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1 Introduction and results
In 1971, Dunninger [1] established a Picone identity

2 2
div [uV(aAu) —ahuVu - L V(AAY) + AAVY (”—)]
1% 14

2
- _%A(AAV) + uM(adu) + (A - a)(Au)>

2 2
U 2Av u
—A(Au——AV) +A—<Vu——Vv) , (1.1)
1% v v

where u, v, aAu, AAv are twice continuously differentiable functions with v # 0 and a and
A are positive weights. In [1], the integral form of (1.1) was used to study qualitative results

for the fourth order elliptic system

A(a(x)Au) —c(x)u=0,

A(A(x)Av) - C(x)v = 0.

A Sturmian comparison principle, an integral inequality of Wirtinger type, and lower
bound for eigenvalue were obtained. Jaro$ [6] extended (1.1) to the case where A(a(x)Au)
and A(A(x) Av) were replaced by the weighted p-biharmonic operators A (a(x)| Aul?~> Au)
and A(A(x)| Av[P~2 Av), respectively, and showed some results similar to [1] for the fourth
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order elliptic system

A(a(x)|Au|p_2Au) —c(x)|ulP2u=0,

A(A(x)|Av|p_2Av) —C)vPP2v=0.

With some simplifications in (1.1), recently, Dwivedi and Tyagi [3] have obtained the fol-
lowing linear Picone identity (see Theorem 1.1) for the biharmonic operator A%u = A(Au)
and gave several remarks on the qualitative questions such as Morse index and Hardy-

Rellich type inequality.

Theorem 1.1 ([3]) Let u and v be differentiable functions in 2 C R" (n > 3) such that
u>0,v>0,and -Av>0

u 2 2Av u 2
Lu,v)=\Au-—-Av| ——Vu--Vv],
v v v

2
R(u,v) = | Aul® - A(”—) Av.
14

Then R(u,v) = L(u,v). Moreover, L(u,v) > 0, and L(u,v) = 0 if and only if u = av for a € R.

It is noteworthy that Dwivedi and Tyagi [4] established a Caccioppoli-type inequality
by an application of Theorem 1.1. Moreover, Dwivedi and Tyagi [5] extended the result of
Theorem 1.1 on Heisenberg group and obtained its applications.

Recently, Dwivedi [2] has extended the linear Picone identity in Theorem 1.1. He ob-
tained the following linear Picone identity (see Theorem 1.2) for the p-biharmonic oper-
ator: Au = A(|AulP2Au), p> 1.

Theorem 1.2 ([2]) Let u and v be differentiable functions in 2 C R" (n > 3) such that

u>0,v>0,and —Av > 0. Denote

—Du? -1
UL SNV L
1%

1 |AVIP 2 AvAu
-

L(u,v) = |Aul? +

_plp-Dw?

2
u
[AVIP2AY[ V- =Vv] ,
-1
w v

4
R(u,v) = | Aul? - A(”—) |AVP-2 Ay,
yp-l

Then R(u,v) = L(u,v). Moreover, L(u,v) > 0, and L(u,v) = 0 if and only if u = av for « € R.

Dwivedi and Tyagi [3] established a nonlinear Picone identity (see Theorem 1.3) for the
biharmonic operator and also discussed some qualitative results for biharmonic equation

(system).

Theorem 1.3 ([3]) Let u and v be differentiable functions in 2 C R" (n > 3) such that
u>0,v>0,and —Av > 0. Suppose that f : R — (0,00) is a C* function such that f'(y) > 1
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and f"(y) <0,V0 <y € R. Denote

i 1Au? (Au u )2
L(u,v) = |Au| ) + \/m f(v),/f(v)Av

2Av uf' W)\ ),
_m<Vu— ) Vv> + o) Vv~ Av,

R(u,v) = |Aul? - A(/M—Z>AV.
)

Then R(u,v) = L(u,v). Moreover, L(u,v) > 0, and L(u,v) = 0 if and only if u = cv + d for
¢, delR.

From the biharmonic operator to the p-biharmonic operator, Dwivedi [2] developed
a nonlinear Picone identity of Dwivedi and Tyagi [3] in the following Theorem 1.4 and

obtained some qualitative results for p-biharmonic equation (system).

Theorem 1.4 ([2]) Let u and v be differentiable functions in 2 C R” (n > 3) such that

u>0,v>0,and —Av > 0. Suppose that f : R — (0,00) is a szunction such that f'(y) >
-2

p- 1)[f(y)]l%,p >1,and f"(y) <0,V0<ye€R. Denote

f v pul~!

L(u,v) = |Aul? + Fo)P |Av|P - 70 |AVIP 2 AvAu
1" 2 1" 2
LRI [f((v ’)']ZV' A2 Ay ¢ LIV [f((v ))']ZV' |AVP2AY,
v v
R(u,v) = |Aul? - A(/L(t—i)) |AVIP2Av.

Then R(u,v) = L(u,v). Moreover, L(u,v) > 0, and L(u,v) = 0 if and only if u = cv + d for
., deR.

The purpose of this paper is to present a generalized nonlinear Picone identity for the
p-biharmonic operator, which extends the results of Dwivedi and Tyagi [3] and Dwivedi
[2]. As applications, a Sturmian comparison principle to the p-biharmonic equation with
singular term, a Liouville’s theorem to the p-biharmonic system, and a generalized Hardy—

Rellich type inequality are obtained. Our main result is described as follows.

Theorem 1.5 Let u and v be differentiable functions in 2 C R” (n > 3) such that u > 0,
v>0, and —Av > 0. Suppose that f : R — (0,00) and g : R — (0,00) are C? functions with

g(u) >0, g'(u) >0, g'w)>0, u>0, ifxef,
glu) =0, g'(u)=0, g'(u)=0, wu=0, ifxeds2,

and f(v) >0, (v) > 1, f"(v) <0in 2 such that f and g satisfy

gl)f'(v)

0T |AVIP2 Ay (1.2)

g%uﬂAvwl}%ﬂ_,ﬂuywwnvwz

4 _ c 7 -
A= ”[ o) %
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and

2" (u)g(u) > g'(u), (1.3)

respectively. Denote

~ g W)\ Vul>  ¢u)Au
L(u,v) = |Aul? - ( 70 + o)
2 @f' WVu- Vv g@)f"0)|VvI*  gw)f (v)Av
Fmr Fw)1? Fm1?
’ 2 2
, P OIvvE >|Av|“AV (1.4)
)]
and
R(u,v) = |Aulf - A(%) |AVIP2 Ay, (1.5)

respectively. Then R(u,v) = L(u, v). Moreover, L(u,v) > 0, and L(u,v) = 0 if and only if

u=cv, ceR, (1.6)
[gwlavp 77
up = | ST a2)
gu)f'0), gV g WIVVR
FOP 'Av'p‘(’"”[ o) ] T oper A 9
V2 "(V)V
e v YU OV g g = ¢ ). (1.9)

S
Remark 1.6 If p = 2, g(u) = u? and f(v) = vin (1.4) and (1.5), which is the result of Dwivedi

and Tyagi [3] (see Theorem 1.1).

Remark 1.7 If p = 2, g(u) = u? and f'(v) > 1 and f”(v) <0, YO < v € R in (1.4) and (1.5),
which is the result of Dwivedi and Tyagi [3] (see Theorem 1.3).

Remark 1.8 If p > 2, g(u) = u” and f(v) = v*~! in (1.4) and (1.5), which is the result of
Dwivedi [2] (see Theorem 1.2).

-2
Remark 19 Ifp>2,g(u) =u? and f'(v) > (p - 1)[f(v)]§Tl,p >land f’(v) <0,V0<veR
in (1.4) and (1.5), which is the result of Dwivedi [2] (see Theorem 1.4).

We give the proof of Theorem 1.5 in the following.
Proof We first prove that R(u, v) = L(u, v) by expanding R(u, v):

R(u,v) = |Aul? - A(‘@) |AVIP2 Ay

f)
_\Aup - (g”(u)'v""z L gwhu_ 2w ()Vu-Vr _ gu)f'®)|VvP
fo) fo) )P Fo)r
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_ g(u[%)v])zm N 2g(u)[[z;((vv)>]15|w2) AV AY
- |AM|P_gﬁL)AM|AV|p—2A g;f(),f)](z)| |
~ |AV|P‘2AV< y s 28'(u)f'v)Vu-Vy 2g(u)[f’(v)]2|Vv|2)
o & T
(u){f//((v)]|vv—|2|A P2 Av
=L(u,v).

Next we verify L(u, v) > 0, we can rewrite L(u, v) as

(L p—l[ (u)IAv|p1:|p1> gwldul
R O

guf v [ g/(u)| Av- rl guf IV
MR ] i) For A

g’(uj)l (AV)V|P‘2 (1Aul|Av] - AuAv)
AV A ( . V2 /(V)Vv>2

Foy (\VEWVes T
2(,/2g“(u)g(u -gW)f' v)Vu - Vv
fw)
= Fl + F2 + Fg + F4, (110)

where

i . P 1[g<u)|Av|P1}”1) gwlaul
A ”( A T 7oy A

gu)f"v)| Vv
[Fm?

b
-1

gw)f'( )
Fmr
F3= ‘%ﬁ)"'ﬂ(mumw — Aulv),
AV << . V2 ’(v)W)2
B=m Ve
+2( 2¢" (u)g(u) — g (w))f' (v)Vu - Vv)
f)

2=

|AvVIP72Av,

N )[ gwlAvp? }

pf )

We now recall Young’s inequality

P b q
aoby > 2 + 20 (1.11)
p a
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whereay >0,byp>0,p>1,g>1,and 117 + % = 1, the equality holds if and only if a¢? = by? =

_ dwlavp!

P
bo?1. Setting ag = |Aul, by o)

in (1.11), we obtain

g ()| Aul
J)

p-1 [g’(u)mwpl}fl )

1
|AvP < (—IAul"—
P p p pf(v)

which implies F; > 0. Clearly F, > 0 by (1.2). Since |Aul||Av| — AuAv > 0, the equality
holds if and only if u# = cv, ¢ € R, and combining with gl(")}(;v)vlp_z > 0, we obtain F3 > 0. By
—Av>0,f(v) >0, and (1.3), we have F4 > 0. Hence L(x,v) > 0 from (1.10).

We now verify L(u,v) = 0 by (1.6)—(1.9). It follows from (1.6) that there exists a positive

constant ¢ such that u = ¢v, namely we have

[AV||Au| — Av - Au = c|Av||AV| — cAv - Av = c|Av|? = c|Av]? = 0,

which implies F5 = 0. By |Aul? = [‘%]% in (1.7), we obtain
g w)|AvP! 1
= =p|Auf. 1.12

It follows from (1.12) that

p-1 [g/(u)mw”-l r )  glw)| Aul|Avp!
p rf) f)

-1
i |Au|f’) — | Aulp| Aup?

1
I=p(=|Aul +
p

1
=P(—|Au|p+
p

=|Aul’ + (p - D Aul’ - p|Auf

=0.
We can prove F, = 0 by (1.8). A direct calculation shows

( g//(u)vu_ V 2g(u) /(V)VV)z -0
f)
by /g (u)Vu = 7_2g(;(){)’(v)Vv in (1.9), we can also show

2(v/2g" (u)g(u) - g W)f'(vV)Vu - Vv _ 0
f)

2¢"(u)g(u) = g'(u) in (1.9), hence F4 = 0 by (1.9). Summing up these, it follows L(u, v) =
Fi + F, + F3 + F4, = 0. Hence we can conclude that L(x, v) = 0 if and only if (1.6)—(1.9) hold.
In fact, if u = 0, it clearly follows. If # # 0, the conclusion holds from the above process of
proof. d

2 Applications
Throughout this section, we always assume that f and g are C?(£2) functions and satisfy
the conditions in Theorem 1.5, unless otherwise stated, and give applications for the gen-
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eralized nonlinear Picone identity. We first show a Sturmian comparison principle to the

p-biharmonic equation with singular term by Theorem 1.5 as follows.

Proposition 2.1 Let ki(x) and ko(x) be two continuous weighted functions with ki(x) <

ko (x). Assume that there exists a positive solution satisfying

Adu= k—l(x;g(”), xef,

gu)>0, u>0, xeg2, (2.1)
gu)=0, u=0, x€9f2.

Then any nontrivial solution v of the following p-biharmonic equation
AZV =k)f ), xe$, (22)

must change sign.

Proof Suppose that v of (2.2) does not change sign. Without loss of generality, we assume
that v>0in £2. By (2.1), (2.2), and Theorem 1.5, we have

Off(zL(u,v)dx:/SZR(u,v)dx

- 1P M) P2
/QIAMI dx /QA(f(v) |AVIP=> Avdx

u
- /9 |Aul? dx — /Q%A;vdx
- / ke (g (e) dx - / o (w)g(e) dx
o) o)
- [ () - ko)t d
<0,
which is a contradiction. This accomplishes the proof. 0

We next show a Liouville’s theorem for the p-biharmonic system by Theorem 1.5 as

follows.

Proposition 2.2 Let (u,v) € [W22(2) N Wy*(2)] x [W*(2) N W, ()] be a pair of

weak solutions to the p-biharmonic system

Au=f(©), x €L,
2., _ 0P
Apv="gw x€82, (2.3)

g(u) >0, f)>o, u>0, v>0, x€82,
guw)=0,  f(v)=0, u=0, v=0, x€3.

Then u = cv in S2, where c is a constant.
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Proof For any test functions ¢y, ¢ € W22(2) N W/O 2(£2), it follows from (2.3) that

/ [AulP 2 Aule dx = / ()¢, dx, (2.4)
2 2

2
/ |AVP 2 AvAG, dx = / U (2.5)
2 o &)

Taking ¢1 = u and ¢, = ((— n (2.4) and (2.5), respectively, we obtain

/|Au|1’dx /fv)udx / <§((V)>|Av|1’ 2Avdx,

which implies

/ﬂL(u,v)dx:/QR(u,V)dx:/Q|Au|”dx /A(fc(( ))>|A P2 Avdx =0,

hence the conclusion follows by an application of Theorem 1.5. O

Finally, we obtain a generalized Hardy—Rellich type inequality by Theorem 1.5.
Proposition 2.3 Suppose that a function 0 <v € C2(2) with —Av > 0 in 2, and it satisfies
AZV > k(x)f(v), x€ 2, (2.6)

where ). > 0 is a constant, k(x) is a positive continuous function. Then there holds
/ |Aul? dx > )L/ k(x)g(u) dx (2.7)
o) o)

forany 0 <u e C3(£2).

Proof 1t follows from (2.6) and Theorem 1.5 that

05/9L(u,v)dx=/gR(u,v)dx

_ » gl )) 2
fgmm dx - fA(f() |AVP2 Avdx

_ » gw)
/Q|Au| dx — L) p vdx

Py —
5/9|Au| dx /.(Zkk(x)g(u)dx,

which implies (2.7). O
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