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1 Introduction

Let p be a prime number, and let x € Q. Then the non-Archimedean p-adic norm |x|,
is defined as follows: if x = 0, then |0|, = 0; if x # 0 is an arbitrary rational number with
unique representation x = p” ”, where m, n are not divisible by p, and y = y (x) € Z, then
|x|, = p~7. This norm has the following properties: [xy|, = [x|,[y]p, [x+ ]|, < max{|x|,, ¥y},
and |x|, = Oifand only if ¥ = 0. Moreover, when x|, # |y|,, we have [x+y|, = max{|x|,, [y],}.
Let Q, be the field of p-adic numbers defined as the completion of the field of rational
numbers Q with respect to the non-Archimedean p-adic norm | - |,. For y € Z, we denote
the ball B, (a) with center at € Q, and radius p” and its boundary S, (a) by

B, (a) = {x €Q:lx—alp §py}, Sy(a)= {x €Qp:lx—al, =py},
respectively. It is easy to see that

By(a) = | J Sk(a).

k<y

For n € N, the space QZ =Q, x --- x Q, consists of all points x = (¥1,...,%,) where
x;€Q,,i=1,...,n,n> 1. The p-adic norm of Q; is defined by

- . n
x|, = 112?5); [xilp, x€ Qp-
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Thus it is easy to see that |x|, is a non-Archimedean norm on Q). The balls B, () and the
sphere S, (a) in Q}’j for y € Z are defined similarly to the case n = 1.

Since Q;, is a locally compact commutative group under addition, by the standard anal-
ysis there exists the Haar measure dx on the additive group Q; normalized by f Bo dx =
|Bolg = 1, where |E|y denotes the Haar measure of a measurable set E C QZ. Then by a
simple calculation the Haar measures of any balls and spheres can be obtained. From the
integral theory it is easy to see that |B, (a)|y = p™ and |S, (a)|y = p" (1 — p™”) for any
ac Q;. For a more complete introduction to the p-adic analysis, we refer to [1-8] and the
references therein.

The p-adic numbers have been applied in the string theory, turbulence theory, statistical
mechanics, quantum mechanics, and so forth (see [1, 9, 10] for detail). In the past few
years, there is an increasing interest in the study of harmonic analysis on p-adic field (see
[5-8] for detail).

Let £2 € L>(Q}) be such that QR(Px) = 2(x) for all j € Z and flxlp=1 2(x)dx = 0. Then
the p-adic singular integral operators defined by Taibleson [5] are as follows:

Ti(f)(x) = kf(x—y)Q—(y)dz fork € Z.

[ylp>p |y|;

The p-adic singular integral operator T is defined as the limit of T as k goes to —oo.

—
Moreover, let b = (by,bs,...,b,,), where b; € LIOC(QZ) for 1 <i < m. Then the higher
commutator generated by b and Ty can be defined as

- m .Q
Tof (x) = / ) H(bt(x) —bi(x-y)f(x —y)ﬂ dz forkeZ,
y

p>P" -1 |y|Z

and the commutator generated by _b> = (b1,by,...,by) and the p-adic singular integral
operator T is defined as the limit of T,’;’ as k goes to —00.

Under some conditions, the authors in [5, 11] showed that T} were of type (g, q) for
1 < g < 0o and of weak type (1, 1) on local fields. Wu et al. [12] established the boundedness
of Ty on p-adic central Morrey spaces. Furthermore, the A-central BMO estimates for
commutators of these singular integral operators on p-adic central Morrey spaces were
obtained in [12]. Moreover, in the p-adic linear space Q”, Volosivets [13] gave sufficient
conditions for the boundedness of the maximal function and Riesz potential in p-adic
generalized Morrey spaces. Mo et al. [14] established the boundedness of the commutators
generated by the p-adic Riesz potential and p-adic generalized Campanato functions in p-
adic generalized Morrey spaces.

Motivated by the works of [12—14], we consider the boundedness of T; on the p-adic
generalized Morrey type spaces, as well as the boundedness of the commutators generated
by T} and p-adic generalized Campanato functions.

Throughout this paper, the letter C will be used to denote constants varying from line to
line. The relation A < B means that A < CB with some positive constant C independent
of appropriate quantities.

2 Some notation and lemmas
Definition 2.1 ([13]) Let1 < g < oo, and let w(x) be a nonnegative measurable function in
QZ. A function f € L! (Q;) is said to belong to the generalized Morrey space GMq,w(QZ)

loc
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if

1 1 q H
Iflloy, = sup ( ) d) -
lf My, |By (ﬂ) |H By (a) lf(y | g

acQp,y €l w(By (d))
where (B, (a)) = fo(a) w(x) dx.

Let A € R.Ifw(B, (a)) = |B, (a)|", then GMq,w(QZ) is the classical Morrey space Mq,)\(Q;).
About the generalized Morrey space, see [15], and for the classical Morrey spaces, see [16]
and so on.

Moreover, let 2 € R and 1 < g < 00. The p-adic central Morrey space CM,,,(Q)) (see
[8]) is defined by

.\
Iflleam,, = <|B (0)|1+Aq/ IF)| dy) < 00.

Definition 2.2 ([17]) For 0 < B < 1, the the p-adic Lipschitz space Ag(Q}) is defined as
the set of all functions f : Q; = C such that

fla+h) -Gl

Wl Az =
P e |hl}

Definition 2.3 ([13]) Let B be a ball in Q”, 1 < g < 00, and let w(x) be a nonnegative
measurable function in Q” A function f € LIOC(QZ) is said to belong to the generalized
Campanato space GCp,.,(Qy) if

1/q

— 1 1 q
Vlscrn = P o, (a>)<|B @t /O 0l dy) <o

where f3, ;) = fo ,Jf (%) dx and (B, (a)) fB () dx.

\By

The classical Campanato spaces can be found in [18, 19], and so on. The important
particular case of GCq,w(QZ) is BMO,M(QZ), where 1 < g <ooand 0< A <1/n. The central
BMO space CBMO,,,(Q)) is defined by

1/q

1 1 .
"f”CBMO”M(Q" }S/EIZJ B, (O)IH(IB Ol Js,00 VO’) —fo(0)| d)’) <oo. (2.1)

Lemma 2.1 ([14]) Let 1 < g < 00, and let @ be a nonnegative measurable function. Let
b e GCyw(Qy). Then

|bBy (@) — bay(w)| < lIbllGc,,, i — kI max{w(Bi(a)), (Bj(a)) }
Jorj,k € Z and any fixed a € Q.

Thus, for j > k, from Lemma 2.1 we deduce that

1/q
(/B.( )|b(y) -b Bk<“>|qdy) < (+1-0)|B@)|,"o(B(@) Iblloc,, (2.2)
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Lemma 2.2 ([5]) Let 2 € LW(Q;) be such that Qp/x) = Q) for all j € 7. and
f\x\p=1 2(x)dx=0.1If

o0

sup Z‘/x 71|.Q(x+p"y)—.(2(x)|dx<oo,

lylp=1 j=1

then for 1 < p < 00, there is a constant C > 0 such that
I Tk(f)”Lp(Q;;l) = Clif ez

for k € Z, where C is independent of f and k € Z.

Furthermore, T(f) = lim_, _oo Tk(f) exists in the L” norm, and
” T(f)HLP(Q;) = C”f||U’(QZ)~

Moreover, on the p-adic field, the Riesz potential % is defined by

apy o L /)
L,f(x) = @ j“@Z e dy,

where I,(a) = (1 - p*")/(1 - p™) fora € C, a #0.

Lemma 2.3 ([14]) Let o be a complex number with 0 <Rea <n,andlet 1 <r<oo,1<qg<
n/Rea,and 0 < 1/r = 1/qg—Rea/n. Suppose that both w and v are nonnegative measurable
functions such that

e VB(@)
,Z” B, @) <%

Jorany a € Q) andy € . Then the Riesz potential I; is bounded from GMg,, to GM..,.

3 Main results
In this section, we state the main results of the paper.

Theorem 3.1 Let 1 < q < 00, and let 2(p'x) = 2(x) forallj € Z, |,

=1 2(x)dx =0, and

sup Z/xp=1| (x+p’y) )|dx<oo

D=1

Suppose that both w and v are nonnegative measurable functions such that

> "v(Bj(a))/w(By(@)) = C <00 (3.1)

j=v

Joranyy € Z and a € Q. Then the singular integral operators Ty are bounded from GM,,
to GMy,, for all k € Z.. Moreover, T(f) = limy_, oo Tk(f) exists in GMy,.,, and the operator
T is bounded from GMy,, to GM,.
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Corollary 3.1 Let1<g <00, A <0,andlet 2 € L“(QZ) be such that Q (Px) = 2(x) for all
jez, flxlpzl 2(x)dx =0, and

o0

sup Z‘/x 71|.Q(x+p"y)—.(2(x)|dx<oo.

|J’|p=1 j=1
Then the operators Ty and T are bounded on the space M, for all k € 7.
In fact, for A < 0, taking w(B) = v(B) = | B[}, in Theorem 3.1, we obtain Corollary 3.1. If the

Morrey space M), (QZ) is replaced by the central Morrey space CM, (QZ) in Corollary 3.1,
then the conclusion is that of Theorem 4.1 in [12].

Theorem 3.2 Let 2 € L(Q) be such that Q2(p'x) = Q2(x) for all j € Z, flxlpzl 2(x)dx =0,
and

sup Z/ |.Q(x+p"y)—.(2(x)|dx<oo.

lylp=1 j=1 lx|p=1

Let 0< Bi<1fori=1,2,...,m be such that 0 < =3 ", Bi < n, and let 1 < r < 0o and
1< q<n/B besuch that 1/r = 1/q — B/n. Suppose that b; € Ag,, i=1,2,...,m, and both ®
and v are nonnegative measurable functions such that

Zp’ﬂ i(a))/w(By (a)) = C <00 (3.2)

Joranyy € Z and a € Q. Then the commutators T,l;’ are bounded from GMg,,, to GM,.,, for
all k € Z. Moreover, the commutator TP(f) = limy_, _o, TP (f) exists in the space of GMy,,,
and T? is bounded from GM,,, to GMy,,,.

Theorem 3.3 Let 2 € L(Q)) be such that Q2(p'x) = 2(x) for all j € Z, flxlp=1 2(x)dx =0,
and

sup Z/ |2(x +py) - 2(x)| dx < 0.

lylp=1 j=1 lx|p=1

Letl<q,r,qi,...,qm <oobesuchthat1/r =1/q+1/q1+1/qs+- - -+ 1/q,,. Suppose that w, v,
andv; (i=1,2,...,m) are nonnegative measurable functions. Suppose that b; € GCy, ,, (QZ),
i=1,2,...,m,and thefunctions w,v,andv; (i =1,2,...,m) satisfy the following conditions:
(i) ]_[, 1 Vi(By (@)v(By (a)/w(By (@) = C < o0,
(ii) Zj:y+1 ]_[l.:1 vi(Bj(@))(j + 1 - y)"v(Bj(a))/w(B,(a)) = C < 00
Jorany y € Z and a € Q. Then the commutators T,? are bounded from GM,, to GM,,
for all k € Z. The commutator Th = limg_, oo T,{’ exists in the space of GMy,,, and b is
bounded from GMy,, to GM,,.
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Corollary 3.2 Let 2 € L™(Qy) be such that QPx) = 2(x) forallj e Z, flx|p=1 2(x)dx =0,
and

sup Zf |.Q(x+pjy)—.9(x)|dx<oo.

|J’|p:1 j=1 \x\p=1

Let 1 < q,7,q1,...,4m < 00 be such that 1/r = 1/q + 1/q1 + l/qa + --- + 1/qy,. Let 0 <
Moeooshm < 1n, A < =310 Ay, and X = YA+ A If b € BMO,,;,(Qy), then the com-
mutators T} and T® are bounded from My, to M, ; for all k € Z.

Moreover, let 1 <r,q,q1 < cobesuchthat 1/r=1/q+1/q;.Let0 <Ay <1/n, A < —A1,and
A=M+AIfbe CBMOy, 4, (Qy), then from Corollary 3.1 it follows that the commutators
T,f = [T}, b] and T? = [T, b] are bounded from CM,,. to CM, ; for all k € Z. These results
are those of Theorem 4.2 in [12].

4 Proof of Theorems 3.1-3.3
Let us first give the proof of Theorem 3.1.
For any fixed y € Z and a € (Q, it is easy to see that

1 1 q 1/q
w(BV(ﬂ))(|B]/(ﬂ)|H ,[gy(a)‘Tk(f)(x)’ dx)

1 1 qd 1/q
< T ’
a w(By(a))(|By(a)|H /BM‘ K x5, @)@))| x)

1 1 . 1/q
c d
' @(By (a)) <|B}, (@) /By(a) | Tk(fXBV(“))(x)| x)

=1+11, (4.1)

where B, (a) is the complement to B, (a) in Qy.
Using Lemma 2.2 and (3.1), it follows that

o1 1 1 Ve
I
~ w(B,(a)) |By(a)|}_,/q( By (@) sl x)

_ v(B, (a)) 1 ( 1 . )l/q
(B, (a)) v(B,(a) \|B, (@)l By(ﬂ)lf(x)l x

S W lleag, - (4.2)

For 11, let us first estimate | T (f XB @)@
Since x € B, (a) and £2 € LOO(QZ), we have

20)

| Ti(f X8 @) )| = I
p

) (f x5 (a)) (% = ¥) dy ’

|J’\p>17

x-z
[ mwet =2 dz’
|x—z\p>pk |x - le

5] If (2)] iz
B () % — 2l
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3 [ ol
i (/ lf()’)|qdy) q| 61)|1 1/q

o0

= fllomg, Y, v(B@). (4.3)

j=y+1

Thus from (3.1) and (4.3) it follows that

__ 1 1 RENT
= w(By(ﬂ))<|By(u)|H /J;y(a)}Tk(fXBy(“))(x)’ dx)

oo

S Wllea, D v(Bi@)/o(B, (@)

j=y+1

S Wflleay, - (4.4)

Combining the estimates of (4.1), (4.2), and (4.4), we have

1 1 . 1/q
d. < ,
w(By(a))(|B()|H/BM‘Tk(f @) x) < I llevt

which means that T} is bounded from GM,,,, to GM,,, for all k € Z.
Moreover, from Lemma 2.2 and the definition of GMq’w(QZ) it is obvious that T'(f) =
limg_, _oo Tk (f) exists in GM,,, and the operator T is bounded from GM,,, to GM,,.

Proof of Theorem 3.2 For any x € QZ, since £2 € LOO(QZ) and b; € Ag, i=1,2,...,m, itis
easy to see that

|7l @)
<[ 1‘[|b(x) it =) |f e -y)| |(|Z)' y

D’|p>P i=1
< [f @)

S pn
Q lx—zlp P

SIE(If1) @)

dz

Thus from Lemma 2.3 it is obvious that the commutators T,l:’ are bounded from GM,,
to GM,, for all k € Z.
Moreover, from the definition of GM,,,(Qy) it is obvious that TE(f) = limg_ _oo T,’j 9]

exists in the space of GM,,, and the commutator 7% is bounded from GM,, to
GMye. d

Proof of Theorem 3.3 Without loss of generality, we need only to show that the conclusion
holds for m = 2.
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For any fixed y € Z and a € Q, we write f° =f x8,@ and f*° = f xp¢ (a) Then

: ! (b1,b2) r )Ur
w(BV(ﬂ))<|By(a)|H /J;y(a)‘Tk (N@)|" dx

1 1 0
= a)(By(a))(|By(a)|H /By(a)‘(bl(x)—(bl)By ) (b2(x) = (b2) )B, (a) )T (f°)( ‘ dx)

fB 0160105, 0) T2 - Bl )Y

v

N 1 < 1
w(By(a)) \ |1B, (@)

1 1 0
+w<3y(a>)<|3y<a)|H /By<a>|(b2(x)_(b2)3”"))T(( - b)) @) d’“)

1 1
+w<3y<a>)<|3y<a>m /BM'Tk((hl_(bl)gy(”))(br(b”’gy el d’“)

w(By (a))

1 . 1/r
X (IBy(—a)IH /B y(ﬂ)’(bl(x) = (b1)8, @) (b2(%) = (b2)B, @) Tx () ()| dx)

L1
(B, (a))

1 . 1/r
y (m / )06~ 000, ) T (2= Gl ™)) dx)

.
(B, (@)

1 . 1/r
S (m /By(a)|(b2(x) _(b2)By(a))Tk((bl - (bl)By(a))foo)(x)| dx)

1/r

1 1 i
* o8, @) <|By<a)|H /By<a>|Tk((b1 = (b)sy0) (b2 = (b2)s, ) ™)) d")

::E1+E2+E3+E4,+E5+E6+E7+Eg. (45)

We further estimate every part.

Since 1/r = 1/q + 1/q1 + 1/¢», from Holder’s inequality, Lemma 2.2, and (i) it follows that

E, = (B,

< |H By (a
1 2

a 1/q;
bi(x) — (bi)p, )| 4
= (B, (a))|B, (a)l}]" !—_1[<[By(ﬂ)} (@) = (bi)B, ( )‘ x)

1/q
X (/ |Tk(f°)(x)|qu)
By(ﬂ)

1/r
b1(x) = (b1)5, @) (b2(%) = (b2), @) Tk (f°) W)| dx)

Page 8 of 13
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Iq

A

v1 (B (a))v2(B
wl(B (“))U; a)|1/q 1_[” illGcyn, (f lf(x)|qu>

U(By(ﬂ))\)l(By (a))\)2(BV () 2 |
< (B, (@) 1_1[ IbillGc,,, 1 ay,

2
ST Teillee,,, If oy,

i=1

Let1/g=1/qg+1/q,. Then 1/r = 1/q; + 1/g. Thus, from Hoélder’s inequality, Lemma 2.2,
and (i) we obtain

~ 1 1 0 . 1/r
7 @) <|By<a)|H /,ng)'(bl(x) =By Tr( (B2~ Gl 0) )0 dx)

: ) 1/q1
(B, (@))|B, (@)l (/B @'b 1) = (1), )| dx>

14

C\Va
X </ | Tie((b2 - (b2)3, @) 0)(x)|qu)
By(ﬂ)

1 g1
(B, (a))|B, ()|}’ (/J; |b1(x) = (b1)5, (@) |" dx)

_ 1/q
X (/ ’(bZ(x) —(bz)By(“))f(x)‘qu)
By (a)

A

1 2

a 1/q; . 1/q
bi - bi a ld d
(B @)IB, (@)l I,»II(/BM’ = Csyol ) (/Bym)b‘(x)r )

v(B, (@)v1(B, (@))va(B, (a))
< o3, @) H 16:ll Gy, I NGty

2
S Teillee,,, 1f oy,

i=1
Similarly,
2
Es ST [1Billocy,, If lGatg, -

i=1

For E,4, from Lemma 2.2, Holder’s inequality, and (i) we obtain

1 1 1/r
b w(Bm))(wy(u)m fBM’T"(bI (s (2= Gl )T dx)

1/r
- ())1|B - ,(/B = @) ) ) - (bz)By(a))f(x)‘rdx>

1 2

a 1/q; . 1/q
bi - bi a ld d
(B, (a))|By (a )|};'!_1[</ (a)} () = (b)s, o) x) ( /B y(a)v(x)y x)

A

Page 9 of 13
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v(B, (@)v1 (B, (@)va(B, (a)) 1
= a)(BV (@) !:1[ I ||chi,v,- “f”GMq,V

2
<[ Tbillee,, 1F iy, -
i=1

To estimate E5, we first need to consider | T¢(f*°)(x)|. In fact, by (4.3) it is easy to see that

oo

| Te(F) ()] < Wl ) v(Bi@). “6)

j=y+1
Therefore from Holder’s inequality, (4.6), and (ii) we get

1
w(By ()

1 . 1/r
X (IBy(a)IH /By(a)’(bl(x)_(bl)BV(a))(hZ(x)_(h2)By(a))Tk(foo)(x)| dx)

Es =

1 - a 1gi
bi(x) — (b)), )| 4
= (B, (a))|B, (@)} !—1[</1;%y(a)i (%) = (bi)s, )| x)

1/q
x ( / |T,<(f°°)(x)f(x)|qu)
By (a)

v(B;j(a))vi(B, (a))v2(B, (a))
: Z (B, (a)) H 1bill 6cg,, 1f lomy,

j=y+1

2
< Tbillee,, 1f iy, -
i=1

It is similar to estimate (4.3) for x € B, (a). By 2 € LOO(QZ) and (2.2) we can deduce that

| Tie(b2 = (b2)5, ) ™) ()|

£20) ,
ly I”

[ o=~ G ) i)
|J’\p>P

|2(x - 2)|
lx -zl

/ 162(2) — (b2)s, [ 2)| 22
3 / 102 - (Bl w2
BC

~ lx -z

<3 / 7" [52(@) = (b2)s, ) [ 0)]| dy

j=y+1

1/q 1/qy
= > p7Ba)] " ”‘12( "d) ( by(y) — (b2, a ‘”d)
Zp |Bj(a)|,; /Sj(a)Lf(y)l ly [5( )| 2(9) = (b2)B, )| " dy

j=y+1 j\@

Page 10 0of 13



Mo et al. Journal of Inequalities and Applications (2019) 2019:65

1-1/ Ha>
quwgy%wu|q2(>Kﬁmww—@m@W@)

j=y+1

S b2l Gy, Ifllaatg, Y G+ 1= y)v(Bi@)va(Bj(a)). (4.7)

j=r+1

Let1/g=1/q+ 1/ge. Then 1/r = 1/q1 + 1/q. Thus from Holder’s inequality, (4.7), and (ii)
it follows that

1 1 . . 1/r
Es = a)(By(a))<|By(a)|H Ly(a)’(bl(x)_(bl)By(u))Tk((bZ_(bZ)By(a)) )@)| dx)

1 g1
= (B, (a))|B, (@)} (/B |61(x) = (b1)5, @] " dx)

V

i 1/
x ( / | T((b2 - (bz)By<a>)f°°)(x)|"dx>
By (a)

IA

1"[||b||<;cq,vluf||GMqv B ( ) Z(]+1—y)v( (a)) v (B(a))v1 (B, (a)

i=1

S H 1bill ey, If lGatg, -

Similarly estimating Eg, we obtain

2
Er ST T 1Bl 6cqy, I lGatg, -

Moreover, since §2 € L“(Q;), by (2.2) it is easy to see that

| Tic((b1 - (b1)s, @) (b2 — (b2)B, @)f°) @]

(x —
= / k(bl(Z)_(bl)By(u))(bz(Z)—(bZ)BV(a))fXBf/(u)(Z) |x(9j Z;)
[x—z|p>p B
S/ |b1(2) = (b1)5, (@) || 2(2) = (B2)B, | [f ()| ——= I.Q(x z)| Az
B 2

<Z/ p7"|b1(2) = (b1)s, ] |02(2) = (B2)8, )| |[f )| dy

j=y+1

1/q

_ -jn| . 1-1/g-1/q1— llqz( qd )
- B @ Aym<y

j=y+1

/g1
X (/ |619) = (b1, ()| dy)
Sj(a)

X

1/q2
( f 1620) = (B2)s, )| dy)
Sj(a)

2 [e'9)
ST eilleey,,, fllam,, D G+1=y)v(Bi(@)vi(Bja)va(Bj(a)). (4.8)
i=1

Jj=y+1
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Therefore from (4.8) and (ii) we get that

1 . . 1/r
Eszwwy(a))( o / 1T (b1 — (B, @) (b2 — (525, ) ) )| dx)

IA

2
[ Ty, f lamy, ———— (B el Z(,+1 y)20(B/(a))v: (B(@))v2 (Bj(a))
i=1

j=y+1
2
ST Tbilcey,, I1f Nu,,
i=1

Combining (4.5) and the estimates of E1, E, ..., Eg, we have

2
1 1 (bLb2) . 1/r
T Y2(F)(x)| dx < b; . -
w(By(a))<|By(a)|H /BN)} ¢ NE) [1[” Iocun I ot

which means that the commutator T,Ebl’bZ) is bounded from GM,,, to GM,.,.

Moreover, by Lemma 2.2 and the definition of GMq,w(Q;) it is obvious that the commu-
tator T® (f) =limy, o T,l;’ (f) exists in the space of GM,,,,, and T? is bounded from GM,,,
to GM,,

Therefore the proof of Theorem 3.3 is complete. O

5 Conclusion

In this paper, we established the boundedness of a class of p-adic singular integral op-
erators on the p-adic generalized Morrey spaces. We also considered the corresponding
boundedness for the commutators generalized by the p-adic singular integral operators
and p-adic Lipschitz functions or p-adic generalized Campanato functions.
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