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1 Introduction
Throughout this paper, let I be an interval in R. Also consider n: A x A — B for appro-
priate A,B C R.

Let f: I C R — R be a convex function, and let a;, a; € I with a; < a,. The following

double inequality
a +ap 1 @ _fla) +f(ar)
H(55%) = 2 [ SO )

is known in the literature as the Hadamard inequality for convex functions. Fejer [1] gave a
generalization of (1) as follows. If f : [a1,a,] — Ris a convex function and g : [a1,a2] - R

is nonnegative, integrable, and symmetric about “5%2, then

f(al;@)f:g(x)dxf/:f(x)g(x)dxfw/alazg(x)dx- (2)

Since the Hermite—Hadamard inequality and fractional integrals have a wide range of ap-
plications, many researchers extend their studies to Hermite—Hadamard-type inequalities
involving fractional integrals.

In 2015, Iscan [2] obtained Hermite—Hadamard—Fejér-type inequalities for convex
functions via fractional integrals. In 2017, Farid and Tariq [3] developed fractional inte-
gral inequalities for m-convex functions. Also, Farid and Abbas [4] established Hermite—
Hadamard—Fejér-type inequalities for p-convex functions via generalized fractional inte-
grals. For recent generalizations, we refer to [5-7], and [8].
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Xiand Qi [9], Ozdemir et al. [10], and Sarikaya et al. [5] established Hermite—Hadamard-
type inequalities for convex functions. Gordji et al. [11] introduced an important general-
ization of convexity known as 7-convexity.

Definition 1.1 ([11]) A function f:I — R is called n-convex if
flax+ 1 -a)y) <fO) +an(f(x).f ) ®3)
forallx,y € I and « € [0,1].

Theorem 1.1 ([10]) Let f: I C [0,00) — R be a differentiable mapping on the interior I°
of I such that f" € L[ay,a,), where ay, ay € I with a) < ay. If || is convex on [a1,as), then

a + as 1 2
(")t |y

( - )2 /1 1
- azl9;l1 {V (a1)\+6L/ (aw;az)

Theorem 1.2 ([10]) Let f : I C [0,00) — R be a differentiable mapping on I° such that
f" € LY ay,as), where ay, ay € I with ay < ay. If|f"|9 for ¢ > 1 is convex on |a1, a,)], then

a + as 1 2
(57) e ] o
_(@m-a)’ <§)%{<lf”(a1)l" N P,,(al +ﬂ2)
- 48 \4 3 2
(r(*3*)
+
2

Lemma 1.1 ([9]) Let f : I € R — R be a differentiable function on I° such that f' €
L'ay,ay], where ay, ay € [ with a) < ay. If o, B € R, then

af(a) + Bf(ay) 2-a-P <al+a2) 1 /“2
+ f - Sf(x)dx
a) —ay al

+|f" (@) } (4)

1
q>q

RACOE) “

2 2 2
_ 1
:”24“1/0 |:(1—oe—t)f/(tﬂ1+(1—t)a1;a2>
+(,3-t)f/(t”1 ;”2 +(1—t)a2>:|dt. ®)

Lemma 1.2 ([9]) Fors>0and 0 <e <1, we have

1 s+1 s+1
e+ (1-¢)
e—tfdt=———,
/0 | | s+1
1

S+2 1 1-— s+1
/ t|€—t|sdt=6 +(s+1+€)(1-¢)
0 (s+1)(s+2)

The paper is organized as follows. In Sect. 2, we establish Hermite—Hadamard- and
Fejer-type inequalities for n-convex functions. In the last section, we derive Fractional
integral inequalities for n-convex functions.
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2 Hermite-Hadamard- and Fejer-type inequalities
Theorem 2.1 Let f:1 C R — R be an n-convex function with f € L'[a1,a,), where ay,

a, € I with a, < a,,Then

1 i

1

ay —adi

=

/ fdx = fla) + Sn(fla).fl@). (8)

Proof Accordingto (3), withx = tay +(1—£)ay, y = (1-t)a; +tay, and o = %, wheret € [0,1],
we find that

f(m eraz) <f((A-t)ay + tay) + %n(f(ml + (1= 0a),f((1 - t)ay + tay)).

Thus by integrating we obtain

1
f<“1;“2> 5/0 F((1=Oay +tay) dt

1

1
*3 / n(f (tar + (1 - H)az),f (1 - Oy + tay)) dt
0

1
=<
dy —day

a

/azf(x)dx+¥ 277(f(zzl+a2—x),f(x))dx,

2(ﬂ2 - al) ap

so that

f(ﬂl 2 ﬂ2> 1 2 ’7(f(m +ay — x):f(x)) dx < : / Zf(x) dx, )

2 - 2(ay —ay) @ a); —ady

and the first inequality is proved. Taking x = 4; and y = a, in (3), we get

Slaay + (1-a)as) < f(az) + an(f(a1),f (a2)).

Integrating this inequality with respect to « over [0, 1], we get

1

a) —

— / jzf(x) dx = (@) + Jn(f@).f (@) (10)

Clearly, (9) and (10) yield (8). O
Remark 2.1 Taking n(x,y) = x — y, we reduce (8) to inequality (1).

Theorem 2.2 Let f and g be nonnegative n-convex functions with fg € L'[ay, a,], where

a,as €1,a, <ay. Then

1

ay —dy

/ g dx < M'(ar,az), )
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where
Ma1,0) = f@r)glar) + of @)n(gla).ga@) + g@n(f@).f(a)
¢ Sn(fla) @) n(ela.g(a)

Proof Since f and g are n-convex functions, we have

f(tar + (1 - Daz) <f(as) + tn(f(a1).f(a2)),
g(tay + (1 - t)az) < glas) + tn(glar),g(az))

for all ¢ € [0, 1]. Since f and g are nonnegative, we have

Sf(tar + (1 - Daz)g(tay + (1 - t)ay)
<f(a2)g(az) + tf (a2)n(g(a1), g(az))
+ 1ig(a)n(f(a1).f (a2)) + En(f (@), f (@2))n(g(ar), g(a2)).-

Integrating both sides of the inequality over [0, 1], we obtain

/lf(ml +(1-t)as)g(tar + (1 - t)ay) dt
0
< f(a)g(@n) + f @)n(glan).g(a) + Sg@n(f(@) f @)
¢ sn(f(a) @) n(ela.gla)

Then

1 (@
fx)gx)dx < M'(ay, az). O
a; —ay a

Remark 2.2 By taking n(x,y) = x — y inequality (11) becomes inequality (1.4) in [5].

Theorem 2.3 Let f be an n-convex function with f € L'[ay,a,], where a1,a, € I, a; < as,
and let g : [ay,a,] — R be nonnegative, integrable, and symmetric about “”“2 . Then

[ 1001y <[st@+ St [ evran 12

Proof Since, f is an n-convex function and g is nonnegative, integrable. and symmetric
about “““2 , we find that

[ rogorar=3| [ rorgorare [ sar s - yetar v -na|

- / [(0) +far + a2~ )g0) ]
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1 [* ay — -a
:—/ |:f< 2 ya1+ J ! 612)
2Ja aj —ai aj —d1

+f<y_a1 ai + By a2>]g(y)dy

ay —dy dy —dai

< % / 1 2 [(f(dz) + :22_‘ :1 n(f(m),f(az)))

Jy—a1
ax —ai

+ <f (a2) + n(f(@).f (az)))]g(y) dy

1 “2

< [f(zzz) + En(f(al)rf(a2)):|/ g0)dy. O
ay

Remark 2.3 If we choose n(x,y) =x — y and g(x) = 1, then (12) reduces to the second in-

equality in (1), and if we take 7(x,y) = x — y, then (12) reduces to the second inequality

in (2).

3 Fractional integral inequalities
Theorem 3.1 Let f: I — R, I C R be a differentiable mapping on I° with f' € L'[ay, a5,

where a1, ay € I, ay < ay. If |[f'(x)|? for g > 1 is n-convex on [ay,a,] and 0 < «, B <1, then

af(gl);ﬂf(az) . 2—024—ﬂf<a1 ;az) 1 azf(x)dx

ax—ay Jg

<2 . = (é) (1= 20+ 20%) 77 [ (6 - 120 + 126%) |f (@)
@)
+(1-28 +267) 79[ (6 128 + 1282)|f (@y)|"
+ (236 +28%)(|f (@)]", | @)[)] 7). (13)

+ (4= 90 + 120* — 20%)n(|f'(a1)

Proof For g > 1, by Lemma 1.1, the n-convexity of |[f'(x)|? on [a1, 4], and the Holder inte-
gral inequality, we have

o) ) 2o cby(are) Lo [

az —ai Ja,

1
fa—z;al[/o |1—a—t|‘j’(m1+(1—t)—a1;a2)
1
+/0 |ﬂ—t|p/(t—”1;“2 +(1—t)az) dt]
<B4 11 t dt e 11 £ |f (@)]?
([ nmeaa) [ el
b
. (%)n(lﬁ(m) 1 [f'(dz)|q)) dt} . ( / B —t|dt)
0

x [/01 1B - tI([f’(dz)|q - <%)n([f/(a1) , Lf’(az)l)> dtr}. (14)

dt

Page 5 of 16



Kwun et al. Journal of Inequalities and Applications (2019) 2019:44 Page 6 of 16

Using Lemma 1.2, by a direct calculation we get

! , q 1+¢ , g\ q
[ =@ (50 )atr @l e ) d
:(V‘/(a2)|q+%n( /
1
+%n({f’(a1)|q, [f’(a2)|")/0 tl—a —t|dt

(Lf@)ru Ly 9)(5-eve)

e n(lf N - e + @3- a)]
= %(1 =20 +20°) | (a2)|" + 1—12(4— 9a + 12a* - 2a%)

S n(lf/(ﬂl)rl: [f’(ﬂz)|q)

and
1
[ sl s (5 )atral @) d
e q ! 1 4 q | g q !
- |f' (@) fo Iﬁ—tldt+§n(V(a1)|,V(ﬂz)|)[0 {1 — tldt
- lf’(ﬂz)!q(% P —ﬂz) e nllf @) @)[) (8 + 2+ B - p7)

= (=28 428 @)|" + = (238 + 289)n((f @)|", f (@)[").

Substituting these two inequalities into inequality (14) and using Lemma 1.2 result in in-
equality (13) for g > 1.
For g =1, from Lemmas 1.1 and 1.2 it follows that

af(ar) + Bflas) 2-a-B ,.(ar+as 1 “2
2 T f( 2 )_az—alfalf(x)dx

Saz;ﬂl{/()l|l—a—t|(V(ﬂ2)| ( ) (Ir

+/01 18 —tl([f/(az)| " %n(y/(al)|,v/(a2)|)) dt}

)) dt

= 6124;8a1{(6_ 12« + 12a2)vl(d2)| + (4—9(¥ + 12“2 _2a3)
xn(lf )+ (6~ 128 + 128%)|f (@)
+ (2_3'3+2’33)’7(lf/(“1)i’V,(“2)|)}~ -

O
Remark 3.1 If we take n(x,y) = x — y, then inequality (13) reduces to inequality (3.1) in [9].

Taking @ = 8 in Theorem 3.1, we derive the following corollary.
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Corollary 3.1 Letf:1 — R, I C R be a differentiable mapping on I° with f' € L'[ay, a,],
where ay,a, € I, ay < ay. If |f'(x)|2 for g > 1 is n-convex on [a1,a;] and 0 <« < 1, then

‘%[f(m)+f(a2)] +(1—ot)f(ﬂ1 ;ﬂz) - azial /me(x)dx

1
< 42— (l) 1 (1 “ %+ 20[2)1_% [(6 — 12« + 120!2) lf/(az)|q

8 6
! If @)])]7

+[(6 - 120 + 1202) | (a2)|" + (2 - 3a + 20)(|f"(a1)|*, [f’(a2)|q)]%. (16)

+ (4= 90 + 120* - 20%)n(|f'(a1)

Remark 3.2 If we take n(x,y) = x — y, then inequality (16) reduces to inequality (3.5) in [9].

By choosing a = 8 = %, %, respectively, in Theorem 3.1 we can deduce the following in-
equalities.

Corollary 3.2 Letf :1— R, I C R, be a differentiable mapping on I° with f' € L'[ay, a5,
where ay,a; € I, ay < ay. If |f'(x)| for g > 1 is n-convex on [a1,a] and 0 < o, < 1, then

1[ f(a1) +f(az) a, +ap 1 2
‘5[ 2 +f( 2 )]_az—al / S
= a21_6a1 (f_z)q{[lw’(ﬂz)\q con([f' (@)% | (@) "))
+ (120 (@)| + 30 (| @] | @) D)]7),

B e | L

< w (%) "{[90lf (@2)|” + 610([f (@)

+ [90[f (@)|* + 29n(|f (@) |", |f (@2)|)] 7).

17)

@)

% If (@)[)]7

Setting g = 1 in Corollary 3.2, we have the following:

Corollary 3.3 Letf:I — R, I C R, be a differentiable mapping on I° with f' € L'[ay, a;)],
where ay,a, € I, ay < ay. If |f'(x)| is n-convex on [ay, as], then

1[f(a1) +f(az) ai +as 1 a2
H : +f< : >]—a2_a1/alf(x)dx

<2280l @) + (| @), [ @),

1 “ + 1 & (18)
‘g e i@ var (52 |- f@dx
as—ai Jg
5(a, —
= 22D ol )]+ (e | @]

Remark 3.3 If we take n(x,y) = x — y, then inequalities (17) and (18) reduce to inequalities
(3.6) and (3.7) in [9].

Page 7 of 16
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Theorem 3.2 Letf:1— R, I C R, be a differentiable mapping on I° with f' € L'[ay, a,],
where ay,a; € I, a1 < ay. If |[f' (x)| for ¢ > 1 is n-convex on [ay,a;] and 0 < «, 8 < 1, then

af (1) + Bf(az) 2-a—-B (a1 +ay 1 a2
2 t— f< 5 )—az_m/alf(x)dx

a) —aj 1

4 [2(q+ 1)(q+2)}
<A[([2(g + 2 - )™ +2(g + 2™ )| (aa)[*

+[(g+3-a)(1- o)™ + g+ 4— @) n(|f (@)% |f (@)|)]*
+[(2(g + 2@ - BT +2(q + 2)BY) |f (@2)|”

+ (872 + (g + 1+ B =AY (| (@)’ f (@2)])]

Q=

}. (19)

Proof For q > 1, by the n-convexity of |f'(x)|? on [a;,a,] and Holder’s integral inequality
it follows that

af(a) + Bflaz) 2-a—-B ,.(ar+ay 1
2 " 2f(2>a2a1 ds

[
/ Iﬂ—tlp( —t)az) dt]
cosn (o) [ (o (59
ettt )a] « ([ a) [ 1p-er
(il (e i) ]|
o[ n-ae(rt (5 prutirn)a]
[ -t s (Datrenr )] | 0
By Lemma 12 we have
[ree-n{r (5 o)
(i@l (@l @) /0 et
3@l ) /0 -t

, 1 ) (1 q+1 g+1
(e o) 752

dt
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(1-a)?? + (g +2 - a)a?*! )

1 !
" En(v(ﬂl) (g+1)(g+2)

%l el
1 !

= ST DT 2@ 0 -0 2 et @)

+[2(g+ 21 - ) + (g + 2o + (1-a)?*? + (g +2 - )]

X U([f/(ﬂl)rl, Lf’(ﬂz)|q)

[2(g +2)A - )" +2(q + 2)a ™ ]|f'(a2)|"

" 1f @)

1
T 2g+ D(g+2)
+[(@+3-a)1 =) + (2q + 4 - ) |n(|f (a1)

and
1
[ 18- (i@l (5 )nlr@lt @) ) a
1 1
:vmnwfé w—¢Wdt+§anmnV¢fw»V)L 1B — o dt

q+1 1= g+l 1
= Lf/(@)r](ﬁ +q(+ : B) > + in(lf/(“l)

q’ lf/(a2)|Q)

8 (/3"*2 +(g+1+B)(1- ﬂ)‘f*l)
(g+1)(q+2)
B 1
S 2g+1)(q+2)

+[B72+ (g + 1+ A - B n(If (@)

{[2(g +2)Q - BT + 2(q + 2)B7*]|f (a2) |
LI @)]")}-

Substituting the last two equalities into inequality (20) yields inequality (19) for g > 1.

For g = 1, the proof is the same as that of (15), and the theorem is proved. d
Remark 3.4 1f we take n(x,y) = x — y, then inequality (19) reduces to inequality (3.8) in [9].

Similarly to corollaries of Theorem 3.1, we can obtain the following corollaries of The-
orem 3.2.

Corollary 3.4 Let f : I CR — R be a differentiable mapping on I° with f' € L'[ay, a5,
where ay,a; € 1, ay < ay. If |f'(x)|2 for ¢ > 1 is n-convex on [ay,a;] and 0 < a < 1, then

’%Umn+fmg]+u—ay(“1+”)- L[ e ax

2 ay) —ay al

a) —aj 1

4 [2(q+ D)(q + 2)}
x {[(2(g + 201 - )" + 2(q + 2)a ™) |f'(a)|*

+((@+3-a)1-a)! + (2 +4 - ) )n(|f (a)
+[(2(g + 21 - )7 +2(q + 2)a ™) [ (a2)|"

+ (@ + (g + 1+ a)(1 - ) )n(|f (@1)|", lf/(@)r])]%}' @)

! If @)])]7
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Remark 3.5 If we take n(x,y) = x — y, then inequality (21) reduces to inequality (3.11) in
[9].

Corollary 3.5 Let f : I CR — R be a differentiable mapping on I° with f' € L'[ay, a5,
where ay,a; € 1, ay < ay. If |f(x)|9 for ¢ > 1 is n-convex on [ay,a;] and 0 < o, B < 1, then

1[ flay) + f(a2) a +a 1 “
s ()]s [ e

<6Z2—611 1 %
-8 [4(q+ 1)(61+2)}

x {[((4q + 8)|f (@)|” + Bq + O)n(|f (@)% |f (@)|"))]*
+[((4q + 8)|f (a)|" + (g + 2 (|f (@)|", [f (@2)|))] 7},
Hf( )+ @) +4f(‘“ ”2)} 2 [Pfwax

2 ax—ai Jg

Q-

(22)

@)

ay —dy

1 : /
=1 [18(q+ 1)(q+2)] {[(3q+6@™ +6(g + D) |f (@)["

©1f (@)|")]* + [((B3g + 6)(2)7*2
"I (@)])]7).

Remark 3.6 If we take n(x,y) = x — y, then inequality (22) reduces to inequality (3.12) in
[9] respectively.

+(Bq+8)@)7 + (6 + 1) (|f'(a1)

+6(q+2))|f(@)|" + (1 + g+ D@ )n(|f (@)

If we take g = 1 in Corollary 3.5, then we get Corollary 3.3.
To prove our next results, we consider the following lemma proved in [10].

Lemma 3.1 Let f : I — R, I C R be a differentiable mapping on I° with f" € L'[a1,a,],
where ay,a, € I and a; < ay. Then

1 %2 a + ay
aj —ai /al f(x)dx—f( 2 )

(@a—ar)*[ (* ., (. a1+a
- a) “rh o a-
e /0 rf e 5 +(1—8t)ay | dt

1
+/0 (- 1)2f”<ta2 ta-pn2 ;“2> dt}. (23)

Theorem 3.3 Letf :1 C [0,00) — R be a differentiable mapping on I° with f" € L'[ay, a5,
where ay,a, € I and ay < ay. If |[f”| is n-convex on |ay, as), then

a + das 1 2
(5%)-ata [ o

( - )2 1 1/ 1/
e e (%52)
1 L a1+ as
50 (*5®)

)

’ [f/’(d1)|) + %U(lfﬁ(ﬂz)

e e

Page 10 of 16
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Proof From Lemma 3.1 we have

ai + ap 1 a2
}'[( 2 >_612—!11/a1 S )
RV 1
S%[[Q tzp”(t¥+(l—t)al)‘dt
/(t )ZP//(ta2+(l—t)ﬂl+a2) dt]
Ry
e [ ' (25)
(ar — ar)? ! of | 91+ a2
e fev(r(23®)
sl (#5%)])) 4
_(@m-a)f1, 1, (ar+a\| 1 (|, (a1+a
16 [3“‘“)“5“ 2 )‘W"(H 2 )
" a) +ap
sVt (25%)))]
( - )2 1 17 1/
=2 e (257))
1 ai +ap 1 ai + ax
30 (5572l re) (bt (252 )}

This proves inequality (24). O

)

, {f”(m)\)

1

!

Remark 3.7 1f we take n(x,y) = x — y, then inequality (24) reduces to inequality (4).

Theorem 3.4 Letf:1C [0,00) > Rbea dlﬂerentiable mapping on I° withf" € L'[ay, a,],
where ay,a; € I and ay < ay. If |[f"|1 forg> 1 wzth + 2 =1 is n-convex on ay,a,], then

1 “
p<a1+a2>_ / F)dx
2 a—ai Ja
(ay — a1)? , a +a
e (0 [t (252 )
1
G mlrerr(52)) ] e
3 2 2 2
Proof Suppose that p > 1. From Lemma 3.1, using the power mean inequality, we have
1 (@
P(mwxz)_ / F)dx
2 ar —ai Ja,
_ 22T gl
@ma) [/ tzV(/_l "2 La —t)m)‘dt
16 A 2
/ (t— 1)2%’ (mz ra-pti® “2) dt]

!
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(a—a)* ([, e ol a1 +a 4 N\

ezl (/0 tdt) </0 tMt : +(1—t)a1) dt)
—a)?/ [l 3/l

—a) 16“1) (/0 (t—1)2dt> </0 (t—1)2p”<m2+(1—t)“1;“2>

Because |f”|? is n-convex, we have

/1 tﬂj”(tal ;az +(1- t)a1>
0

%lf//(a ){q+ _( (L///(al ;'512> q’ lf//(al)|q))
and

1
/(t—l)z’f”<ta2+(l—t)al+a2)‘th
O 2
(5 s m(rer)(=52)])
3 2 12 2
Therefore we have
ai + ap 1 a2
(%5%) - [ o0
<(612—d1)2( >1{< lf//(a )’q+ (‘/ <611+ﬂ2> lf//(a )‘ ))
_716 3 7) 1
1., (a1 +a\|” 7 | +a\|* i
() (e (252)))'} .

Remark 3.8 1f we take n(x,y) = x — y, then inequality (25) reduces to inequality (5).

'\
a)’

q
dt

7

/"

4 Application to means

For two positive numbers a; > 0 and a; > 0, define

a) +a 2a1a2
Alay, ay) = , Glayay) = Jaaz,  H(ay,ap) = ’
? a) +ay
afloayt 11
L(ay,az) = (o] @1 7 a2
ai, a, = das,
a) 1
%(%)W, ay #az’ (26)
(a1, ar) = a
2k a) = ay,
S
aj+wlaian)? +as 11
H,(a1,a3) = [— 25, s#0

A araz, s=0,

for 0 < w < 0o. These means are respectively called the arithmetic, geometric, harmonic,
generalized logarithmic, identric, and Heronian means of two positive numbers a; and a;.
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Applying Theorems 3.1 and 3.2 to f(x) = x° for s #0 and x > O results in the following

inequalities for means.

Theorem 4.1 Let a; >0, a; >0, a; #ay, q > 1, and either s > 1 and (s —1)g > 1 or s < 0.
Then

2

_a —_—
’A(aai,ﬂasz) + TﬂAs(ﬂbﬂz) - L¥(a1,a2)

1
N R

1

q 56152_1 |LI)] q

)

+ (4 - 90 + 120% — 20% ) (|saS”"

v (1-28 +26%) 70 [(6- 128 + 128%)[sa5 1|

+ (2—3;‘3 +2f33)r/(‘sa§_1|q, saé‘l}q)]%}. (27)

Theorem 4.2 Let a; >0, a; >0, a; #ay, q > 1, and either s > 1 and (s —1)g > 1 or s < 0.
Then

2o —
‘A(aai,ﬂusz) + 'BAs(ﬂhdz) - L¥(a1,a2)

2

<a2—a1 1 %
-4 [2(q+1)(q+2)}

x{[([2(g +2)(1 = )" +2(q + 2)a?*']) |sa5 |

q

+[(@+3-0)1 =) + (2q + 4 - a)a® ! |n(|sai |, [sas |q)]%

+[(20g+ (1= ! + 2+ 2p7Y) saz 1|

s |)]

=

+ (BT + (g + 1+ B - BT )n(|sai |,

}. (28)

Taking f(x) = Inx for x > 0 in Theorems 3.1 and 3.2 results in the following inequalities

for means.
Theorem 4.3 Fora; >0, a; >0, a; # ay and g > 1, we have

InG%(a%dl) 2-a-8
+
2 2

1
— q q
<L (1) ! {(1 20 +20%)" 7 [(6 120+ 12a2)(i>
8 6 a;

+(4-9a +120° —2053)7]((%)!1, (;Z)qﬂ;

1 q
+(1-28+28%)"1 [(6 ~ 128+ 128%) <ai)

2

(2.2}

InA(ay,az) —Inl(ay, a)
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Theorem 4.4 Fora; >0, a; >0, a; # a; and q > 1, we have

InGXa¢,a)) 2-a-p
+
2

<ﬂ2—611 1 %
-4 [2(q+1)(q+2)}

) { [([2(‘1 +2)(1 - o)™ +2(q + 2)a™]) <ai>q
2

1\ /1\"\1
+ [(61+3—01)(1—ot)q+1+(2q+4—a)aq+l]n<(a—) ,(ﬂ—> >:|
1 2

. [(2(q L(L-B)T +2q+ w*v(%)q

1\ (1\\]"
+(ﬂq+2+(q+1+,3)(1_,3)q+1)77<(a_1> ’(g) >:| }

Finally, we can establish an inequality for the Heronian mean as follows.

lnA(alr('IZ) - ]nl(ab a2)

Theorem 4.5 Foray >a; >0,a; #a, w>0,ands>4or0+s< 1, we have

H;, (a1, a) H%ll 1 a +ﬂ 1) -k, L(ﬂ%:“%) 1
H(ﬂl,ﬂz) GD\a  a G (ar, a2)’
< (ay —ar)Alar, a2) [ 2ls] G ( 4, 1 e o, 1
8G2(ay,as) w+2 a, 2 a;
1 1
. Il ( a6 an— )+ 2ot a2 )),
w+2 ds 2 a
L GH D @y, 1 + 26 as, E .
w+2 a, 2 a

Proof Let f(x) = "SW"z” forx>0and s ¢ (1,4). Then

s
214
w+2

By Corollary 3.3 it follows that

R R
‘5[ 2 +f< 5 >]—%_ﬂ/ﬂf(x)dx

az  ay

fx) =

D=
X
Nl
L
N——

_ 1 l a + wlaya)? +aj . a; + w(aya,)? +aj
212 a;(w+2) as(w+2)

S
(%+%)S+w(%+%)2+l}

w+2

(30)

(31)

(32)

Page 14 of 16
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) 1 [(%)s+1_(a_1)s+l+w(z_§)%+l (a1)7+1 1iH
a a S a
wez| D@ -a) i@ - o)
Hy (@, a5) H2+1 @ a0\ g (Haba) 1| (33)
H(ﬂpﬂz) w5\ a;  ay’ "\ G*(ay,az)

On the other hand, we have
a _ 4
a_a ol (2N ol 2
16 ay a)
_aj- zz% a\’
- 16a1a2 w+2 1
. S ﬂ s-1 . K @ %—1
g w+2 w+2 2 \a;
(“2 _al)A(“l;dz) 2|s| G214 i + KGS_% a i
B 8G%(ay,as) w+2 > a 2 > a
Is| 2(s—1) 1
- 4 G § » T T )
+n(w+2( “ a; 2 “ ay
1 1
s (Gw—v ( _) e ( _)))] (34)
w+2 a, 2 a

Obviously (33) and (34) yield (31). O

’V(Z—f)D]

\_/
+
|
Q
Nl
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