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1 Introduction
Throughout this paper, N and Ny denote the set of positive integers and the set of non-
negative integers, respectively. Similarly, R, R* and R represent the set of real numbers,
positive real numbers and non-negative real numbers, respectively. Let (X, d) be a metric
space and let T : X — X be a self-mapping. If there is a number k € [0, 1) such that, for all
x,y € X, d(Tx, Ty) < kd(x,y) holds, then T is called a contractive mapping. In 1922, Banach
[1] proved a famous result known as the Banach contraction principle, which states that
every contractive mapping has a unique fixed point. It is one of the fundamental results
in fixed point theory. Due to its importance and simplicity, over the years, many authors
made efforts to generalize or extend that result (see [2—12] and the references therein).
Basically, the generalizations go in two directions: The first one is to work out a different
expression for the right side of the inequality in the Banach contraction principle. A typical
result of this kind is the work of Khan ([13], 1976). Using a symmetric expression, Khan
introduced the notion of a Khan-type contraction and proved a corresponding fixed point
theorem. In 1978, Fisher [14] modified and improved Khan’s work. Four decades later,
Piri, Rahrovi and Kumamet [15] extended the work of both Khan [13] and Fisher [14].
They accomplished the work by introducing a new general contractive condition with
a symmetric expression and established a corresponding fixed point theorem. Another
direction of generalizations of Banach’s work is to express both sides of the inequality in
the Banach result by forms involving functions. For example, Wardowski introduced the
notion of the F-contraction in ([16], 2012) and Jleli and Samet addressed the so-called 6-
contraction in ([17, 18], 2014). As a result, they all extended and improved Banach’s work.
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Combined with the ideas from the F-contraction and the Khan-type contraction, in
2017, Piri, Rahrovi, Marasi and Kumam [19] investigated and developed the so-called F-
Khan-contraction and proved the desired fixed point theorem. The results of Piri et al. ex-
tended and improved Wardowski’s work in [16]. In 2015, by using the Hausdorff-Pompieu
metric, Altun, Durmaz and Dag extended the F-contraction to multivalued contractive
mappings. They introduced the notion of a multivalued F-contraction and obtained some
new fixed point theorems for multivalued mappings in [4]. The purpose of this paper is to
further extend the above results. We define and examine some new generalized multival-
ued Khan-type contraction which extends all of F-contraction and 6-contraction studied
previously. The results presented in this paper improve and extend the corresponding re-
sults in Piri et al. [19], Jleli et al. [18] and Altun et al. [4].

2 Preliminaries

Let F be the family of all functions F : R* — R satisfying the following conditions:
(F1) Fis non-decreasing;
(F2) for each sequence {t,} C R, lim,_, o F(£,) = —00 < lim,_ » £, = 0;
(F3) there exists r € (0,1) such that lim,_, ¢+ £"F(¢) = 0.

Definition 2.1 ([19]) Let (X,d) be a metric space. A mapping T : X — X is called a F-
Khan-contraction, if there exist F € F and t > 0 such that, for all x,y € X,
(i) if max{d(x, Ty),d(y, Tx)} # 0, then Tx # Ty and

T + F(d(Tx, Ty)) < F(M(x,9)),

where

(%, Tx)d(x, Ty) + d(y, Ty)d(y, Tx)

M) =2
By = max{d(x, Ty),d(y, Tx)) ’

(ii) if max{d(x, Ty),d(y, Tx)} = 0, then
Tx = Ty.

In [19], Piri et al. proved the existence and uniqueness theorem of fixed point for F-
Khan-contraction.

Inspired by Definition 2.1 and taking the 6-contraction into account, we can define a new
Khan-type contraction. Let & be the family of all functions 6 : R* — (1, 0o) satisfying the
following conditions:

(®1) 6 is non-decreasing;

(®,) for each sequence {t,} C R*, lim,_, 0(t,) =1 < lim,, o0 £, = 0;

(®3) there exist r € (0,1) and [ € (0, 00] such that lim,_, o+ 281 = .
¢

Definition 2.2 Let (X, d) be a metric spaces. A mapping T : X — X is called a §-Khan-
contraction, if there exist 6 € ® and k € (0, 1) such that, for all x,y € X,
(i) if max{d(x, Ty),d(y, Tx)} # 0, then Tx # Ty and

6(d(Tx, Ty)) < (6(M(x,)))",
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_ d(x, Tx)d(x, Ty) + d(y, Ty)d(y, Tx)'
N max{d(x, Ty), d(y, Tx)} ’

(ii) if max{d(x, Ty),d(y, Tx)} = 0, then
Tx = Ty.

Note that we get the 0-contraction ([18]) immediately by letting y = Tx in M(x, y).

In 2014, by using comparison functions, Latif, Gordji, Karapinar and Sintunavaratet
introduced the notion of generalized («, ¥)-Meir—Keeler contractive mappings and ob-
tained some new results in [20]. Two years later, Wang and Li extended the results of Latif
et al. by introducing (¢, ¥)-Meir—Keeler—Khan multivalued mappings in [2]. Inspired by
those ideas, we will introduce some new contractive mappings by using comparison func-

tions in this paper.

Definition 2.3 ([20]) Let ¥ be the family of all functions ¥ : R§ — R} such that
(1) ¢ is non-decreasing;
(W) lim,_, o ¥"(t) = 0 for all £ > 0, where ¥ stands for the nth iterate of .

Remark 2.4 Clearly, if ¢ is a comparison function, then ¥ (¢) < ¢ for each ¢ > 0 and ¥(0) = 0.

Example 2.5 Let

Y(t) =at, O<a<l,forallt>0;

In® £, ifo<t<l,
5(t) =
L ifl<yg
¢
Ws(t)=m, forall £ > 0.

It is easy to check that v, ¥ and 5 belong to ¥'.

For more properties and applications of comparison function, we refer the reader to [2,
20-23].

The next definition plays an important role in our work.

Definition 2.6 Let @ be the family of all functions ¢ : R§ — R{ such that:
(®1) ¢ is non-decreasing and continuous;
(P4) for each sequence {t,} C (0,00), lim,_,o ¢(£,) =0 < lim,, oo t, = 0.

Example 2.7 Let

¢1(t)=t, forallt>0;
¢2(t) =1n6(t), 6 €O forallt>0;

$3(t) =€, Fe Fforallt>O0.

It is easy to check that ¢;, ¢, and ¢3 belong to @.

Page 30f 18



Xiao et al. Journal of Inequalities and Applications (2019) 2019:70 Page 4 of 18

Given a metric space (X,d), by CB(X) and K(X) we denote the family of all nonempty
closed and bounded subsets of X, and the family of all nonempty compact subsets of X,
respectively. For A, B C B(X), let

H(A, B) = max [ sup D(x, B), sup D(y, A) ] ,
x€A yEB

where D(x, B) = inf,ep{d(x,y)}. Then H is a metric on CB(X), which is called the Hausdorff-
Pompieu metric. By using the concept of the Hausdorff—~Pompieu metric, Nadler intro-
duced the notion of multivalued contraction mappings and he proved a multivalued ver-
sion of the well known Banach contraction principle ([3], 1969).

By using the Hausdorff-Pompieu metric H, the F-contraction was extended to the mul-

tivalued case in [4].

Definition 2.8 ([4]) Let (X,d) be a metric space and T : X — CB(X) be a multivalued
mapping. Then T is called a multivalued F-contraction if there exist F € F and t > 0 such
that, for allx,y € X,

H(Tx, Ty) >0 = t+F(H(Tx, Ty)) < F(d(x,)).

Theorem 2.9 ([4]) Let (X, d) be a complete metric space and T : X — K(X) be a multival-
ued F-contraction. Then T has a fixed point x* in X.

Following this direction of research, we introduce a new type of generalized multival-
ued Khan-type contractive mappings. Via ¥ and @, we present the notion of generalized
multivalued Khan-type (v, ¢)-contraction mappings.

Definition 2.10 Let (X,d) be a metric space and T : X — CB(X) be a multivalued map-
ping. Then T is called a generalized multivalued Khan-type (i, ¢)-contraction, if there
exist € ¥ and ¢ € @ such that, for all x,y € X,

(i) if max{D(x, Ty), D(y, Tx)} # 0, then Tx # Ty and

¢ (H(Tx, Ty)) < ¥ (¢(M(x,)), (2.1)

where

_ D(x, Tx)D(x, Ty) + D(y, Ty)D(y, Tx)'
Mx,y) = max{D(x, Ty), D(y, Tx)} ’ 22)

(ii) if max{D(x, T¥), D(y, Tx)} = 0, then
Tx = Ty.

Remark2.11 Let () := e7¢t, ¢(t) := ef (), F € F, Ry — R} in (2.1). It is easy to check that
Y € ¥ and ¢ € @. Hence we have

FHTRT) < ot FMx)
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then we get
T+ F(H(Tx, Ty)) < F(M(x,)). (2.3)

Then T is called a generalized multivalued F-Khan-contraction. Let y € Tx in (2.2), we get

D(x, Tx)D(x, Ty) + D(y, Ty)D(y, Tx)

M(x,y) = max{D(x, Ty), D(y, Tx)}

= D(x, Tx) < d(x,y). (2.4)

In combination with (2.3) and (2.4), we get a multivalued F-contraction (Definition 2.8,
[4]) immediately.

Remark 2.12 Let y(t) := kt, k € (0,1), ¢(£) :=1n6(¢£), 0 € O, Rf — R{ in (2.1). It is easy to
check that ¢ € ¥ and ¢ € ®@. Hence we have

In6(H(Tx, Ty)) < kIn6(M(x,7)),
then we have
0(H(Tx, T) < (6(M(x,)))". (2.5)

Then T is called a generalized multivalued 6 -Khan-contraction. Similarly, in combination
with (2.4) and (2.5), we obtain

k
0(H(Tx, Ty)) <6(d(x,y)) .
We call it a multivalued 0-contraction.

In Sect. 3, we state and prove some new fixed point results for generalized multivalued
Khan-type (¥, ¢)-contraction. In Sect. 4, we give some applications of the main results of
this paper.

3 Main results

Based on the above argument, now we are in a position to give the following results.

Theorem 3.1 Let (X,d) be a complete metric space and T : X — K(X) be a generalized
multivalued Khan-type (\, ¢)-contraction, then T has a fixed point x* € X.

Proof Case I Assume that D(x,_1, Tx,) # 0 for all n € N.

We construct a sequence starting from xy € X. If xp € Txo, then x, is a fixed point of
T and the proof is completed. Suppose that xy ¢ Txy. Because Tx, is a compact subset
of X, then D(xg, Txg) > 0 and we can choose x; € Txy such that d(xg,x1) = D(xg, Txo). If
x1 € Tx1, then «x; is a fixed point of T, and subsequently, the proof is completed. Assume
that x; ¢ Tx;, then it is clear that D(x, Tx;) > 0 because Tx; is a compact subset of X. On
the other hand, from D(x1, Tx;) < H(Txo, Tx;) and (&;), we obtain

¢ (D(x1, Tr)) < ¢ (H(Txo, Tr)).
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It follows from (2.1) and Remark 2.4 that

¢ (D1, Tx1)) < ¢ (H(Txo, Tx1)) < v (¢(M(x0,x1)))

D(xq, Txo)D(xg, Tx1) + D(x1, Tx1)D(x1, Txo)
¢( max{D(xo, Tx1), D(x1, Txo)} ))

v
v

(¢(D(xo, Txo)))
< ¢>(D(x0, Txo)). (3.1)

Since Tx; is a compact subset of X, we can choose x; € Tx; such that d(x1,x5) = D(x1, Tx1).

Then from (3.1) we get

¢ (d(x1,%2)) = (D(x1, Tay)) < p(D(xo, To)) = p(dl(x0, %1)). (3.2)
It follows from (3.2) and (®;) that

d(x1,%9) < d(x0,%1).
We continue constructing the sequence similarly. If x, € Tx,, then this proofis done. Thus,
we assume that x, ¢ Tx,. Then D(x,, Tx;) > 0 since Tx; is a compact subset of X, and from

D(xy, Txy) < H(Tx1, Tx»), we have

¢ (D(x2, Txz)) < ¢ (H(Txy, Tra)) < ¥ (¢ (M1, %))

~ < <D(x1, Tx1)D(x1, Tx5) + D(xo, Tx2)D(x5, Tx1) )
=v(¢ max{D(x1, Tx>), D(x5, Tx1)} )

= (¢ (D(xo, Txo)))
<@ (D(x1, Tx1)). (33)

In addition, the compactness of Tx; implies that there exists x3 € Tx, such that d(x;,x3) =
D(x3, Tx;). Then from (3.3) we get

¢ (d(x2,%3)) = ¢(Dlx2, Txz)) < ¢ (D(x1, Ta1)) = ¢ (d(%1,%2)). (3.4)
It follows from (2.4) and (&) that

d(x2,x3) < d(x1,%2).
By induction, we obtain a sequence {x,},en, satisfying

X1 € Thpy Xni1 & Thpp1, A i) = D(y, Tiy) > 0, (3.5)
and

d(xm xn+1) = d(xn—l; xn)r
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for all n € N. Therefore the sequence {d(x,,%,+1)}nen, is a positive and non-increasing

sequence, and hence
lim d(xrnxn+1) = 0.
n—00

Now, we claim that
lim d(x,,%,.1) = 0.
n—00

In fact, from (3.5) and (®,), by using (2.1), we get

IA

0= ¢(d(xn,xn+l)) = ¢(D(xm Txn))
¢(H(Txn—lr Txn)) =< w(d)(M(xn—l’xn)))

D(x-1, Txu-1)D(Xp—1, T) + D(s, T0)D(%, T p—1)
maX{D(xn—l ) Txn): D(xnr Txn—l)}

D(n1, Tn-1))) < U2 (6 (D, T-2)))
(D63, Tat-3))) < -+
(Do, Txo)) ).

1ﬁ<¢
v (9(

IA

v (e
<y (¢

From (¥,) we have

lim ¥"(¢(D(xo, Txo))) = 0.

n—00
By using the sandwich theorem, we get

lim ¢ (d(%, %4:1)) = 0.

n—00
Therefore, from (®,) we obtain

lim d(x,,%,.1) =0

n—00
and hence

lim D(x,, Tx,) = 0. (3.6)

n—00
Now, we claim that

lim d(x,,%,) =0.
n,m— 00

Arguing by contradiction, we assume that there exists a ¢ > 0 for which we can seek two
sequences {p(n)}>°; and {g(n)}32, of natural numbers such that, for all n € N, p(n) is the

smallest index for which

p(n) > q(i’l) >n, d(xp(n): xq(n)) =&, d(xp(n)—lqu(n)) <é&. (37)
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Thus, for all # € N, by using the triangle inequality, we have
&= d(xp(n)qu(n)) = D(xp(n)r qu(n)) + D(qu(n):xq(n))' (3.8)
It follows from (3.6) and (3.8) and by using the sandwich theorem again, we have
li,,rii(ng(xP(”)’ Txqm) = .
Thus, there exists n; € N, such that

&
DGep(» Toqum) > 5

for all n > n;.
This implies that

&
max{D(xp(,,), qu(n)),D(Txp(,,),xq(n))} > X (3.9)

for all n > n;.

From (3.7) and by using the triangle inequality again, we have

& < d(Xp()> Xq(n))

= D(‘xp(")’ Txp(”)) + H( Txp(n)y qu(n)) + D(qu(}’l)! xq(n))~ (310)
In combination with (3.6) and (3.10), we get
hnrglorng( Txp(ny, Thg(m) = €.

Thus, there exists 7, € N, such that

H(Txp(m)s Tq(n) > = (3.11)

N ™

for all n > ny.
It follows from (3.11), (@) and (2.1) that

¢(§> = ¢(H(Txp(n), qu(n))) = 1/’(¢ (M(xp(”)’xq("))))

<y (¢ (D(xpm)’ Toep0) DCipton: Tqt) + DUt Tgon) Dt Topt) ))
= max{D(Xp(s), Txqm))s D(TXp(nys Xg(n)) }

<o (D(xmn» Txp(n) D) T q(n)) + D) T q0n)) DFg(m)s Tp()

, (3.12)
max{D(Xp(ny, Tq(n))s D(Txp(n)> Xg(n))} )

for all n > max{ny,n,}.

Page 8 of 18
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On the other hand, from (3.9) we know that

0 < PG> T D&pin), Tgin) + Dqn), Tq) D gt Topio))
B max{Dp(n), T2q(m)s D(TXp(n), Xq(m)}

D(xp(ny> Top(n)) D)) Thg(my)

~ max{D(p0m, Tg0m) DT, Xg0m)
D (g1, T ) D gy Tp(n))

max{D (), T%q01)), D(Txp(n), Xq(n))
< D@%p(n)s Txpn)) + D(Xg) Toq(m)-
Let n — oo in the above inequality and by taking (3.6) into account, we obtain

Depny T Deptn)y Tgin) + D gy Trg)) Dy Toipin) 0

lim
n—00 max{D(Xp(n), Txq(n))s D(Txp(n), Xg(m)}

So, there exists n3 € N such that

D(xp(n)» Txp(m)) Dp(nys T () + Dy Ttgn) D gy Thpn)

&
< —
max{D(Xp(m), Txq(m)s D(Txp(n)s Xq(m)} 2

’

for all n > n3
This implies that

" (D(xpm» 1)) D), Tqo) + D6gim)» Tgin ) D> Topim) ) < ( € ) (3.13)
max{D(xp(,,), qu(n))¢D(Txp(n)y xq(n))} B 2 ’

for all n > n3.
In combination with (3.12) and (3.13) we get

€ D(xp(n), T p() ) DX p) T () + DX ), T g(0)) DX g0y T (o)) £
¢<><¢< 2 Tp(m) DXp(n)> TXq(n) a: g0} D, Topm) ) _ oy (€7)

2 max{D(xp(,,), qu(n)), D( Txp(n)» xq(,,))}

for all n > max{ny, ny, n3}, which is a contradiction. Hence

lim d(x,,x,)=0.

n,m— 00

Therefore, we conclude that {x,}°, is a Cauchy sequence in X. Since (X, d) is a complete

metric space, so there exists x* € X such that

lim d(x,,x*) =0

n—00

and

lim Dy, Ta") = d(x", Ta"). (3.14)
Now, we claim that x* € Tx*.
Arguing by contradiction, we assume that D(x*, Tx*) > 0, then there are two cases:
(a) for each k € N, there exists ny € N, ng = 1, n > mi—1 and x,,, € Tx™;
(b) there exists m € N, such that D(x,,, Tx*) > 0 for each n > m.
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From (a), we get

x* = lim x,, € Tx",

k— 00

which is a contraction.
From (b), we get

max{D(x,,, Tx*),D(x*, Tx,,)} > 0. (3.15)
Since T is a generalized multivalued Khan-type (¥, ¢)-contraction, from (3.15) we obtain

¢ (Dl Tn)) = ¢ (H(Ten, Tx")) < v (¢ (M (,27)))

B D(x,, Tx,)D(x,, Tx*) + D(x*, Tx*)D(x*, Tx,)

- \0(¢( max{D(x,, Tx*), D(Tx,,x*)} ))
(D(x,,, Tx,)D(x,, Tx*) + D(x*, Tx*)D(x*, Tx,,)>

< max{D(x,, Tx*), D(Tx,, x*)} '

(3.16)

On the other hand, in combination with (3.6), (3.14) and (3.15), we get

D(@y, Tn) Dy, Te*) + D", T#)D&", T) _ o
im =
n—00 maX{D(x,,, Tx*);D(Txn:x*)}

Thus, taking D(x*, Tx*) > 0 into account, there exists ny € N, such that

D(x,, Tx,)D(x,, Tx*) + D(x*, Tx*)D(x*, Tx,) 1 . s
< =D(x*, Tx"),
max{D(x,, Tx*), D(Tx,,x*)} 2

for all # > ny. And this implies that

D(, Tt) D, T*) + D(x*, Tx*)D(x*, Tx,.) Lo
¢( max{D(x,,, Tx*),D(Txmx*)} ) = ¢(§D(x , Tx ))

It follows from (3.16) that
1
o (D(sm1s T")) < 6 (ED(x*, Tx*)),

for all n > ny.
Since ¢ € @, we obtain

D(xrul, Tx*) =<

1
= ED(x*, Tx*),

for all n > ny.
Letting n — oo in the above inequality and taking (3.14) into account, we get

D(x*, Tx*) < =D(x*, Tx"),

N =

which is a contraction. So we have

D(x*, Tx*) = 0,

Page 10 of 18
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this implies that
x* e Tx".
Hence x* is a fixed point of T
Case II Assume that there exist i € N such that D(x;_1, Tx;) = 0.
Since D(x;_1, Tx;) = 0, we get
max{D(xH, Txi),D(Txi,l,xi)} =0.
By condition (ii) of Definition 2.10, it follows that
Tx; = Tx;,
and hence
x; € Tx;,
and this implies that x; is a fixed point of T'. This complete the proof. d
Remark 3.2 Note that the continuity of T is not supposed in Theorem 3.1.

From Definition 2.10 and Theorem 3.1, we get the result of single-valued mappings as
follows.

Definition 3.3 Let (X, d) be a metric space. A mapping T : X — X is called a generalized
Khan-type (¥, ¢)-contraction if there exist ¢ € ¥ and ¢ € @ such that, for all x,y € X,
(i) if max{d(x, Ty),d(y, Tx)} # 0, then Tx # Ty and

¢ (d(Tx, Ty)) < ¥(d(M(x,y)),

where

dw, To)d(x, Ty) + d(y, Ty)d(y, T5)
Mx,y) = max{d(x, Ty), d(y, Tx)}

)

(ii) if max{d(x, Ty),d(y, Tx)} = 0 then

Tx = Ty.

Remark 3.4 Using the same methods of Remark 2.11 and Remark 2.12, we get the F-Khan-
contraction (Definition 2.1, [19]) and 8-Khan-contraction (Definition 2.2), respectively.

Theorem 3.5 Let (X,d) be a complete metric space and T : X — X be a generalized Khan-
type (Y, )-contraction, then T has a unique fixed point x* € X, and for every x € X the
sequence {T"x}, e converges to x*.
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Proof We only need to prove the uniqueness. For this purpose, we assume that y* is an-
other fixed point of T in X such that d(x*,y*) > 0. Therefore

max{d(x*, Ty*),d(Tx",y*)} > 0.
So, from condition (i) of Definition 3.3, we get

0< ¢>(Tx*, Ty*)
- D(x*, Tx*)D(x*, Ty*) + D(y*, Ty*)D(y*, Tx*)
= ‘”(¢< max(D(x", Ty), D(Te" )] ))

D(x*, Tx*)D(x*, Ty*) + D(y*, Ty*)D(y*, Tx*))
< ¢< max{D(x*, Ty*), D(Tx*, y*)} '

But

D(x*, Tx*)D(x*, Ty*) + D(y*, Ty*)D(y*, Tx*) B
max{D(x*, Ty*), D(Tx*, y*)} N

’

this leads to a contraction and hence x* = y*. This completes the proof. d

4 Applications
Corollary 4.1 Let (X,d) be a complete metric space and T : X — K(X) be a mapping. If
there exists A € (0,1) such that, for all x,y € X,

H(Tx, Ty) < AM(x, ),

where

_ D(x, Tx)D(x, Ty) + D(y, Ty)D(y, Tx)
- max{D(x, Ty), D(y, Tx)}

M(x,y)

’

then there exists a fixed point x* of T in X.

Proof Let y(¢) := At and ¢(£) = £, R} — R{ in Theorem 3.1. It is easy to check that ¥ € ¥
and ¢ € @. The conclusion can be obtained immediately. O

Corollary 4.2 Let (X, d) be a complete metric space and T : X — K(X) be a generalized
multivalued 6-Khan-contraction, that is, if there exist 0 € © and k € (0,1) such that, for
all x,y € X,

(i) if max{D(x, Ty), D(y, Tx)} #0, then Tx # Ty and

0(H(Tx, Ty)) < (6(M(x, )",

where

Mx,y) = D(x, Tx)D(x, Ty) + D(y, Ty)D(y, Tx)'
BV = max{D(x, Ty), D(y, T%)}

’

Page 12 0of 18
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(i) ifmax{D(x, Ty),D(y, Tx)} = 0, then
Tx = Ty;
then there exists a fixed point x* of T in X.
Proof By using Remark 2.12 the conclusion can be obtained immediately. d
Corollary 4.3 Let (X,d) be a complete metric space and T : X — K(X) be a generalized
multivalued F-Khan-contraction, that is, if there exist F € F and t > 0 such that, for all
x,y€X,
(i) if max{D(x, Ty), D(y, Tx)} #0, then Tx # Ty and
T+ F(H(Tx, Ty)) < F(M(x,9)),
where

D(x, Tx)D(x, Ty) + D(y, Ty)D(y, Tx)

M(x,y) = max{D(x, Ty), D(y, Tx)} ’

(ii) if max{D(x, Ty), D(y, Tx)} = 0, then

Tx = Ty;

then there exists a fixed point x* of T in X.

Proof By using Remark 2.11 the conclusion can be obtained immediately. O

Remark 4.4 Let y € Tx in condition (i) of Corollary 4.3, we have

(%, Tx)D(x, Ty) + D(y, Ty)D(y, Tx)
max{D(x, Ty), D(y, Tx)}

M(x,y) = b = D(x, Tx) < d(x,y).

Then we get Theorem 2.9 ([4]) immediately.

Corollary 4.5 Let (X,d) be a complete metric space and T : X — K(X) be a multivalued
mapping. Suppose that, for all x,y € X,

M(x,)

Then there exists a fixed point x* of T in X.

Proof Let ¥ (t) := li“, ¢(t) :=t, R{ — R{ in Theorem 3.1. It is easy to check that ¥ € ¥

and ¢ € @, and the conclusion can be obtained immediately. O

Example 4.6 Now, we present an application where Theorem 3.1 can be applied.
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Let X = [0,1] with the metric d(x,y) = |x — |, x,¥ € X. Obviously (X,d) is a complete
metric space. Define a mapping

T:X — K(X)

Tx=|0,2%
x=|0,=
3

for all x € X. Then

H(Tx, Ty) = @, x,y€X.

Let (¢) := 2t and ¢(t) := £, t > 0, then

¢(H(Tx, Ty)) =H(Tx, Ty) = @,

and

D(x, Tx)D(x, Ty) + D(y, Ty)D(y, Tx)
)

(D(x, Tx)D(x, Ty) + D(y, Ty)D(y, Tx))
max{D(x, Ty), D(y, Tx)}

3 2xD(x, Ty) + 2yD(y, Tx)

" 4 max{D(x, Ty), D(y, Tx)}

Since x # y, the inequalities x < £ and y < § cannot be simultaneously true.

Ifx> % and y < %, then D(y, Tx) = 0, and hence

D(x, Tx)D(x, Ty) + D(y, Ty)D(y, Tx)
e )

3 2xD(x, Ty) + 2yD(y, Tx)
" 4 max{D(x, Ty), D(y, Tx)}

X
_2,

Note that if x > % andy < ’g‘, then @ < % Hence

o(H(Tx, Ty)) < ¥ <¢ <D(x' Tx)D(x, Ty) + D(y, Ty)D(y, Tx) >)

max{D(x, Ty), D(y, Tx)}

Similarly, we see that if y > § and x < %, the above inequality holds.

Ifx> % andy> %, then

D(x, Tx)D(x, Ty) + D(y, Ty)D(y, Tx) ))
v <¢< max{D(x, Ty), D(y, Tx)}

33—+ H-3)

~ 4 max{x-2,y-1%)
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e D+ 303

(x-3+0-3)
3(x2 + %) — 2xy

3
> _
4

4(x +y)
Notice that

lx — y] - 3(x2 +y%) — 2xy
3 = 4(x +y)

whenever x >y or x < y. So we get

(H(Tx, Ty)) < ¥ <¢ (D(x’ Tx)D(x, Ty) + D(y, Ty)D(y, Tx) ))

max{D(x, Ty), D(y, Tx)}

Thus, conditions in Theorem 3.1 hold. Therefore, by Theorem 3.1, it follows that there
exists a fixed point of T in X. In fact, 0 is a fixed point of 7.

Example 4.7 In this example, we present an application where Theorem 3.5 can be ap-
plied. This application is inspired by [7, 19].
Let X = C[0, 1] be the set of all real continuous functions on [0, 1], and d is defined by

aif,g) = IIf -gll = tr;l[gf]lf(t) -gt)|, f.geX.
Let
Y = {feX:ng(t)f é,te[o,l] orf(t):l,te[O,l]},

and G:[0,1] x [0,1] X Y — X be defined by

, 0<f(n<s

G(t,5,f(r) = P

ENTEN I

forallr,s,t € [0,1] and f € Y. Obviously (Y, d) is complete metric space, and G(t,s,f(r)) is
integrable with respect to r on [0, 1].
Let T be defined on Y by

1
Tf(s) = f G(s, r,f(r)) dr,
0
for all s € [0, 1]. We have

N A R S TS S Y CES
1
4)

[ Gls,rfr) = [y Ydr=1, f(r=1,

this proves that Tf € Y forall f e Y.
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Soforall ,s € [0,1] and f,g € Y, we have

0, f(r)=g(r)=10r0=<f(r)gr) <3,

|G(s,7.f (1) = G(s,r,g(r)| = {

4, otherwise,

and

0170 - [wr) L, 0<f<l,

1-il=3 f0)=1,
and
f(r) -3 0<f(r),g(r) <3
_1 , 0 <, ]_
If (r) - Tg(n)| = lf(r)l 4|1 </ < e 1
-3l=32, f(N=1,0=g() =53
n-31=% fn=gt=1
According to symmetry the above relations are establlshed for |g(r) — Tg(r)| and |g(r) —
Tf (r)|. Obviously 0 < f(r) < g Limplies that 2 < |f(r) — —| <land?2 3 <If(r)- —| <z i
Therefore,
! T TfIt < 1
5 < max{If - Tell g~ 11} < .
Noticing that
If (r) = Tf I (r) = Tg(r)] + 1g(r) — Tg(r)lIg(r) = Tf (r)]
max{||f - Tg|l, g - Tfll}
> 4[|f(r) = TF||f () - Te(r)| + |g(r) - Te(r)||g(r) - Tf ()] ]
[3 1 3 1:| 3
2 4 — -t - — =
8§ 8 8 8 8
we get

|G(s,7.f(r)) = G(s,7,g(r)|

22 VW) =TFOIf0) - el + 1g(r) ~ Te()llg(r) — TF ()1
-3 max({||f - 7zl g - Tf I}

Now, we prove that the integral equation

1
f(s):/o G(s,r,f(r))dr

has a unique solution f* € Y.
Forall f,g € Y and s € [0, 1], we have

1 1
| Tf (s) - Tg(s)| = ‘/ G(s,r.f(r)) dr - f G(s,r,g(r)) dr’
0 0
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1
5/0 |G(s,7,f(r)) — G(s,r, g(r)| dr

5;/1 If(r) = TF I () ~ Tg(n)] + lg(r) - Te()llg(r) - TF (I,
0

max{||f - Tgll, g - Tf I}
<g./1 IVF = AU~ Tgll + lig — Tgllllg ~ TFIl
~3 Jo max{|[f — 7gll, g - Tf I}

2 - TFNI - Tgll + llg - Tgllllg — Zf

3 max({||f — Tgll, lg — Zf I}

So, forall f,g € Y, we have

2 I = TFIIS - Tel + llg - Telllg - 77|
Tf - Tg| < = - .
177 -18l =5 max{|[f - gl Ig - I}

Let ¥ (2) == 3£, (¢) := £, R* — R,
Then we get

If = TF I — Tl + llg — Tellllg - Tfll))‘

P (I7f - Tell) < ¢(¢( max([f - Tell, lg - 771l

Consequently, all the conditions of Theorem 3.5 are satisfied. Therefore 7 has a fixed point
which is the solution of the integral equation f(s) = fol G(s,r,f(r))dr.
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