i,)) € {1,2,...,M} x{1,2,...,N}. Obviously, (2.23) is determined by {Qi,/}?f’ll,\][-:l. Hence,
by Lemma 2.2, constructing a non-tensor product dual frame of f ® g reduces to construct-
ing {.Qi,,-}if’l{\]{:l satisfying

rank(Y;;) > 2 for some (i,)) € {1,2,...,M} x {1,2,...,N}. (2.24)
Since f ® g is not a Riesz basis for H; ® H,, by [3, Theorem 7.1], we have that

(C(Sf_lﬁ1)’c i2)><c(Sg_1gjl)’C(g}'2)> = <Sf_1 i1 i2><5;1g}'1’g1'2>
= (Sf_ég(fil ®g/1)’fi2 ®g/2)
#8i1v528/1:f2 (2.25)

for some (i1, /1), (io,j2) € {1,2,...,M} x {1,2,...,N}. According to the arguments in the

M,N

proof of Theorem 2.3, we divide the following three cases to construct {£2;;};7}

(2.24).

Case 1. (c(S;* il),c(ﬁl))(c(S;gjl),c(gjl)) #1, (S ® c(S;lgjl) #£0.

Choose two linearly-independent nonzero vectors d;,d; € C”. Define {.Q,»,j}?f’l{\;:l by
Q=

| satisfying

(d1—c1(Sg" i, )e(Sg fiy Jda—ca(Sg gy )e(Sg i1),0,..-0)
1=(e(Sg iy )elfiy ) (e(Sg iy )relgiy )

0 otherwise.

if (4,) = (i1, /1)

Then

T}l,jl = <d17 d21 CS(Sélg;l)C(S;lﬁl )’ Tt Cn(Sglgj] )C(SEI i1)>

by a simple computation. This implies that (2.24) holds for (i1,/1).

Case 2. (c(S; i), c(fi))) (c(Sg g ) (@) # 1, e(S; ' fiy) ® (S5 g) = 0.
Choose two linearly-independent nonzero vectors dj,d; € C™. Define {£2; J}?fil;(:l by

o (@ a0 el o) it = G
N 0 otherwise.

Then
Til,il = Qilvjl'

This implies that (2.24) holds for (i1, ;).

Case 3' (ilrjl) # (i2rj2)1 (C(SEI z’l),C(ﬂl))(C(Sglgjl),C@h» = 1, and (C(Sglﬁl);c(ﬁz)> X
((S; g )relgy)) #0.

Choose two linearly-independent nonzero vectors di,d, € C™”. Define {.Q,»,j}?ff]{:l by
Qi,j =

(c1(Sg gy )o(Sg iy )-dr.e2(Sg gy )e(Sg iy )=da,0,...,0)
(e(Sg i 1elfin)) (S5 g7y )clgyy )

0 otherwise.

if (4,) = (i2,/2);
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Then

‘ril,jl = (dl, d21 CS(Sg_lgjl )C(SEI i1 )» ity Oy (Sglgjl )C(SEI i1 ))
by a simple computation. This implies that (2.24) holds for (i1,/1). The proof is completed.

3 Tensor product dual expression

This section is devoted to expressing tensor product duals of tensor product frames. For
this purpose, we first give the following lemma.

Lemma 3.1 Let {e;}}", and {u; 7:1 be orthonormal bases for Hi and H,, respectively, f =

UM, = (Y] be sequences in Hy, and g = {g¥1, 8 = (G, be sequences in H,. Then,
forany f € Hyand g € H,,

LT = (e e o0 en) MiMiclf) (3.1)
and

TeTig=(m, w, -, uy) Mghie(g), (3.2)
where Ty, T, Ty, T, My, My, Mg, and Mg are defined as at the beginning of Sect. 2.

Proof We only prove (3.1). (3.2) can be proved similarly. Arbitrarily fix 1 <i < m. Since
Tf«‘ei = {ci(ﬁ)}f‘fl, we have

Ci(fz)
TfT;*el-=<f1, foe, fm) Cz’(:f2)
Ci(}i{)
(en en s )|
Ci(/.c’;/f)
It follows that
TTf =TT (e, e s en)clf)
:<el, ey v, em>MfM%‘c(f)
for f € H;. The proof is completed. d

Theorem 3.1 Let {e;};c; and {u;}je; be orthonormal bases for H, and H,, respectively.
Given sequences f = {fi}iel,fz {ﬁ}ie[ inHyand g ={g}jc/, 8= {gljeg in H2, f® g and?@'g
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form a pair of dual frames in Hi ® H, if and only if there exist constants a, b with ab =1,
linear bounded operators U, U on Hyand V, Von Ho such that

fi=Ue, fi=Ue foriel, (3.3)

g = Vu;, g=Vu forjeJ (3.4)
and

UU* =aly,,  VV*=bly,. (3.5)

Proof Observe that, if dim#; < co(dim ;3 < 00), then f ® g and f® g forming a pair of
dual frames in H; ® H, implies that f and f (g and g) are Riesz bases for H; (H5) due
to card(I) = dim#H; (card(J) = dimH;). This implies that there exist linear bounded and
invertible operators U and U (V and \~/) such that (3.3) ((3.4)) holds. For the case that
dim7; = dimH;, = oo, observe that a frame must be an image of an orthonormal basis un-
der a linear bounded surjection, and that the bounded operators U, I, V,and V satisfying

(3.5) are surjections. We may as well assume that f, f, g, and g have the following form:

fi=Ue;, };:flei foriel,

g = Vuj, 5:\7%« forje],
where U and I are linear bounded surjections on H;, and V and V are linear bounded
surjections on Hs. Observe that Ty, T, Tg, and Tj are all linear bounded operators. By
Theorem 2.1, f® g and f® g are a pair of dual frames in H; ® H, if and only if there exist
constants g and b with ab = 1 such that

TfT’;j = 6{17.[1 and Tng = bl’Hz‘ (3.6)

By (3.3) and (3.4), we have

TeTie =Y (e, Uex)Ue
kel

= U<Z(fl*ei, ek)ek)
= Ul*e;
for i € 1. Similarly,
Tngu,» = V?*uj forje].
Therefore, (3.6) is equivalent to

Ull*e; = ae; and Vv*u,- = bu; (3.7)
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for i € I and j € J. This implies that (3.7) is equivalent to
UU* =aly, and VV*=bly,

due to the fact that {e;};c; and {u;};c; are orthonormal bases for #; and H», respectively.
The proof is completed. d

Remark 3.1 In Theorem 3.1, if dim?H;, dimH; < oo in addition, then by the beginning
argument in the proof of the theorem, f and g are Riesz bases for H{; and H; respectively
whenever f ® g is a frame for H; ® H,. Therefore, Theorem 3.1 cannot be applied to the
case that f ® g is a redundant frame for ‘H; ® H, with dimH;, dim H; < co. For the case
that at least one of dim#; and dim #, is infinity, given a frame f ® g for H; ® H, (at
this time, U/ and V are determined by Proposition 1.2), Theorem 3.1 tells us that we may
obtain all its tensor product dual frames by designing I and V satisfying (3.3)—(3.5).

Remark 3.1 shows that Theorem 3.1 cannot be applied to general tensor product frames
in a finite-dimensional setting. The following theorem presents an explicit expression of
all tensor product dual frames in the finite-dimensional setting.

Theorem 3.2 Let {e;}, and {uj}]f‘=1 be orthonormal bases for H, and H,, respectively.

Assume that £ ® g is a frame for H, ® Hy with f = {ﬂ}?fl inH,and g = {gj}j\il in Hy. Then
the dual frames of £ ® g with the form of tensor product are precisely the families

(F@8: 1= (M), 8=G}Y, and MM = al, MM = bl

for some constants a, b satisfying ab = 1 }

Proof Since dim(H;) = m and dim(H,) = n, we have T, T, Ty, and Ty are all linear
bounded operators. By Theorem 2.1, f® g and f® g are a pair of dual frames in H; ® H,
if and only if there exist constants a and b with ab = 1 such that

TfT?* = (/llq.[l and Tng = b]q.[z. (38)
By Lemma 3.1, for any f € H1, g € Ho, (3.8) is equivalent to

(e, €2,...,em)MeMzc(f) =af and  (u1,ur,. ..,u,,)MgMgc(g) = bg. (3.9)
It follows that (3.9) is equivalent to

MMz =al  and MgM; =bl.
Then proof is completed. d
4 Conclusions
To construct dual frames with good structure is a fundamental problem in the theory

of frames. The tensor product dual frames can provide a rank-one decomposition of
bounded antilinear operators between two Hilbert spaces. This paper addresses tensor
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product dual frames. We characterize tensor product dual frames, give an explicit expres-
sion of all dual frames of tensor product frames, and prove the existence of non-tensor
product dual frames. We present an explicit expression of all tensor product dual frames
of tensor product frames.
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