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1 Introduction and preliminaries

Convexity is very important in the field of mathematical inequalities. It is a basic concept
in mathematics, its extensions and generalizations have been defined in various ways by
using the different techniques. For example one of them is (% — m)-convexity, which is a
generalization of convexity that contains /-convexity, m-convexity, s-convexity defined on
the right half of the real line including zero (see [12, 23] and the references therein).

Definition 1 Let/ C R be an interval containing (0, 1) and let /1 : ] — R be a non-negative
function. We say that f : [0,5] — R is a (4 — m)-convex function, if f is non-negative and,
for all x,y € [0,b], m € [0,1] and « € (0, 1), one has

f(ax +m(1 - ot)y) < h(a)f (x) + mh(1 — a)f(y).

For suitable choices of /1 and 1, the class of (41— m)-convex functions is reduced to differ-
ent known classes of convex and related functions defined on [0, ] given in the following

remark.

Remark 1
(i) If m =1, then we get an h-convex function.
(i) If h(e) = &, then we get an m-convex function.
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(ili) If #(a) = @ and m = 1, then we get a convex function.

(iv) If h(«) =1 and m = 1, then we get a p-function.

(vi) If Ao
(vii) If Ao
kind.

)=
)=
(v) If h(e) = «® and m = 1, then we get an s-convex function in the second sense.
)=- and m =1, then we get a Godunova—Levin function.
)=

S and m = 1, then we get an s-Godunova—Levin function of the second
Convex functions are equivalently defined by the well-known Hadamard inequality

stated as follows.

Theorem 1.1 Let f : [a,b] — R be a convex function such that a < b, then the following
inequality holds:

a+b <f(ll)+f(b)
(57) =5 [ 1w )

2

The Fejér—Hadamard inequality is a weighted version of the Hadamard inequality es-
tablished by Fejér in [8].

Theorem 1.2 Letf : [a,b] — R be a convex function and g : [a, b] — R be a non-negative,

integrable and symmetric to ‘”b . Then the following inequality holds:

b b) [?
1(%3°) [ stwas= [ rgeoas LI [ gan @

Many researchers are continuously working on inequalities (1) and (2), and they have
produced very interesting results for convex and related functions; for details see [3-7,
12, 16, 18]. In this paper, we wish to prove the Hadamard and the Fejér—Hadamard type in-
tegral inequalities for (41— m)-convex functions via an extended generalized Mittag-Leffler
function.

In [1], M. Andri¢ et al. defined the extended generalized Mittag-Leffler function

y,8,k,c
Ep,al

(+;p) as follows:

Definition 2 Let u, o, y,c € C, R(w), R(a), R({) > 0, R(c) > R(y) >0 withp>0,5 >0
and 0 < k < & + 9N(n). Then the extended generalized Mittag-Leffler function E};’ 2 kc(t p)
is defined by

Eyékc _ > ,BP(]/+l’lk,C—)/) (©)nk t" ’ 3
D = e Fun ) D @)

where B, is the generalized beta function defined by

! 2
Bp(x,y) :/ £ -ty e M0 dy
0

and (c), is the Pochhammer symbol defined by (c),x = = (Cz’;k).

Remark 2 Equation (3) is a generalization of the following functions:
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(i) setting p =0, it reduces to the function EV 5 kc(t) due to Salim et al. defined in [17],
(ii) setting /=4 =1, it reduces to the functlon E,’Z «" (t; p) defined by Rahman et al. in
(15],
(ili) setting p=0and /=34 = 1, it reduces to the function E}iﬁ(t) due to Shukla et al.
defined in [20]; see also [21],
(iv) setting p =0and /=38 =k = 1, it reduces to the Prabhakar function EJ, ,(¢) defined
in [14].

For more information related to the Mittag-Leffler function we suggest [2, 9]. The cor-

responding left- and right-sided generalized fractional integral operators euill(:) 4+ and
y,8,k,c

T defined as follows.

€

Definition 3 ([1]) Let w, u,,y,c € C, R(u), R(a), R(]) > 0, R(c) > R(y) >0 with p > 0,
§>0and 0<k <8+ ‘h(u) Let f € Li[a,b] and x € [a, b]. Then the generalized fractional
fand €°%¢ £ are defined by

integral operators €’ Lo,

ualwu

(€1oye wof ) p) = f (x = £)* LN (el — ) p)f () dt @)
and
(eratro ) @p) = / (¢ —x)* B (ot — 20" p)f () dit. (5)
Remark 3 Equations (4) and (5) are the generalization of the following fractional integral
operators:
(i) setting p =0, it reduces to the fractional integral operators defined by Salim et al. in
(17],
(ii) setting /=4 =1, it reduces to the fractional integral operators defined by Rahman et
al. in [15],

(ili) setting p=0and /=34 =1, it reduces to the fractional integral operators defined by
Srivastava et al. in [21],
(iv) setting p =0and /=6 = k =1, it reduces to the fractional integral operators defined
by Prabhakar in [14],
(v) setting p = w =0, it reduces to the right-sided and left-sided Riemann-Liouville
fractional integrals.

Let f € L1[a, b]. Then the left- and right-sided Riemann-Liouville fractional integrals
I7.f and I} f of order a € R (& > 0) are defined by

o 1" fydt
I f(x) := ra ) oo x>d,
and
b
I f(x) 1= — AOLLE

I ), (E-x)t’

respectively. Here I"(«) is the Euler Gamma function and 12+ f(x) = Ig, fx) =f(x).
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Fractional integral inequalities are useful in establishing the uniqueness of solutions of
fractional differential equations. A lot of work dedicated to fractional calculus reflects its
importance in almost all fields of mathematics, physics, information technology and other
sciences [3, 4, 6, 7, 10, 11, 13, 22]. In the upcoming section, first we prove the Hadamard
inequality for (4 — m)-convex functions via extended generalized fractional integral op-
erators defined in (4) and (5). Then the Fejér—Hadamard inequality for these operators is
obtained. Furthermore, the results for fractional integral operators associated with (4), (5)

(see Remark 3), and several kinds of convexity (see Remark 1) are highlighted.

2 Main results
First we present the extended generalized fractional integral Hadamard inequality for (4 —

m)-convex functions.

Theorem 2.1 Let f : [a,b] C (0,00) — R be a function such that f € L,[a,b] with a < b
and m € (0,1]. If f is (h — m)-convex and h € L,1[0,1], then the following inequalities for
extended generalized fractional integral operators, (4) and (5), hold:

f(bm + “)(GZZII(:)" " )(mb;p)

<) ittt () @it
( >(bm a)ot{ [mf(%) +f(b)](ez"i"ll("i,mh)(l;p)
MR Gl o
where o° = Gt

Proof Since f is (h — m)-convex, we have

f(’”” *) ) < h(%)(mﬂx) +10)). %

2

Putting in the above x = (1 - £):. + th and y = m(1 ~ )b + ta, we get

f(b’”2+ “) < h(%) <mf((1 - t)% + tb) +f(m@ - )b + m)). ®)

Multiplying (8) by £~1E**“(wt/; p) on both sides, then integrating over [0, 1], we have

el

bm+a\ (! - ”
f( 5 )/0 Ear (tsp) de

<h(1> [/1 [ IEV‘SkC(a)t” p)mf((l—t)— +tb>d
= 2 o el )
1
+/0 LN (ot )f(m(l—t)b+ta)dt].




Kang et al. Journal of Inequalities and Applications (2019) 2019:78

Putting in the above x = (1 - ¢)+- + th and y = m(1 — t)b + ta, then, by using (4) and (5), we
get

bm+a
S < 2 >(€Zf§’,§,ﬁo,a+1)(mb;p)

§h(%>[m‘“l( ;iﬁgomubf)< ) (7%, . F)ombs p)] ©)
Again by using (i — m)-convexity of f, we have
mf<(1 - t)% + tb) +f(m(1 - 0)b + ta)
h(l - t)f( ) +mh(t)f (b) + mh(1 — t)f (b) + h(t)f (a)
_ m[mf( ) +f(b>] (L= )+ [mf () + F(a) o) (10)

Multiplying (10) by h(%)t"“lEy’B’k’c(wt“; p) on both sides, then integrating over [0, 1], we

ol
have

1
h(%)[/o e lEﬁifc(wt“yp)MfO 0= +tb) dt

+/ T B (ot )f(m(l—t)b+ta)dt]
0

h<l>{ [ ( >+f(b]/ T NS (ot p)h(1 - £) dt

+ [mf ) +f(@)] / (T (ot )h(t)dt}.

By using (4) and (5), we get
1 c
h<§>|:mol+1( Zil;wﬂml’-bf)( ) (E}:ilwo +f)(mbp):|

- h(%) (b — )" {m[mf(mi) +f(b)] (725 m)(1ip)
+ [mf®) +f(a>](eZ:i’,f,’;,l-h)m;p)}.

From the above inequality and (9), we get the required inequality (6). (]

Several known results are special cases of the above generalized fractional Hadamard
inequality comprised in the following remark.

Remark 4
(i) If we put p =0 in (6), then [16, Theorem 2.1] is obtained.
(ii) If we put h(t) =¢, m=1and p =0in (6), then [5, Theorem 2.1] is obtained.
(iii) If we put h(t) =t and p = 0 in (6), then [6, Theorem 3] is obtained.

Page 5 of 10
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(iv) If we put i(t) = ¢ and p = w = 0 in (6), then [7, Theorem 2.1] is obtained.
(v) if weput h(t) =t, m=1and p = w =0 in (6), then [18, Theorem 2] is obtained.
(vi) fweputh(f) =t,m=1,a =1and p = w =0 in (6), then the Hadamard inequality is

obtained.

In the following we prove an analog version of the Hadamard inequality for generalized

fractional integrals.

Theorem 2.2 Letf : [a,b] C (0,00) — R be a function such that f € L,[a,b] witha < b and
me (0,1]. If f is (h — m)—convex, then the following inequalities for extended generalized
fractional integral operators, (4) and (5), hold:

2

1 vdikie a+l ([ _v.8.kc a .
h<§> I:(GM;O"[’“’DZM a+bm J)(mb 17) +m ( s a,l,w”(ZVVI)”‘(%)J) Z’p

1\ (bm - a)® ! y 2-
h(§>(’”24a”){m[mf(%) +f(b)]/0 A p)h(Tt> dt

1
) ep@] [ e orsoh(3 ) ar) ay

a+bm Sk
T

IA

IA

0 _ w
where ° = 2o

Proof Puttingx = £b+ 5% andy=Lta+ m—b in (7), we get

) o 52 om0 o

Multiplying (12) by t“‘lEZ:i’j’c(wt”; p) on both sides, then integrating over [0, 1], we have

b
A=) [ gl

1
|
0
1
[ 1pv.8.kc . E (2—1')1
+/0 Ejet (@ t#’P)f<2b+ 2 m)dt}.

(Zzt Zandy=ta+ m(z—tb then, by using (4) and (5), we get

Putting x = £b +

a+bm V8 ke
4 (T) (€ o sepmy 1) 0153P)

L a
- vibke a+l( _v.8kc a.
= h<2> [(eﬂ,a,l,wozﬂ a+bm J)(mb 17) +m ( » a’l’wa(zm)ﬂ,(%)f) (Vl’l’p)]' (13)
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Again by using (k — m)-convexity of f, we have

f(%zz+ ub> f(§b+(2—;t)%)
5h(é)/(u)+mh(%)f(b)+mh<%)f(b)+m2h<%)/<%)
ot () 10 (252 + I+ sl 5): (1)

Multiplying (14) by h( ) IEZil (wt*; p) on both sides, then integrating over [0, 1], we

1 1(11 y,8,k,c ", t (Z_t)
h(§>|:/0 tE) (ot ,p)f( a+m— b)dt
a—1py.8,k,c “. E (2—1?)2
+/0 tEy S (wt ,p)mf(2b+ 5o )t

h<1>{ [ ( )+f(h]/ a_IEZ:i’flc(wt“;p)h(?> dt

+ [mf ) + (@] fo BT p)h@ dt}.

have

—

By using (4) and (5), we get
()L L2 1 )]
< h(%) —(bm2; o {m[mf(%) +f(b)] /0 t“’lfzziﬁ'c (a)t“;lﬂ)h<?> dt
+ [mf(b) +f(@)] / Lok (o t";p)h(%) dt}.
From the above inequality and (13), we get the required inequality (11). O
Remark 5 If we put p = 0 in (11), then [16, Theorem 2.2] is obtained.
Corollary 2.3 If we put h(t) =t, m =1 and p = 0 in (11), then the following inequality

analog to the Hadamard inequality [5, Theorem 2.1] for convex functions via generalized

fractional integrals is obtained:

[(Ey,é,k,c #)f)(a)+ (61/,5,/(,6 #)J)(b)]

1,000 ,( 1,050,000 ,(

b K,C
/ (%) (€10 o 1) (b) <

< S[f@+fB)](eln)eo 1) (@)

l\)l>—‘ N =

If we put i(¢) =t, m =1 and p = w = 0 in (11), then we get the following result for

Riemann-Liouville fractional integral.

Page 7 of 10
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Corollary 2.4 ([19]) Letf :[a,b] — R be a function with 0 <a < b and f € L1[a,b]. Iff is
convex on a, b], then the followmg inequalities for fractional integrals hold:

b 2a+11"( 1) 1
f( ;ﬂ)s e Ui SO+ I [@] = 5[ @)+ )]

In the following we present a Fejér—Hadamard inequality for (4 — m)-convex functions

via generalized fractional integral operators.

Theorem 2.5 Let f : [a,b] C [0,00) — R be a function such that f € Ly|a,b] with a < b
and m € (0,1]. Also, let g : [a, b] — R be a function which is non-negative and integrable. If
f is (h— m)-convex, f(x) = f(a + mb — mx) and h € L,(0, 1], then the following inequalities
for extended generalized fractional integral operators, (4) and (5), hold:

bm+a Sk a
f( )(el):alwom“b g)(;:[))
a
>(m 1)( Xi'},f)omu,bfg)(;;p)

1\ (b “ :
0 o) st
+|

mf (b) +f ()] (e} jj’g,l_h)(o;p)}, (15)

| /\

o0 _ w
where w° = Ty

Proof Multiplying (8) by t*~ 1EZ i’; “(wt"; p)g(th + (1 - t)£) on both sides, then integrating

over [0, 1], we have

b ! )

(o) [ o oz
1

5h(%>[/0 U (ot )g(tb+(1—t)%>mf<(1—t)%+tb)dt

! 1 v.8,kc a
+/0 T EL (0t )g(tb+(1—t);)/(m(1—t)b+m)dti|.

Putting x = (1-¢);. +tb in the above and then, by using the condition f (x) = f(a + mb - mx),

we get

bm+a Sk a 1 Sk a
f( 2 )(Ezalw"m“b g)(E;p> §h<§>(m + 1)(€Z,a,l,w0mu,b-fg) Z;P . (16)

Now multiplying (10) by h(%)t”’lEZ:Z’f‘c(wt“; p)g(th + (1 - t)£) on both sides, then inte-

grating over [0, 1], we have

1
hG)Uo LBk (opt )g(tb+ a —t)%)mf((l -0~ +tb) dt

+/1 ALY (ot )g(tb+(1—t)£)/(m(1—t)b+m)dt:|
0 ol m
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1
< h(%) { [nﬁf(%) ; mf(b)] [ e - .

1
+ [mf(b) +f(a)] / t"“lEZ:i’f’c (wt"; p)h(t) dt}.
0
By using (4) and (5), we get
1 y,8,k,c a
h 5 (Wl + 1) (Eu.,oz,l,w“m“,b’fg) Z’p
1\ (bm - a)* a Sk
<h (§> e {Wl [Wlf<ﬁ) +f(b)] (EZ,a,z,w,mh)(l;P)
)+ @) €4 W0
From the above inequality and (16), we get the required inequality (15). O

Remark 6
(i) If we put p =0in (15), then [16, Theorem 2.5] is obtained.
(ii) If we put h(f) =¢, m=1and p =0 in (15), then [5, Theorem 2.2] is obtained.

3 Concluding remarks

The aim of this paper is to extend the generalized fractional integral inequalities via
(h — m)-convexity. It is worthy of note that the presented results in particular contain a
number of fractional integral inequalities for s-convex, m-convex, s-convex, convex and
related functions (see Remark 1 and Remark 3). The Fejér—Hadamard inequality summa-
rizes all the discussed results in a very nice compact form. We hope this work will attract

researchers working in mathematical analysis, fractional calculus and other related fields.

Acknowledgements
The authors are thankful to both reviewers for positive comments, which improved the quality of this paper.

Funding
This research is funded by Higher Education Pakistan.

Availability of data and materials
All data is included within this paper.

Competing interests
The authors do not have any competing interests.

Authors’ contributions
All authors contributed equally in this paper. All authors read and approved the final manuscript.

Author details

' Department of Mathematics and Research Institute of Natural Science, Gyeongsang National University, Jinju, Korea.
2Center for General Education, China Medical University, Taichung, Taiwan. *Department of Mathematics, COMSATS
University Islamabad, Attock Campus, Pakistan. “Division of Science and Technology, University of Education, Lahore,
Pakistan. °Govt Boys Primary School Sherani, Attock, Pakistan.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 5 September 2018 Accepted: 8 March 2019 Published online: 27 March 2019



Kang et al. Journal of Inequalities and Applications (2019) 2019:78 Page 10 of 10

References

1.

2.

20.

21.

22.

23.

Andri¢, M, Farid, G, Pecari¢, J.: A further extension of Mittag-Leffler function. Fract. Calc. Appl. Anal. 21(5), 1377-1395
(2018)

Baleanu, D, Fernandez, A.: On some new properties of fractional derivatives with Mittag-Leffler kernel. Commun.
Nonlinear Sci. Numer. Simul. 59, 444-462 (2018)

. Chen, F: On Hermite—-Hadamard type inequalities for Riemann-Liouville fractional integrals via two kinds of

convexity. Chin. J. Math. 2014, 7 (2014)

. Chen, H, Katugampola, UN.: Hermite-Hadamard-Fejér type inequalities for generalized fractional integrals. J. Math.

Anal. Appl. 446, 1274-1291 (2017)

. Farid, G.: Hadamard and Fejér—-Hadamard inequalities for generalized fractional integral involving special functions.

Konuralp J. Math. 4(1), 108-113 (2016)

. Farid, G.: A treatment of the Hadamard inequality due to m-convexity via generalized fractional integral. J. Fract. Calc.

Appl. 9(1),8-14 (2018)

. Farid, G, Rehman, A.U,, Tarig, B On Hadamard-type inequalities for m-convex functions via Riemann-Liouville

fractional integrals. Stud. Univ. Babes—Bolyai, Math. 62(2), 141-150 (2017)

. Fejér, L: Uber die Fourierreihen II. Math. Naturwiss. Anz. Ungar. Akad. Wiss. 24, 369-390 (1906)
. Fernandez, A, Baleanu, D, Srivastava, H.M.: Series representations for fractional-calculus operators involving

generalised Mittag-Leffler functions. Commun. Nonlinear Sci. Numer. Simul. 67, 517-527 (2019)

. Kilbas, AA, Srivastava, HM.,, Trujillo, J.J.: Theory and Applications of Fractional Differential Equations. Elsevier,

Amsterdam (2006)

. Loverro, A:: Fractional Calculus: History, Definitions and Applications for the Engineers. University of Notre Dame,

Notre Dame (2004)

. Ozdemir, M.E, Akdemri, A.O, Set, E: On (h — m)-convexity and Hadamard-type inequalities. Transylv. J. Math. Mech.

8(1),51-58 (2016)

. Podlubni, I.: Fractional Differential Equations. Academic Press, San Diego (1999)
. Prabhakar, TR: A singular integral equation with a generalized Mittag-Leffler function in the kernel. Yokohama

Math.J. 19, 7-15 (1971)

. Rahman, G, Baleanu, D., Qurashi, M.A,, Purohit, S.D.,, Mubeen, S., Arshad, M.: The extended Mittag-Leffler function via

fractional calculus. J. Nonlinear Sci. Appl. 10, 4244-4253 (2017)

. Rehman, A.U,, Farid, G, Ain, QU.: Hadamard and Fejér-Hadamard inequalities for (h — m)-convex function via

fractional integral containing the generalized Mittag-Leffler function. J. Sci. Res. Reports 18(5), 1-8 (2018)

. Salim, T.O, Faraj, AW.: A generalization of Mittag-Leffler function and integral operator associated with integral

calculus. J. Fract. Calc. Appl. 3(5), 1-13 (2012)

. Sarikaya, M.Z,, Set, E,, Yaldiz, H., Basak, N.: Hermite-Hadamard inequalities for fractional integrals and related fractional

inequalities. J. Math. Comput. Model 57(9), 2403-2407 (2013)

. Sarikaya, M.Z,, Yildirim, H.: On Hermite—-Hadamard type inequalities for Riemann-Liouville fractional integrals. Miskolc

Math. Notes 17(2), 1049-1059 (2016)

Shukla, AK, Prajapati, J.C.: On a generalization of Mittag-Leffler function and its properties. J. Math. Anal. Appl. 336,
797-811 (2007)

Srivastava, H.M., Tomovski, Z.: Fractional calculus with an integral operator containing generalized Mittag-Leffler
function in the kernal. Appl. Math. Comput. 211(1), 198-210 (2009)

Tunc, M. On new inequalities for h-convex functions via Riemann-Liouville fractional integration. Filomat 27(4),
559-565 (2013)

Varosanec, S.: On h-convexity. J. Math. Anal. Appl. 326(1), 303-311 (2007)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	(h-m)-convex functions and associated fractional Hadamard and Fejer-Hadamard inequalities via an extended generalized Mittag-Lefﬂer function
	Abstract
	MSC
	Keywords

	Introduction and preliminaries
	Main results
	Concluding remarks
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


