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1 Introduction

It is well known that the classical Zakharov equations are coupled nonlinear wave equa-
tions, which describe the interaction between high-frequency Langmuir waves and low-
frequency ion-acoustic waves, and had been firstly derived by Zakharov [1] and can be

written (in normalized units) as

iE, + AE — nE =0, (1.1)

ny — An— A|E* =0, (1.2)

where E : 2 x R* — C is the envelope of the high-frequency electric field, and # :
£2 x R* — R is the plasma density measured from its equilibrium value. Recently, a lot
of results for (1.1)—(1.2) have been obtained by many authors. The existence of solutions
of (1.1)—(1.2) is obtained in [2—4] in the one-dimensional case. The attractors of the dis-
sipative Zakharov equations are investigated in [5]. Some authors have proved that two-
dimensional and three-dimensional Zakharov equations develop singular infinite time in
numerical and theoretical proofs [6—8].

However, in recent decades, the quantum effects have been considered in ultrasmall
electronic devices, in dense astrophysical plasma systems, and in laser plasmas, which
play an important role in studying nonlinear phenomena in some problems. There has
been an increasing interest in the investigation of the quantum counterpart of some of
the classical plasma physics phenomena. By further studying the nonlinear coupling roles
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between the quantum ion-acoustic waves and the quantum Langmuir waves, the modi-
fied Zakharov equations for plasmas with a quantum correction, simply called quantum
Zakharov equations, are obtained by using of a quantum fluid approach [9]. In fact, to
get a better qualitative agreement, it is necessary to include damping effects or effects of
the loss of energy in the system. Many authors are interested in the quantum dissipative

Zakharov equations as follows:

iE; + AE — H*A2E —nE +iyE=0, (1.3)

My +an, — An+ H?A*n— A|E)? =0, (1.4)

where H > 0 is the quantum parameter expressing the ratio between the ion plasmon en-
ergy and the electron thermal energy, and « > 0 and y > 0. Until now, the global well-
posedness and the limit behaviors of quantum Zakharov equations have been investigated
as H — 0in [10], and the existence of attractor of (1.3)—(1.4) has been studied in [11]. In
this paper, on the basis of [11], the finite dimension estimate of the Hausdorff dimension
and fractal dimension of the attractor for the dissipative quantum Zakharov equations are
further considered.

The paper is organized as follows. In Sect. 2, we give the work spaces and some results
known in [11]. Section 3 is devoted to the investigation of the linear system DS(¢), which is
the differential system of the solution operator S(¢) for the dissipative quantum Zakharov
equations at initial value (19, no, Ep). In Sect. 4, we study the Hausdorff dimension and
fractal dimension of attractor using the equivalent form in space V1. By c or ¢ we denote

a generic positive constant, which may change their values from terms to terms.

2 Preliminary
We consider the bounded set £2 = [0,L]% in R? (d = 1,2,3). Assume that the coupled
nonlinear dissipative quantum Zakharov equations on 2 satisfy the periodic boundary
conditions E(x + Le;) = E(x) and n(x + Le;) = n(x) (j = 1,2,3) and the initial conditions
n(x,0) = no(x), n;(x,0) = n1(x), and E(x,0) = Ep(x), x € £2, and assume that f_Q E(x)dx =
Jonx)dx=0.

We are going to work in the L-periodic functions spaces L{;er(.Q) and H;er(.Q) for E and
n; see [12]. As in [12] for the nonlinear wave equations, we can set m = n; + en, where

¢ will be chosen later. So we have three unknown variables, which satisfy the following

equations:
iE; + AE — H*A’E —nE +iyE=0, (2.1)
m=n, +¢&mn, (2.2)
my+ (@ —e)m—ela—en—An+H?*A*n— A|E)? =0, (2.3)

where >0,y >0, H>0,and ¢ > 0.

The corresponding initial conditions are

m(x,0) = n1(x) + enp(x) = moy(x), n(x,0) = ny(x), E(x,0) = Ep(x).
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For system (2.1)—(2.3), we also define the product spaces Vy, V1, and V, which are dif-

ferent from the product spaces in [5] due to the higher-order terms and are written as

Vo=H1(2) x H (2) x H?_(2),

per per per

Vi=H (2) x H2 (2) x H* (£2),

per per per
Vy = H3, (2) X H3o (2) X Hpo (82).

These spaces satisfy V, C V1 C V|, with compact embeddings. For the convenience, we use
[l - |l to represent the norm of || - ||le)er on the corresponding space Lger, and ngr(ﬂ) can

be regarded as H?_,(£2) for the variables m, n, E because the norm H?,.(£2) is equivalent

er er
to the standard nl())rm H;er(.Q) if [, o ulx)dx =0. ’

In this paper, we use some inequalities, such as the Gagliardo—Nirenberg inequality,
Agmon inequali;y, an;l so on; see [12]. From Agmon’s inequality, for d = 1,2, 3, we have
lullioe < clEl " IEN .

By the a priori uniform time estimates, using the Galerkin approximation, we obtain
the uniqueness and existence of the solution of dissipative quantum Zakharov equations
in spaces V; and V;. In addition, the continuous dynamical systems in the spaces V; and
V3 have been given. The attractors in V7 and V; have been obtained equipped with weak
topology for dissipative quantum Zakharov equations; see [11].

We consider system (2.1)—(2.3). If (myo, no, Eo) € V1 (resp., (mo, no, Eg) € V3), then this
system admits a unique solution (m, n, E) € L*(R*; V1) (resp., (m,n, E) € L°(R*; V;)) and
(m,n,E) € C(R*, V>) (resp., (m,n,E) € C(R*, V>)).

We set S(£)(mo, no, Eo) = (m, n, E) for t > 0. Since the considered system is autonomous,
{S(t)}ter forms a group; see [12].

3 The linearized system
We prove that the attractor Q is finite by using the estimates of the Lyapunov exponents
on the attractor Q and through studying the linear application DS(¢). Now we consider its

linearized system
iF; + AF — H*A*F — nF — uE + iyF =0, (3.1)
V=1 +eu, (3.2)
Ve + (o — &)v— el — &)u — Au+ H*A*u — 2Re(FAE)
—2Re(EAF) — 4Re(VEVF) =0, (3.3)
where (m, n, E) = S(t)(mo, no, Eo), (mo, ny, Eg) € Vo, and (v, ug, Fy) € V7.
Since (m,n,E) € L*(R*; V1), it is easy to show that this system has a unique solution

(v,u, F) € L*(R*; V7).
Let

(v(®), u(t), F(t)) = DS(t)(vo, o, Fo) = L(£; 1o, no, Eo)(vo, o, Fo),

where DS(t)(vy, 1o, Fp) is the differential of S(£) at (#1, 1, Eo).
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Proposition 3.1 For arbitrary R > 0 and T < 0o, there exists C(R, T) for all (mg), ng),Eg))
(i=1,2) such that ||(mg),;/t(()i),E(()i))IIV1 <R,and forallt:0<t <T, we have
|S@(mGn, ) = S@) (G, my), Eg) = DS(@)mo, 1m0, Eo) |,

= CH (}’l’l(), Vl(),EO) ||?/1’

where m = mgz) - m(()l), no = nf)z) - nf)l), Ey = E(()z) - E(()l).

We can obtain this proposition from the continuity of S(¢) on V;. To obtain the solutions
to be exponentially damped, we set p = e°‘u, g = ¢”*v, and G = e°*F. Substituting them into
(3.1)—(3.3), we obtain

iGy+ AG-H?>A>G-nG-pE +i(y —0)G =0, (3.4)
pe=(0c-¢ep+q (3.5)
gi+(@-s—o)v—sla—e)p—Ap+H*A%p

—2Re(GAE) - 2Re(EAG) —4Re(VEVG) = 0. (3.6)

Now we study the energy estimate of (g, p, G) to investigate the dimension of the attrac-

tor Q. At the beginning, we take the scalar product in L? of (3.5) by p and obtain

1d )
2771 =(o -8l +/qudx. 3.7)

Taking the inner product of (3.6) with ¢ yields

| &

(gl + IVpl* + H*| Ap)?) + (e — £ — o) llq]1?

N =
QL

t

—ea—e) /Q padx—(o - )| Vp|? (o — &) H[ Ap|?

= f 2Re(GAE)qdx + / 2Re(EAG)gdx + 4 f Re(VEVG)q dx. (3.8)
2 2 2

Taking the inner product of (3.6) with Ag, we get

| &

(IVql® + 1 Apl* + HAIVApIP®) + (@ — & = o) Vq]?

N =
QL

t

—e(a —a)/ VpVads— (o - )| Ap|> = (o — &) H [V Ap]®
2

=2Re(EAG) +4Re(VEVG) — / Aq(2Re(GAE)) dx. (3.9)
2
Taking the inner product of (3.4) with G and taking the imaginary parts, we have

1d _
Ed_”GHZ +(y —0)| G| :Im/ pEG dx. (3.10)
t 2
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Taking the inner product of (3.4) with (y — o) x G + G; and taking the real parts, we obtain

1d i} _
——<||VG||2+H2||AG||2+2Re/ nGde+2Re/pEde>
2dt 2 2
+(y—a)(||VG||2+H2||AG||2+Re/ nGde+Re/ pEde>
2 2

:Re/{z(nG)tde+Re/Q(pE)tde. (3.11)

Taking the inner product of (3.4) with (y — o) x A%2G + A2G, and taking the real parts,
we have

1d N _
-2 ||VAG||2+H2HA2GH2+2R6/ nGAZde+2Re/pEA2de
2dt Q Q

+(y - o)<||VAG||2 +H?| A2G||2 + Re/ nGA2Gdx + Re/ pEAZde)
2 2
=Re / (nG),A’Gdx + Re / (PE); A*G dx. (3.12)
2 2
Now from © x (3.7) + (3.8) + (3.9) + v x (3.10) + 2 x (3.11) + 2 x (3.12) we have

d
—1(8) + B(t) = A(2), (3.13)
dt
where
" 1 1
1(t) = Ellpll2 + E(Ilqll2 +IVpI? + H?| Apl?) + E(HVQHZ + |1 Apl* + HIVApIP)
v 2
+ E||G||2 +VGI* + H*|AG|? + [VAGI® + H* | A*G||

+2Re/ nGde+2Re/pEde+2Re/ nGAZde+2ReprA2de,
2 Q o) Q
B(t) = (e = o)lpl* + (@ — e = 0)llqll* + (@ — & = 0) [ Vq|* - (o - &)IVpI®
—(O'—S)H2||Ap||2—8(05—8)/pqu—S(Ol—E)/ VpVqdx
o) 2

— (o = &)l Apl* = (o —e)H*|VAp|* + v(y - 0)|IGI?
+2(y —o)(IIVGI* + H*|AG|* + [VAG|* + H?|| A2G||2),

and
A(t)=u/gpqdaw/92Re(GAE)qu+‘/g2Re(f5AG)qu+4/;zRe(VEVG)qu
- /9 Ag(2Re(GAE) + 2Re(EAG) +4Re(VEVG)) dx + vIm /9 PEG dx
+2Re/g(nG)tde+2Re‘/;2(pE)tde+2Re‘/g(nG)tA2de
+2ReL@E)tA2de—2(y —U)Re/QnGde+Re/QpEde

+Re/ nGAZde+Re/pEA2de.
2 Q

Page 5 of 12
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Since
G, =i(AG-H*A’G - nG-pE +i(y - 0)G),
we have
2Re/ (nG)tde+2Re/ (pE),G dx
2 o)
:2<Re/ ntGde+Re/ nGtde+Re/pEtde+Re/ptEde)
2 2 2 2
:Z(Re/ ntGde—Im/ nGAde+HZIm/ nGA2de+Im/ npEG dx
2 2 2 2
—(y—a)/ nGde+Re/ ((0—8)p+q)Ede+Ref pEi—?dx) (3.14)
2 2 2
and
2Re/ (nG),AZde+2Re/ (PE);A*G dx
2 2
=2Re/ ntGAzédx—ﬂm/ nAGAZde+2Im/ W GA’Gdx
2 2 2
+21m/ anAz(_-?dx—2(y—a)Re/ nGA2G dx
2 2
+2Re/ (((0 —s)p+q)E +pEt)A2de. (3.15)
2

Choosing ¢ made from the beginning, B(t) infers

&

B(t) = ue - 0)lpl* + (5 - 0)(||61||2 +1Vpl?) + <g - 6) (Ival® + 1 Apl?)
+ (e = )H*| Apl* + (e = ) H* |V Ap|* + v(y - 0)IGI?

+2(y - o)(IIVGI* + H*|AG|* + |[VAG]* + H* ”AZGHZ).
Moreover, according to (3.14) and (3.15), for the term A(¢), we have the estimate
A®) = 2191+ Z IVl + v H2 | A26]+ 2181 +<(IpI? +IGI2 + 1 VGIP + | AGI?),
where we used
IVAG|? < ¢| A%G|” + c| AGI.

Then from (3.13) we obtain

d 2 € 2 2 € 2 2
Ef(t)+lt(8—0)||lﬂ|| +(Z_G>(”q” +[[Vpll )+<1_0)(qu” +||AI9||)

+ (e —0)H*[|Ap|* + (e — 0)H?||[V Ap|* + v(y — )| GII*

Page 6 of 12



Li and Guo Journal of Inequalities and Applications (2019) 2019:41 Page 7 of 12

+2(y = o)(IVGI* + H*| AG|* + [[VAG]®) + 2(% - 0>H2|| AZG||2
<c(lpl* +IIGI* + IVGI* + [|AG]]). (3.16)

We can choose o < min{§, £}. According to (3.16), it is clear that

d
El(t) <c(lpl® + 1GI* + IVGI* + | AG?). (3.17)

Indeed,
nw 1 1
1(t) = Ellpll2 + E(Ilqll2 + | Vpl* + H?||Apll®) + E(IIVqII2 + [ Apl* + H?||V Ap|)?)
+ §||G||2 +|[VG|? + HY|AG|? + |[VAG|? +H2HA2G||2 +2Re/ nGGdx
2

+2Reprde+2Re/ nGAz(_-?dx+2Re/pEA2de
o) o) o)

with

_ 8|n|2. |G|
2Re/ nGGdx <2l GIIGI < S IGI + Bl lIGI
2

> I 8IIENZ G
2Re/ PEGdx <2||E|lllplllIGI = gllpll2 + +
2

_ . 8n|%IIA%G]?
2Re/ nGA*Gdx <2|nll»|Gll|A*G| < §||G||2 SN A7GI
Q Vv

and
8IIEIZ 1 A%G|?

. "
2Re/ PEN*Gdx <2||p|||Ell« | A*G| < gllpll2 +
2

From these estimates we have

% 1 1
1(t) > annz + 5(||q||2 +Vpl? + H*|| Apll®) + 5(||Vq||2 + | Apl* + H*|VAp|?)
v 8|nl%  8IE|?
. (g - ——2 - —— 2 G|*+ |VG|* + H*|AG|* + [VAG|?
v iz
8|ln||2.  8JE|?
+ <H2— ||”l||oo _ I ||oo>|| A2G||2. (3.18)
v 2

Then for very large 1 and v, we have

2 2
v_8lnll _8IEl. v
8 v 1% 4
and
i 8lnls _ BIENS _ H?

>—>0 Vt>0.
v " 2



Li and Guo Journal of Inequalities and Applications (2019) 2019:41 Page 8 of 12

Therefore we have I(¢) > ¢|| (g, p, G) II%,I, with ¢ is the minimum number of the coefficients
in (3.18). It is obvious that

c|@p.Q, <16) <<|@p.G)3,, (3.19)

when u, v are chosen. So 1 (t)% is a norm equivalent to the norm in V7.
We write the bilinear form associated with the quadratic form I(¢) as

I 1
f($1,52)=—/p1pzdx+—(/ qlqzdx+/ VPIVPde+/H2AP1AP2dx>

2 Jo 2\Jeo 2 Q
1

+—(/ Vq1Vq2dx+/ AplApzdx+H2/ VAp1VAp2dx>
2\Ja Q I7)

+3/ Gleder/ VG1VG2dx+H2/ AG1AG, dx
2 Jo I?) 2

+/ VAG1VAG2dx+H2/ AzGlAszdx+2Re/ nG1Gydx
2 2 2

+Re/plEG_zdx+Re/p2Eéldx+Re/ nG1A2Gy dx

2 2 2

+Re/ nGzAzéldx+Re/ plEAzézdx+Re/p2EAzéldx.
2 Q 2

4 Study of the dimension of Q

Now we study the dimension of the attractor Q via to studying I(¢). The attractor Q
is considered as an invariant compact subset of V;. We investigate how the operators
DS(¢)(myg, no, Eo) contract the volumes in V7 for (1, ng, Eg) € Q C V,. We take m elements
L[&, ..., U} linearly independent in V; and study the evolution of the Gram determinant

|t A--Au™|y, = det (U'(0), U(2))

1<ij<m

I, (4.1)

where U = DS(¢)(mo, no, Eo) U} and

W), - [

viv,»dx+/ Vv,»Vv,dx+/ u,»u,»dx+f Vul-Vu/dx+/ AuiAu;dx
2 o) 2 I?) 7

+ / VAu;V Au;dx + / FiFjdx + / VF,VF;dx + / AF;AF;dx
Q 2 Q 2
+ / V AF;V AF;dx + / A’F;AF; dx.
2 o)
We will further show that, for sufficiently large m, this determinant exponentially decays
as t — oo. In the proof the bilinear form associated with the functional I(¢) plays a key
role. We use the functional I(¢) instead of the norm in V.
In the former, we have
(q.p,G)=W(t)=e"U(t) = " (v,u,F).

Then we have

(U, ) = e (W', W)
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and

det (U, V) =€ det (W', W)).

1<ij<m 1<ij<m

We set Ky, (£) = dety<;j<p(W', W) and H,,(¢) = deti<;j< f (& W', W), where f is the bilin-
ear form associated with I(¢). From (3.19) we obtain the following relation between K,
and H,,:

" Kn(t) < Hy(t) < " Ky(2). (4.2)

Then we can estimate H,,(t). We have

d “ S

—H,(t) = detf(; W', W), 4.3

- Hn(®) ; etf( )i (4:3)
where

detf (& W', W), = (1 - &) detf (& W', W) + 8 % f (6 W, W),

81 being the Kronecker symbol. In addition, we have

i W Wi _l i V74 / _i Wi _ W
dtf(t,W,W)—4[dt1(t,W+W) 21w w)|

Due to (3.13), we have

d
()= A-B=R().

Hence we have

Rt W+ W) =Rt W= W i
( + )4 ( )=p(t;Wl,Wl),

d . ;
—f(EW,L W) =
&)
where p is the bilinear form associated with R. According to the result used by Ghidaglia
[13], which is in fact a lemma of linear algebra, we obtain

R(&; 3" 5 W(2)

iHm(t) =Hu()) max min (4.4)

at =1 dimF’:l chi‘g 1% erzl ijf(t)) ’
where
I(t; D% WJ’(t)) = I(t; > xDS(@) Wé) =I(EDSHW,), Wo=) % W,
j=1 j=1 =

According to (3.17), we have

R(t(q,p,G)) = c(lpI” + IGI* + IVGI* + | AG]I*)
<c(IVpIP +IGI? + IVGI? + | AGI?) = (M(g,p, G), (4.9, G))
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where M is defined by
M(‘I:P: G) = (O’ (_A)_zpr (_A)_ZG)i (q’pi G) S Vl’
which is a symmetric compact operator. Hence, using (3.13), we deduce from (4.4) that
d “ M xWi(2)), Wit
—H,,(t) < H,,(¢) max mi MQ % W) Zxé ( )Vl. (4.5)
at o AnmWol,
Moreover,
MEHWIE), T W ey _  (ME)Ey,
i 2 — i 2 ’
I WiaI3, Fean ser (g1,
(r;)72, where 1, is the Ith

xeF
x0
which is the /th eigenvalue of the operator M, denoted by w;

—_

eigenvalue of the Laplace operator in dimension d, and A; ~ /4

Consequently, (4.5) can be rewritten as

L 6 < Ho Czi(x <H(t2i
¢ = ) e 4

dt
I=1
Sets,, = Y -, (A;)"%. Using the Gronwall lemma, we have

(£) < Hyn(0) exp(%smt)

From (4.3) we obtain
K,(0) < (c) K,,,(0) exp(c—zsmt)
c

Due to the definition of K, this yields
, , \ 7" C
det (L[’, L[’)V < (—) K,,,(0) exp(—zsm - 2crm)
1 c c

1<ij<m

AN c
< ( > K,,(0) exp<—zs—20m)
c
It is well known that when d < 4, s, < constant = s. According to the preceding analysis,
0

|DS(#) (&)U I,
<|ugn--- AU ||?/1 <%,)mexp(—s - 2om)t (4.6)

we obtain the following theorem
Theorem 4.1 Forarbitrary &y = (mg, no, Eo) € Q,m > 1,t > 0, we have that, for all U} € V1,

- ADS(8)(§0)Ug’
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Therefore we have obtained the principle assumption of Theorem 3.1 of Constantin et
al. [14]. Then we can show that Q has finite fractal dimension. We set

L = DS(nty)(mo, ny, Eo), & = (myg, no, Ep), U'(t) = DS(nto)&o - U}

and define

S

wm(L(&)) = sup (det(Ln', L))2.
("2
det(ni,njisl

From Theorem 4.1 we derive

om(L(&)) < (%)7 exp(%s—2am>%h),

So if we choose m such that mo > 2 for sufficiently large ¢, then we have ,,(L(%)) < 1
uniformly with respect to &. Then we obtain that dy(Q) < m and dr(Q) < 2m, that is,

they are finite. Similarly to the proof method in [13], we claim the following theorem.

Theorem 4.2 The maximal attractor Q of the dissipative modified Zakharov system has
finite Hausdor(ff dimension and fractal dimension in V1.

We investigate the bound of Hausdorff dimension and fractal dimension of the attractor
for the modified Zakharov system, which represent some dynamics behaviors of finite di-
mension of the attractors of the system. The idea of the proof of our results is different from
the proof of the existence of the attractors of the dissipative quantum Zakharov equations
in [11]. Here we firstly obtained the linearized system of the modified Zakharov system,
which is needed to consider the Hausdorff dimension and fractal dimension of the attrac-
tors. Secondly, we consider energy estimates of Lyapunov exponents for the linearized
system, which is given by exponential transformation on the basis of the above linearized
system. Finally, our results are obtained by studying the bilinear form associated with the
quadratic form f(£,&,) and evolution of the Gram determinant in finite solution spaces.

Our results are also different from the existence of global strong solutions of higher-
dimensional and vector forms of dissipative quantum Zakharov equations, which have
not been given until now. Therefore we are interested in investigation of global strong
solutions of higher-dimensional dissipative quantum Zakharov equations in vector form,
which is our further goal of studying the nonlinear phenomenon of quantum Zakharov

equations in vector form in the two- and three-dimensional cases.
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