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Abstract
The smoothing augmented Lagrange multiplier (SALM) algorithm is a generalization
of the augmented Lagrange multiplier algorithm for completing a Toeplitz matrix,
which saves computational cost of the singular value decomposition (SVD) and
approximates well the solution. However, the communication of numerous data is
computationally demanding at each iteration step. In this paper, we propose an
accelerated scheme to the SALM algorithm for the Toeplitz matrix completion (TMC),
which will reduce the extra load coming from data communication under reasonable
smoothing. It has resulted in a semi-smoothing augmented Lagrange multiplier
(SSALM) algorithm. Meanwhile, we demonstrate the convergence theory of the new
algorithm. Finally, numerical experiments show that the new algorithm is more
effective/economic than the original algorithm.

Keywords: Toeplitz matrix; Completion; Augmented Lagrange multiplier; Data
communication

1 Introduction
Completing a low-rank matrix from a subset of its entries has been a hot problem re-
cently, first introduced by [8], that has arisen in a wide variety of practical contexts across
all disciplines of engineering and computational science such as model reduction [19], ma-
chine learning [1, 2], control [22], pattern recognition [12], imaging inpainting [3], video
denoising [16], computer vision [28], and so on. Despite matrix completion (MC) requir-
ing the global solution of a non-convex objective, there are many computational efficient
algorithms which are effective for a broad class of matrices. The problem has received in-
tensive research from both theoretical and algorithmic aspects, see, e.g., [4–11, 13–18, 21,
23, 26, 27, 29–32, 34, 35], and the references therein for partial review. It is well known
that the mathematical model of the MC problem is of the following form:

min
A∈Rm×n

‖A‖∗,

subject to PΩ (A) = PΩ (M),
(1.1)
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where the matrix M ∈R
m×n is an underlying matrix to be completed, Ω is a random subset

of indices for the available entries, and PΩ is the associated sampling orthogonal projec-
tion operator which acquires only the entries indexed by Ω ⊂ {1, 2, . . . , m} × {1, 2, . . . , n}.

In the current MC problems, the matrix M is of special structure in general. Therefore,
much attention has been paid to the completion of Toeplitz and Hankel matrices in recent
years [20, 24, 25, 30, 32]. Many scholars have conducted in-depth research on the special
structure, property, and application of the Toeplitz and Hankel matrices; for example, nu-
clear norm minimization for the low-rank Hankel matrix reconstruction problem under
the random Gaussian sampling model is investigated in [7]. In addition, Hankel matrix re-
constitution in the sense of minimizing the nuclear norm with non-uniform sampling of
entries is researched in [11]. To make full use of the special structure of a Toeplitz matrix,
a mean value algorithm is presented in [30]; the modified Lagrange multiplier (MALM)
algorithm [31] and the smoothing augmented Lagrange multiplier (SALM) algorithm [34]
are also proposed. Therefore, the Toeplitz matrix completion (TMC) is one of the most
important MC problems and has attracted a large amount of attention recently. As is well
known, an n × n Toeplitz matrix is of the following form:

T = (tj–i)n
i,j=1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

t0 t1 · · · tn–2 tn–1

t–1 t0 · · · tn–3 tn–2
...

...
. . .

...
...

t–n+2 t–n+3 · · · t0 t1

t–n+1 t–n+2 · · · t–1 t0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

∈ T
n×n ⊂ R

n×n, (1.2)

which is determined by 2n – 1 entries, say, the first row and the first column. Explicitly
seeking the lowest rank Toeplitz matrix consistent with the known entries is mathemati-
cally considered as

min
A∈Tn×n

‖A‖∗,

subject to H ◦ A = M,
(1.3)

where “◦” is the Hadamard product, H = (Hij) ∈ R
n×n is the weighted matrix with entries

Hij = 1 for j – i ∈ Ω ⊂ {–n + 1, . . . , n – 1} and Hij = 0 for any other (i, j), M = (Mij) ∈ T
n×n is

the underlying Toeplitz matrix to be completed, namely Mij = 0 for j – i /∈ Ω .
The SALM algorithm switches the iteration matrix into the Toeplitz structure at each

iteration step by the smoothing operator, which saves computational cost of the singular
value decomposition and approximates well the solution. Unfortunately, numerous data
have to be shifted at each iteration step in the process of implementing this algorithm.
However, there is a cost, sometimes relatively great, associated with the moving of data.
The control of memory traffic is crucial to performance in many computers.

These factors motivated us to reduce the traffic jam of data, resulting in a semi-
smoothing augmented Lagrange multiplier (SSALM) algorithm based on the selecting
technique of the optimal parameter ω(k) at each of the five iteration steps in [33]. Com-
pared with the SALM algorithm, the new algorithm either saves computation cost or re-
duces data communication. Two aspects are taken into account, which results in more
practical or economic implementation. The new algorithm not only overcomes the slow-
ness of the SVD for the original ALM algorithm, but also reduces the greatness of the data
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communication for the ALM algorithm. We can see that the CPU of SSALM algorithm is
reduced to 30.44% from the numerical experiments.

The rest of this paper is organized as follows. Some preliminaries are provided in Sect. 2.
Section 3 presents the semi-smoothing augmented Lagrange multiplier (SSALM) algo-
rithm after giving an outline of the ALM algorithm, the dual approach, and the SALM
algorithm. The convergence property of the SSALM algorithm is constructed in Sect. 4.
We report the numerical results to indicate the effectiveness of the SSALM algorithm in
Sect. 5. Finally, we end the paper with the concluding remarks in Sect. 6.

2 Preliminaries
This section is devoted to some of the necessary notations and preliminaries. Rm×n de-
notes the set of m × n real matrices, Tn×n is the set of n × n real Toeplitz matrices. The
nuclear norm of a matrix A is denoted by ‖A‖∗, and the Frobenius norm ‖A‖F is the
maximum absolute value of the matrix entries of a matrix A. AT is used to express the
transpose of a matrix A ∈ R

n×n, rank(A) is equal to the rank of a matrix A, and tr(A) rep-
resents the trace of A. The standard inner product between two matrices is denoted by
〈X, Y 〉 = tr(XT Y ). For A = (aij) ∈ R

m×n, B = (bij) ∈ R
m×n, their Hadamard product A ◦ B is

an m × n matrix whose (i, j) entry is the aijbij, i.e., A ◦ B = (aijbij) ∈ R
m×n.

The singular value decomposition (SVD) of a matrix A ∈R
m×n of r-rank is defined by

A = UΣrV T , Σr = diag(σ1,σ2, . . . ,σr),

where U ∈ R
m×r and V ∈ R

n×r are column orthonormal matrices, and σ1 ≥ σ2 ≥ · · · ≥
σr > 0.

Definition 2.1 (Singular value thresholding operator [6]) For each τ ≥ 0, the singular
value thresholding operator Dτ is defined as follows:

Dτ (A) := UDτ (Σ)V T , Dτ (Σ) = diag
({σi – τ }+

)
,

where

A = UΣrV T ∈R
m×n, {σi – τ }+ =

⎧⎨
⎩

σi – τ , if σi > τ ,

0, if σi ≤ τ .

In = (e1, e2, . . . , en) ∈ R
n×n denotes the n × n identity matrix and Zn = (e2, e3, . . . , en, 0) ∈

R
n×n is called the shift matrix. It is clear that

Zr
n =

⎧⎨
⎩

( O O
In–r O), 1 < r < n,

O, r ≥ n,

where “O” stands for a zero-matrix. Thus, a Toeplitz matrix T ∈ T
n×n, shown in (1.2), can

be written as a linear combination of these shift matrices, that is,

T =
n–1∑
l=1

t–lZl
n +

n–1∑
l=0

tl
(
ZT

n
)l.
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Ω ⊂ {–n + 1, . . . , n – 1} is an indices set of observed diagonals of a Toeplitz matrix M ∈
T

n×n, Ω̄ is the complementary set of Ω . For any Toeplitz matrix A ∈ T
n×n, the vector

vec(A,α) denotes the αth diagonal of A, α = –n + 1, –n + 2, . . . , n – 1, that is to say,

vec(H ◦ A,α) =

⎧⎨
⎩

vec(A,α), α ∈ Ω ,

0, α /∈ Ω ,
(0 is a zero-vector).

Definition 2.2 (Toeplitz structure smoothing operator [34]) For any matrix A = (aij) ∈
R

n×n, the Toeplitz structure smoothing operator T is defined as follows:

T (A) :=
n–1∑
l=1

ã–lZl
n +

n–1∑
l=0

ãl
(
ZT

n
)l, (2.1)

where ãα = αAmin+αAmax

2 , α = –n + 1, –n + 2, . . . , n – 1 with

αAmin = min
i,j∈{1,2,...,n}{aij, i – j = α}, and αAmax = max

i,j∈{1,2,...,n}
{aij, i – j = α}.

It is clear that T (A) is a Toeplitz matrix derived from the matrix A. Namely, any A ∈R
n×n

can be changed into a Toeplitz structure via the smoothing operator T (·).

3 Algorithms
First of all in this section, for completeness as well as for the purpose of comparison, we
briefly review and summarize some relative algorithms for approximately minimizing the
nuclear norm of a matrix under convex constraints.

Since the matrix completion problem is closely connected to the robust principal com-
ponent analysis (RPCA) problem, then it can be formulated in the same way as RPCA, an
equivalent problem of (1.1) can be considered as follows.

As E will compensate for the unknown entries of M, the unknown entries of M are
simply set as zeros. Suppose that the given data are arranged as the columns of a large
matrix M ∈R

m×n. The mathematical model for estimating the low-dimensional subspace
is to find a low-rank matrix A ∈ R

m×n such that the discrepancy between A and M is
minimized, leading to the following constrained optimization:

min
A,E∈Rm×n

‖A‖∗,

subject to A + E = M,PΩ (E) = 0,
(3.1)

where E will compensate for the unknown entries of M, the unknown entries of M ∈R
m×n

are simply set as zeros. And PΩ : Rm×n →R
m×n is a linear operator that keeps the entries

in Ω unchanged and sets those outside Ω (say, in Ω) zeros.

3.1 The dual algorithm
The dual algorithm proposed in [10] tackles problem (3.1) via its dual. That is, one first
solves the dual problem

max
Y

〈M, Y 〉,

subject to J(Y ) ≤ 1,
(3.2)
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for the optimal Lagrange multiplier Y , where

J(Y ) = max
(‖Y‖2,λ–1‖Y‖∞

)
. (3.3)

A steepest ascend algorithm constrained on the surface {Y |J(Y ) = 1} can be adopted to
solve (3.2), where the constrained steepest ascend direction is obtained by projecting M
onto the tangent cone of the convex body {Y |J(Y ) ≤ 1}. It turns out that the optimal so-
lution to the primal problem (3.1) can be obtained during the process of finding the con-
strained steepest ascend direction.

3.2 The augmented Lagrange multiplier algorithm
The augmented Lagrange multiplier (ALM) algorithm was proposed in [18] for solving a
convex optimization (1.1). It should be described subsequently.

It is famous that the partial augmented Lagrangian function of problem (3.1) is

L(A, E, Y ,μ) = ‖A‖∗ + 〈Y , M – A – E〉 +
μ

2
‖M – A – E‖2

F . (3.4)

Hence, the augmented Lagrange multiplier algorithm is designed as follows.

Algorithm 3.1 ([18]) Given a sampled set Ω , a sampled matrix D = PΩ (M), μ0 > 0, ρ > 1.
Given also two initial matrices Y0 = 0, E0 = 0. k := 0.

1. Compute the SVD of the matrix (D – Ek + μ–1
k Yk):

[Uk ,Σk , Vk] = svd
(
D – Ek + μ–1

k Yk
)
;

2. Set

Ak+1 = UkDμ–1
k

(Σk)V T
k ,

solve Ek+1 = arg minPΩ (E)=0 L(Ak+1, E, Yk ,μk),

Ek+1 = PΩ̄

(
D – Ak+1 + μ–1

k Yk
)
;

3. If ‖D – Ak+1 – Ek+1‖F /‖D‖F < ε1 and μk‖Ek+1 – Ek‖F /‖D‖F < ε2, stop; otherwise, go
to the next step;

4. Set Yk+1 = Yk + μk(D – Ak+1 – Ek+1).
If μk‖Ek+1 – Ek‖F /‖D‖F < ε2, set μk+1 = ρμk ; otherwise, go to Step 1.

Note that the ALM algorithm performs better both in theory and practice than other
algorithms with a Q-linear convergence speed globally. It is of much better numerical
behavior or higher accuracy. It is reported that the ALM algorithm has been applied to
MC problem (1.1). The algorithm, however, has the disadvantage of the penalty function,
namely the matrix sequences {Ak} generated by the ALM algorithm are the accepted so-
lutions but feasible ones.
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3.3 The smoothing augmented Lagrange multiplier algorithm
In this subsection, we make mention of a stepped-up scheme for the TMC problem. The
smoothing augmented Lagrange multiplier (SALM) approach employs the smoothing op-
erator T (see (2.1)) to approximate a matrix generated in the kth iteration so that the cur-
rent approximation is of a Toeplitz structure.

Then our problem can be expressed as the following convex programming:

min
A,E∈Tn×n

‖A‖∗,

subject to A + E = PΩ (M), PΩ (E) = 0,
(3.5)

where M ∈ T
n×n is a real Toeplitz matrix, and Ω ⊂ {–n + 1, . . . , n – 1}.

Let D = PΩ (M). Then the partial augmented Lagrangian function is

L(A, E, Y ,μ) = ‖A‖∗ + 〈Y , D – A – E〉 +
μ

2
‖D – A – E‖2

F , (3.6)

where Y ∈R
n×n.

Algorithm 3.2 ([34]) Given a sampled set Ω , a sampled matrix D, μ0 > 0, ρ > 1. Given
also two initial matrices Y0 = 0, E0 = 0. k := 0.

1. Compute the SVD of the matrix (D – Ek + μ–1
k Yk) using the Lanczos method

[Uk ,Σk , Vk] = lansvd
(
D – Ek + μ–1

k Yk
)
;

2. Set

Xk+1 = UkDμ–1
k

(Σk)V T
k ,

compute for smoothing ãα = αXmin
k+1+αXmax

k+1
2 , α ∈ {–n + 1, –n + 2, . . . , n – 1}, and

Ak+1 = T (Xk+1) =
n–1∑
l=1

ã–lZl
n +

n–1∑
l=0

ãl
(
ZT

n
)l,

Ek+1 = PΩ̄

(
D – Ak+1 + μ–1

k Yk
)
;

3. If ‖D – Ak+1 – Ek+1‖F /‖D‖F < ε1 and μk‖Ek+1 – Ek‖F /‖D‖F < ε2, stop; otherwise, go
to the next step;

4. Set Yk+1 = Yk + μk(D – Ak+1 – Ek+1).
If μk‖Ek+1 – Ek‖F /‖D‖F < ε2, set μk+1 = ρμk ; otherwise, go to Step 1.

It is reported that the convergence speed of the SALM algorithm is greater than that of
the ALM and APG algorithms. A merit of smoothing is that the fast SVD procedure can
be utilized to reduce the computation.

As we know, the SVD time is saved at the expense of data communication. Sometimes,
this is not worth the candle. This motivated us to come up with the following algorithm.
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3.4 The semi-smoothing augmented Lagrange multiplier algorithm
In this subsection, we propose a semi-smoothing augmented Lagrange multiplier algo-
rithm based on the ALM and SALM algorithms for the TMC problem. The new algorithm
consists of two stages: one is � – 1 iterations by the ALM scheme, which is free moving of
data; another is the �th smoothing by the SALM procedure, which is keeping the iteration
matrix as a Toeplitz structure.

Now, the semi-smoothing augmented Lagrange multiplier (SSALM) algorithm will be
presented in the following.

Algorithm 3.3 (SSALM algorithm)
Input: A sampled set Ω , a sampled matrix D, Y0,0 = 0, E0,0 = 0; parameters μ0 > 0, ρ > 1,

� > 1, ε1, ε2.
Let k := 0, q := 1, q = 1, 2, . . . ,� – 1.

Repeat:
1. � – 1 iterations.

(1) Compute the SVD of the matrix (D – Ek,q + μ–1
k,qYk,q):

[Uk,q,Σk,q, Vk,q] = lansvd
(
D – Ek,q + μ–1

k,qYk,q
)
;

(2) Set

Xk+1,q+1 = Uk,qDμ–1
k,q

(Σk,q)V T
k,q,

Ek+1,q+1 = PΩ̄

(
D – Xk+1,q+1 + μ–1

k,qYk,q
)
;

(3) If ‖D – Xk+1,q+1 – Ek+1,q+1‖F /‖D‖F < ε1 and μk,q‖Ek+1,q+1 – Ek,q‖F /‖D‖F < ε2,
stop; otherwise, go to the next step;

(4) Set Yk+1,q+1 = Yk,q + μk,q(D – Xk+1,q+1 – Ek+1,q+1), μk+1,q+1 = ρμk,q; otherwise, go
to step (1);

2. �th smoothing.
(1) Compute the SVD of the matrix (D – Ek,� + μ–1

k,�Yk,�):

[Uk,�,Σk,�, Vk,�] = svd
(
D – Ek,� + μ–1

k,�Yk,�
)
;

(2) Set

Xk+1,� = Uk,�Dμ–1
k,�

(Σk,�)V T
k,�,

compute the factors of smoothing ãα = αXmin
k+1,�+αXmax

k+1,�
2 , α = –n + 1, –n + 2, . . . ,

n – 1,
and set

Ak+1,� = T (Xk+1,�) =
n–1∑
l=1

ã–lZl
n +

n–1∑
l=0

ãl
(
ZT

n
)l.

Update

Ek+1,� = PΩ̄

(
D – Ak+1,� + μ–1

k,�Yk+1,�
)
;
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3. If ‖D – Ak+1,� – Ek+1,�‖F /‖D‖F < ε1 and μk,�‖Ek+1,� – Ek,�‖F /‖D‖F < ε2, stop;
otherwise, go to the next step;

4. Set Yk+1,q+1 = Yk,q + μk,q(D – Ak+1,q+1 – Ek+1,q+1).
If μk,q‖Ek+1,q+1 – Ek,q‖F /‖D‖F < ε2, set μk+1,q+1 = ρμk,q; otherwise, go to Step 1.

In fact, Algorithm 3.3 includes the above Algorithm 3.2 as a special case if � = 1. Obvi-
ously, the algorithm is an acceleration of the SALM algorithm in [34].

4 Convergence analysis
This section will analyze the convergence of Algorithm 3.3.

Let (Ä, Ë) be the solution of model (3.5) and Ÿ be that of the optimal problem (3.2). We
provide some lemmas in the following firstly.

Lemma 4.1 ([8]) Let A ∈ R
m×n be an arbitrary matrix and UΣV T be its SVD. Then the

set of subgradients of the nuclear norm of A is given by

∂‖A‖∗ =
{

UV T + W : W ∈R
m×n, UT W = 0, WV = 0,‖W‖2 ≤ 1

}
.

Lemma 4.2 ([18]) If μk is nondecreasing, then each entry of the following series is nonneg-
ative and their sum is finite, i.e.,

+∞∑
k=1

μk
–1(〈Yk+1 – Yk , Ek+1 – Ek〉 + 〈Ak+1 – Ä, Ŷk+1 – Ÿ 〉 + 〈Ek+1 – Ë, Yk+1 – Ÿ 〉)

< +∞. (4.1)

Lemma 4.3 ([18]) The sequences {Ÿk}, {Yk}, and {Ŷk} are all bounded, where Ŷk = Yk+1 +
μk–1(D – Ak – Ek–1).

Lemma 4.4 The sequence {Yk,q} generated by Algorithm 3.3 is bounded.

Proof Let B = μk,q(D–Ek,q +μ–1
k,qYk,q –Xk+1,q+1), T (B) =

∑n–1
l=1 b̃–lZl

n +
∑n–1

l=0 b̃l(ZT
n )l , defined

as (2.1).
First of all, we indicate that Yk,q, Ek,q, k = 1, 2, . . . , q = 1, 2, . . . ,� – 1, are all the Toeplitz

matrices. Clearly, Y0,0 = 0, E0,0 = 0 are both smoothed into a Toeplitz structure. Suppose
that Yk,q, Ek,q are both the Toeplitz matrices, so is Ek+1,q+1 = PΩ̄ (D – Xk+1,q+1 + μ–1

k,qYk,q).
Thus, Yk+1,q+1 is a Toeplitz matrix also because of Step 4 in Algorithm 3.3.

Yk+1,q+1 = Yk,q + μk,q(D – Ak+1,q+1 – Ek+1,q+1)

= Yk,q + μk,q(D – Ak+1,q+1 – Ek,q) + μk,q(Ek,q – Ek+1,q+1).

Moreover,

μk,q(Ek,q – Ek+1,q+1) = μk,qPΩ̄

(
Ek,q –

(
D – Ak+1,q+1 + μ–1

k,qYk,q
))

= μk,qPΩ̄

(
Ek,q –

(
D – T (Xk+1,q+1) + μ–1

k,qYk,q
))

= μk,qPΩ̄

(
Ek,q –

(
D – T

(
D – Ek,q + μ–1

k,qYk,q – μ–1
k,qB

)
+ μ–1

k,qYk,q
))
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= μk,qPΩ̄

(
Ek,q –

(
D –

(
D – Ek,q + μ–1

k,qYk,q – μ–1
k,qT (B)

)
+ μ–1

k,qYk,q
))

= PΩ̄T (B).

It is clear that by Steps 1–2 in Algorithm 3.3 we have

D – Ek,q + μ–1
k,qYk,q = Ǔk,qΣ̌k,qV̌ T

k,q + Ũk,qΣ̃k,qṼ T
k,q,

where Ǔk,q, V̌k,q are the singular vectors associated with singular values that are more than
1

μk,q
and Ũk,q, Ṽk,q are those associated with singular values that are less than or equal to

1
μk,q

, the elements of the diagonal matrix Σ̌k,q are more than 1
μk,q

, and those of the diagonal

matrix Σ̃k,q are less than or equal to 1
μk,q

. Hence, it is drawn that Ak+1,q+1 = Ǔk,q(Σ̌k,q –

μ–1
k,qI)V̌ T

k,q, and

‖B‖F =
∥∥μk,q

(
D – Ek,q + μ–1

k,qYk,q – Ak+1,q+1
)∥∥

F

=
∥∥μk,q

(
μ–1

k,qǓk,qV̌ T
k,q + Ũk,qΣ̃k,qṼ T

k,q
)∥∥

F

=
∥∥Ǔk,qV̌ T

k,q + μk,qŨk,qΣ̃k,qṼ T
k,q

∥∥
F

≤ √
n.

We can obtain hence that Yk,q + μk,q(D – Ak+1,q+1 – Ek,q) ∈ ∂‖Ak+1,q+1‖∗ from Lemmas 4.2
and 4.3.

It is known that, for Ak+1,q+1 = UΣV T , by Lemma 4.1,

∂‖Ak+1,q+1‖∗ =
{

UV T + W : W ∈R
n×n, UT W = 0, WV = 0,‖W‖2 ≤ 1

}
.

We also have

∥∥UV T + W
∥∥2

F = tr
((

UV T + W
)T(

UV T + W
))

= tr
(
VV T + W T W

) ≤ n.

Therefore, the following inequalities can be obtained:

∥∥Yk,q + μk,q(D – Ak+1,q+1 – Ek,q)
∥∥

F ≤ √
n

and

∥∥PΩ̄

(
T (B)

)∥∥
F ≤ ∥∥T (B))

∥∥
F ≤ ‖B‖F ≤ √

n.

It is evident that the sequence {Yk,q} is bounded. �

Theorem 4.1 Suppose that 〈Ak+1,q+1 –Ak,q, D–Ak+1,q+1 –Ek,q〉 ≥ 0, then the sequence {Ak,q}
converges to the solution of (3.5) when μk,q → ∞ and

∑+∞
k=1 μ–1

k,q = +∞.

Proof It is true that

lim
k→∞

(D – Ak+1 – Ek+1) = 0

since μ–1
k,q(Yk+1,q+1 – Yk,q) = D – Ak+1,q+1 – Ek+1,q+1 and Lemma 4.4.
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Let (Ä, Ë) be the solution of (3.5). Then Ak+1,q+1, Yk+1,q+1, Ek+1,q+1, k = 1, 2, . . . , are all
Toeplitz matrices since Ä + Ë = D. We prove first that

‖Ek+1,q+1 – Ë‖2
F + μ–2

k,q‖Yk+1,q+1 – Ÿ‖2
F

= ‖Ek,q – Ë‖2
F – ‖Ek+1,q+1 – Ek,q‖2

F + μ–2
k,q‖Yk,q – Ÿ‖2

F

– μ–2
k,q‖Yk+1,q+1 – Yk,q‖2

F – 2μ–1
k,q〈Ak+1,q+1 – Ä, Ŷk+1,q+1 – Ÿ 〉, (4.2)

where Ŷk+1,q+1 = Yk,q +μk,q(D–Ak+1,q+1 –Ek,q), Ÿ is the optimal solution to the dual problem
(3.2).

‖Ek,q – Ë‖2
F =

∥∥PΩ̄ (Ek,q – Ë)
∥∥2

F

=
∥∥PΩ̄ (Ek+1,q+1 – Ë – Ek+1,q+1 + Ek,q)

∥∥2
F

=
∥∥PΩ̄ (Ek+1,q+1 – Ë)

∥∥2
F +

∥∥PΩ̄ (Ek+1,q+1 – Ek,q)
∥∥2

F

– 2
〈
PΩ̄ (Ek+1,q+1 – Ë),PΩ̄ (Ek+1,q+1 – Ek,q)

〉

= ‖Ek+1,q+1 – Ë‖2
F + ‖Ek+1,q+1 – Ek,q‖2

F

+ 2μ–1
k,q

〈
PΩ̄ (Ak+1,q+1 – Ä), Ŷk+1,q+1 – Ÿ

〉
.

We obtain the following result with the same analysis:

μ–2
k,q‖Yk,q – Ÿ‖2

F = μ–2
k,q

∥∥PΩ (Yk,q – Ÿ )
∥∥2

F

= μ–2
k,q

∥∥PΩ (Yk+1,q+1 – Ÿ )
∥∥2

F + μ–2
k,q

∥∥PΩ (Yk+1,q+1 – Yk,q)
∥∥2

F

– 2μ–1
k,q

〈
PΩ (Yk+1,q+1 – Ÿ ),PΩ (Yk+1,q+1 – Yk,q)

〉

= μ–2
k,q‖Yk+1,q+1 – Ÿ‖2

F + μ–2
k,q‖Yk+1,q+1 – Yk,q‖2

F

+ 2μ–1
k,q

〈
PΩ (Ak+1,q+1 – Ä), Ŷk+1,q+1 – Ÿ

〉
.

Then

min
A∈Tm×n

μ‖A‖∗ +
1
2
∥∥PΩ (A – M)

∥∥2
F (4.3)

holds true.
The sum

∑∞
k=1 μ–1

k,q〈Ak,q – Ä, Ŷk,q – Ÿ 〉 < +∞ and ‖Ek,q – Ë‖2 + μ–2
k,q‖Yk,q – Ÿ‖2 is

nonincreasing since ‖A‖∗ is a convex function and Ŷk+1,q+1 ∈ ∂‖A‖∗, 〈Ak+1,q+1 – Ä,
Ŷk+1,q+1 – Ÿ 〉 ≥ 0. On the other hand, the following are true by Algorithm 3.3:

〈Yk,q, Ek,q – Ë〉 = 0 and 〈Ÿ , Ek,q – Ë〉 = 0.

Therefore, by the same idea of Theorem 2 in [18], it is obtained that Ä is the solution of
(3.5). �

Theorem 4.2 Let X = (xij) ∈R
n×n, T (X) = (x̃ij) ∈ T

n×n be the Toeplitz matrix derived from
X, introduced in (2.1). Then, for any Toeplitz matrix Y = (yij) ∈ T

n×n, 〈X – T (X), Y 〉 = 0.
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Proof By the definition of T (X), we have
∑

i,j(xij – x̃ij) = 0, i, j = 1, 2, . . . , n. Since Y is a
Toeplitz matrix and yα = yij, α = i – j, i, j = 1, 2, . . . , n, then

〈
X – T (X), Y

〉
=

n∑
i=1

n∑
j=1

(xij – x̃ij)yji

=
n–1∑
l=1

y–l(xij – x̃ij) +
n–1∑
l=0

yl(xij – x̃ij)

= 0. �

Theorem 4.3 In Algorithm 3.3, Ak,q is a Toeplitz matrix generated by Xk,q, then

‖Ak,q – Ä‖F < ‖Xk,q – Ä‖F

is true with Ä being the solution of (3.5).

Proof

‖Xk,q – Ä‖2
F = ‖Xk,q – Ak,q + Ak,q – Ä‖2

F

= 〈Xk,q – Ak,q, Xk,q – Ak,q〉 + 2〈Xk,q – Ak,q, Ak,q – Ä〉
+ 〈Ak,q – Ä, Ak,q – Ä〉

= ‖Xk,q – Ak,q‖2
F + ‖Ak,q – Ä‖2

F .

Thus, ‖Ak,q – Ä‖F < ‖Xk,q – Ä‖F holds true. �

5 Numerical experiments
In this section we report some original numerical results of two algorithms (SALM,
SSALM) for some n × n matrices with different ranks. All the experiments are con-
ducted on the same workstation with an Intel(R) Core(TM) i7-6700 CPU @ 3.40 GHz
that has 16 GB memory and 16-bit operating system, running Windows 7 and Matlab (vi-
sion 2016a). We analyze and compare iteration numbers (IT), computing time in seconds
(time(s)), deviation (error 1, error 2), and ratio which are defined in the following. It
can be seen that the SSALM algorithm proposed in this study is highly effective compared
with the SALM algorithm.

error 1 =
‖A + E – D‖F

‖D‖F
, error 2 =

‖A – M‖F

‖M‖F
,

ratio =
the CPU of the SSALM algorithm
the CPU of the SALM algorithm

× 100%.

In the experiments, M ∈ T
n×n represents an uncompleted Toeplitz matrix, the sampling

density p = m/(2n – 1), where m is the number of the known diagonal entries. By the way,
p ∈ {0.3, 0.4, 0.5, 0.6} here. Due to the special structure of a Toeplitz matrix, we have 0 ≤
m ≤ 2n – 1. The SALM and SSALM algorithms share the same values of all parameters,
say, τ0 = 1/‖D‖2, δ = 1.2172+1.8588m/n2, ε1 = 10–9, ε2 = 5×10–6. In the test of the SSALM
algorithm, � = 2 or � = 3 as a rule of semi-smoothing.
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Table 1 Comparison between SALM and SSALM for p = 0.6

n rank(M) Algorithm IT TIME (s) ERROR 1 ERROR 2

500 10 SALM 44 2.6563 8.2372e–10 1.0363e–07
SSALM 42 1.8853 9.2608e–10 1.9658e–09

800 10 SALM 54 5.9456 8.1138e–10 8.2779e–09
SSALM 52 5.0976 5.6384e–10 7.6367e–09

1000 10 SALM 57 8.2474 8.9636e–10 4.1947e–09
SSALM 58 6.3207 7.9333e–10 1.9217e–09

1500 10 SALM 64 16.7198 9.5636e–10 2.1154e–09
SSALM 64 15.0399 9.1550e–10 1.0551e–09

2000 10 SALM 71 31.7924 9.4056e–10 7.5879e–08
SSALM 68 26.8256 8.1847e–10 2.3201e–08

2500 10 SALM 71 47.3399 7.0194e–10 1.5048e–08
SSALM 72 42.5214 9.8809e–10 2.6892e–09

3000 10 SALM 77 70.2107 6.7658e–10 2.4626e–09
SSALM 76 60.6145 6.9232e–10 1.1348e–09

4000 20 SALM 74 146.3660 6.5154e–10 5.1684e–05
SSALM 72 129.2216 5.3346e–10 1.4304e–09

5000 20 SALM 74 220.6386 9.9475e–10 2.1943e–08
SSALM 74 198.3210 5.5006e–10 1.8351e–09

8000 25 SALM 78 550.5427 9.2197e–10 3.6735e–09
SSALM 80 471.4695 5.5647e–10 1.5932e–09

Table 2 Comparison between SALM and SSALM for p = 0.5

n rank(M) Algorithm IT TIME (s) ERROR 1 ERROR 2

500 10 SALM 44 2.8955 9.5801e–10 2.2756e–08
SSALM 44 2.1933 4.4278e–10 2.3334e–09

800 10 SALM 56 8.6741 7.0000e–10 2.6659e–06
SSALM 52 5.4772 9.2740e–10 3.3480e–09

1000 10 SALM 60 11.0450 8.2993e–10 6.6858e–08
SSALM 56 6.7779 8.6651e–10 1.8478e–09

1500 10 SALM 68 20.6328 8.45398e–10 9.6939e–07
SSALM 64 15.6997 9.3584e–10 1.5261e–09

2000 10 SALM 71 44.8591 9.9033e–10 7.2479e–08
SSALM 68 27.9845 9.6632e–10 2.8679e–09

2500 10 SALM 78 67.4042 7.3828e–10 1.2312e–07
SSALM 74 45.3268 7.1109e–10 2.5905e–09

3000 10 SALM 77 74.2323 7.2763e–10 9.9884e–09
SSALM 76 64.4300 8.2104e–10 1.2376e–08

4000 20 SALM 73 155.9955 9.4452e–10 1.8879e–06
SSALM 72 128.0443 7.1470e–10 1.8278e–09

5000 20 SALM 74 235.1514 9.1421e–10 7.9369e–06
SSALM 76 200.7122 6.2859e–10 3.5799e–09

8000 25 SALM 80 622.5518 9.5065e–10 5.5408e–06
SSALM 80 498.8602 5.1021e–10 3.0270e–08

The experimental results of two algorithms are presented in Tables 1–6. From the tables,
two algorithms can successfully compute an approximate solution of the prescriptive stop
condition for all the test matrix M. And computing time of our SSALM algorithm in far
less than that of the SALM algorithm. In particular, compared with the cost of the SALM
algorithm, we can find that the cost of the SSALM algorithm is decreased up to 30.44%.
The “ratio” in Tables 5–6 can show this effectiveness.

6 Concluding remarks
As is known to all, matrix completion usually means to reconstruct a matrix from a subset
of the items of a matrix by taking advantage of low-rank structure matrix interdepen-
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Table 3 Comparison between SALM and SSALM for p = 0.4

n rank(M) Algorithm IT TIME (s) ERROR 1 ERROR 2

500 10 SALM 45 7.8497 6.8884e–10 5.3595e–06
SSALM 44 2.3892 5.3103e–10 2.3267e–09

800 10 SALM 54 7.4948 9.3427e–10 2.1464e–06
SSALM 54 5.9618 8.9128e–10 1.5780e–08

1000 10 SALM 58 9.9528 9.7372e–10 3.2663e–05
SSALM 56 7.2641 9.7968e–10 2.4662e–09

1500 10 SALM 67 25.3226 9.8741e–10 2.7106e–06
SSALM 64 16.1484 9.0982e–10 1.5210e–09

2000 10 SALM 70 34.6083 8.4557e–10 1.8757e–07
SSALM 70 29.7298 6.4346e–10 1.7874e–09

2500 10 SALM 76 54.5748 7.1288e–10 8.4514e–08
SSALM 74 46.5716 4.9981e–10 1.6792e–09

3000 10 SALM 78 84.9121 5.3019e–10 2.2285e–06
SSALM 76 66.0761 9.2876e–10 1.1697e–09

4000 20 SALM 73 164.7655 8.6946e–10 7.3598e–06
SSALM 72 144.5329 5.1358e–10 1.4439e–09

5000 20 SALM 75 251.7641 8.9821e–10 7.9543e–08
SSALM 76 203.3167 8.3168e–10 3.4049e–08

8000 25 SALM 79 598.8095 9.5617e–10 3.7230e–08
SSALM 80 530.8533 4.9436e–10 1.2710e–09

Table 4 Comparison between SALM and SSALM for p = 0.3

n rank(M) Algorithm IT TIME (s) ERROR 1 ERROR 2

500 10 SALM 46 11.3753 9.3029e–10 3.2509e–06
SSALM 46 5.1926 6.5512e–10 1.8892e–08

800 10 SALM 57 17.3212 9.0562e–10 1.0264e–04
SSALM 58 13.5300 5.7672e–10 1.9937e–05

1000 10 SALM 59 12.2900 9.8849e–10 2.9149e–07
SSALM 58 7.9075 8.0278e–10 6.0819e–09

1500 10 SALM 69 38.0422 8.9932e–10 6.4286e–05
SSALM 66 17.6928 5.5536e–10 4.7554e–08

2000 10 SALM 72 39.9752 9.1752e–10 3.8681e–07
SSALM 70 30.0543 8.0322e–10 2.2090e–09

2500 10 SALM 78 92.3154 9.8020e–10 6.9561e–06
SSALM 74 47.8242 9.2726e–10 6.3568e–09

3000 10 SALM 80 119.9347 8.6992e–10 6.7548e–06
SSALM 80 84.1827 7.6381e–10 1.6034e–07

4000 20 SALM 74 187.0096 7.3863e–10 2.0127e–06
SSALM 72 142.3911 8.5136e–10 3.0778e–08

5000 20 SALM 74 246.3862 9.4517e–10 4.4710e–07
SSALM 78 219.6853 6.8201e–10 2.8025e–06

8000 25 SALM 83 1.4409e+03 9.9003e–10 2.7735e–04
SSALM 84 1.1312e+03 8.0522e–10 3.7995e–04

dencies between the entries. It is well known but NP-hard in general. In recent years, the
Toeplitz matrix completion has attracted widespread attention and has become one of the
most important completion problems. In order to solve such problems, we proposed an
accelerated technique of the SALM algorithm in this study, namely the SSALM algorithm,
and the theory of the SSALM algorithm convergence is established. Theoretical analysis
and numerical results have shown that the SSALM scheme is an effective algorithm for
solving the TMC problem. In particular, the CPU of the SSALM algorithm is consistently
reduced up to 30.44% in all cases. The SSALM algorithm overcomes the original ALM al-
gorithm both complexity of the singular value decomposition and surmounts the property
of the extra load of the SALM algorithm. The reason is that data communication conges-
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Table 5 The values of RATIO for � = 2

p = 0.6 n 500 800 1000 1500 2000 2500 3000 4000 5000 8000
rank(M) 10 10 10 10 10 10 10 20 20 25
RATIO (%) 70.97 85.74 76.64 89.95 84.38 89.82 86.33 88.29 89.88 85.64

p = 0.5 n 500 800 1000 1500 2000 2500 3000 4000 5000 8000
rank(M) 10 10 10 10 10 10 10 20 20 25
RATIO (%) 75.75 63.41 61.37 76.09 62.38 67.25 86.80 82.08 85.35 80.13

p = 0.4 n 500 800 1000 1500 2000 2500 3000 4000 5000 8000
rank(M) 10 10 10 10 10 10 10 20 20 25
RATIO (%) 30.44 79.55 72.99 63.77 85.90 85.34 77.82 87.72 80.76 88.65

p = 0.3 n 500 800 1000 1500 2000 2500 3000 4000 5000 8000
rank(M) 10 10 10 10 10 10 10 20 20 25
RATIO (%) 45.65 78.11 64.34 46.51 75.18 51.81 70.19 76.14 89.16 78.51

Table 6 Comparison between SALM and SSALM for � = 3

n rank(M) p Algorithm IT TIME (s) ERROR 1 ERROR 2 RATIO (%)

500 10 0.4 SALM 47 7.5689 5.2053e–10 3.9970e–06 71.71
SSALM 47 5.4276 3.8663e–10 3.2564e–06

1000 10 0.4 SALM 60 13.9741 8.8726e–10 2.6235e–07 61.58
SSALM 59 8.6048 9.8580e–10 9.1642e–09

1500 10 0.5 SALM 68 29.6545 9.1634e–10 4.5666e–05 63.99
SSALM 68 18.9748 8.6885e–10 4.3619e–09

1500 10 0.3 SALM 69 47.1327 9.3547e–10 6.8306e–06 65.78
SSALM 68 31.0025 9.0834e–10 2.2110e–06

2000 10 0.5 SALM 73 50.5371 8.4794e–10 3.1914e–05 59.00
SSALM 71 29.8151 9.8594e–10 8.2954e–09

2000 10 0.4 SALM 72 38.5308 6.6310e–10 9.5342e–07 75.51
SSALM 69 29.0941 9.3350e–10 3.5384e–09

3000 10 0.5 SALM 79 83.3712 9.9293e–10 1.2756e–05 76.68
SSALM 78 63.9294 6.5972e–10 2.8985e–09

3000 10 0.4 SALM 77 80.7144 8.9678e–10 2.0862e–07 83.38
SSALM 78 67.2993 9.9493e–10 7.3612e–09

3000 10 0.3 SALM 79 118.3675 9.8435e–10 9.6348e–05 81.24
SSALM 80 96.1642 7.0585e–10 1.4254e–06

4000 20 0.6 SALM 73 152.4618 8.2869e–10 1.7109e–06 75.89
SSALM 72 115.7083 8.2721e–10 2.4255e–09

4000 20 0.5 SALM 72 166.5827 9.3233e–10 1.0321e–07 74.92
SSALM 72 124.8054 7.5040e–10 2.4066e–09

4000 20 0.4 SALM 75 186.7383 9.0624e–10 7.5345e–07 73.03
SSALM 74 136.3765 8.7658e–10 1.0216e–07

5000 20 0.5 SALM 75 232.0879 9.8661e–10 5.7423e–08 80.86
SSALM 75 187.6559 9.6715e–10 2.2527e–08

5000 20 0.4 SALM 76 250.9495 8.5572e–10 1.1830e–06 83.20
SSALM 77 208.7798 9.7333e–10 7.8349e–07

5000 20 0.3 SALM 76 273.7735 9.4519e–10 6.4327e–06 86.76
SSALM 80 237.5358 5.0062e–10 8.2082e–06

8000 25 0.5 SALM 80 575.2382 9.1308e–10 5.0447e–05 82.81
SSALM 81 476.3530 7.4764e–10 4.6774e–08

8000 25 0.4 SALM 80 512.3396 9.7395e–10 6.3150e–06 97.00
SSALM 81 496.9932 7.2501e–10 9.3571e–09

8000 25 0.3 SALM 83 579.2973 7.1372e–10 1.3349e–06 90.08
SSALM 80 521.8350 9.4433e–10 6.5484e–09

tion is far more expensive than computing in many computers. Therefore, the SSALM
algorithm has better numerical behavior for solving the TMC problem than the SALM
algorithm (Tables 1–6).
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