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1 Introduction
Inequalities involving trigonometric and inverse trigonometric functions play an impor-

tant role and have many applications in science and engineering [2, 8, 12, 17-19, 27]. The
sin)

X
sion, sound recording [12], has been studied in many references [1, 3-5, 7, 10, 13-17, 19,
21, 26, 28-30]. The study starts from the Jordan’s inequality [19], namely

sinc function, defined as , is often used in signal processing, optics, radio transmis-

sin(x)

= <1, 0=x=<

. (1)

|
N

X

Later, the sinc function is bounded by using polynomials 7, 10, 17, 24], or by using expo-
nential bounds [3, 4, 25].
Cusa—Huygens’s inequality is studied in [3, 4, 11, 20, 22, 23, 25], and gives

cos%(x) < sin(x) < 2t cos(x), O<x< z, (2)
X 3 2
(2 + Cos(x))e sin(x) (2 + c:os(x))l9
< < , (3)
3 x 3

']‘;((’3’//5)) ~ 1.113 and ¥ = 1 are the best possible.

Becker—Stark’s inequality, namely

where the constants 6 =

2

8 tan(x) b 0 T 4@
< < , <X< -,
72— 4x2 x 72— 4x2 2

is studied in [3, 4, 10, 19, 29, 31]. In [32], Zhu provided improved bounds:

tan(x)

t(x) < <t(x), O<x< %, (5)
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2_ 10-72
where t; (x) = # + ﬂ_zz - ”6749(712 —4x?) and t(x) = 712—84x2 + 7% - %(n2 —4x?). Later,

there in [6] further improved bounds were given, namely

t3(%) tan(x) t4(%)

457‘[6(]-[2 — 4,x2) x 37-[6(].[2 — 4-962) = t4(x), (6)

t3(x) =

where £3(x) = 4578 + (—278 — 366077° + 360007 *)x? + (1677 + 210007° — 2088007 3)x> +
(—487° — 494407 % + 4924807 2)x* + (647 ° + 5424073 — 5414407 )x° + (—327* — 2304072 +
230400)x° and . (x) = 378 + (=127° + 78)x? + (528073 — 4567° — 877)x> + (-2476872 +
22727% + 247 °%)x* + (407047 — 380873 — 327°)x° + (—23040 + 217672 + 1674)x°.

Chen and Cheng established the following exponential bounds [3]:

72

2 v t 2
( il ) San(x)< il O<x<%. (7)

w2 — 4x2 x T omw?—4x?

Recently, Nishizawa established [25]

01 () sin(x b (%) T
(cos(x)) 3 < () < (cos(x)) 3, 0O<x< oX (8)
x
47 (@x/m)? - 1 - 47 b5) 0 T ©)
2 — dy? ~ cos(x) ~ \ w2 - 4«2 X
where
1, O<x<l1,
61 (x) = 2-x, 1l<x<3/2, Or(x) =1 -2x/, and
1/2, 32<x<m/2,
_ x, O<x<l1,
03(x) =
1, l<x<m/2.

Motivated by Egs. (5), (8) and (9), we provide some inequalities with much tighter bounds

by using power exponential functions, which are described in Theorems 1.1-1.2.

Theorem 1.1 Forevery 0 <x < /2, we have

a(x) ™™ < <a(x) "W, (10)
cos(x)
_ A2 2 4.9 2
where a(x) =1+ =2x— %xz, O1(x) = — 57X~ ’Z(ﬂg)gsxz +Z *27;3(;337;2*25%3 and 0,(x) =

= 2n2+6m-24) 2 2n+87-32) 3
¥t Ty ¥ -3

Theorem 1.2 For every 0 < x < 7w /2, we have

Cos(x)%_%xh%xg_%’ﬁ - sin(x)

14 2
<cos(x)3 32", (11)

X
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2 Proof of Theorem 1.1
Proof Equation (10) is equivalent to
—61(x) - ln(a(x)) < —ln(cos(x)) < —6,(x) - ln(a(x)). (12)
Step 1. Firstly, we prove that for every 0 < x < /2,
—61(x) - In(a(x)) < —In(cos(x)),
which is equivalent to
D;(x) = ln(cos(x)) —01(x) - ln(a(x)) <0. (13)
Letx; =0.9 and x, = 127 ~ 1.362.

Case 1.1. Proof of D;(x) <0, Vx € (0,%1].
Combining with Eq. (6), for every 0 < x < x;, we have that

01(x)-a'(x)
- % -0, (%) - In(a(x))

_Oix) -a'(x)
a(x)

D/ (x) = —tan(x)
< —t3(x) - x - 0;(x) - In(a(x)) = Ds(x). (14)

It can be verified that 6] (x) = ax? + 1% + og = ata (% + 2";—12 2 + a3, where ag &~ 1.82, ag &

-3.59, a ~ 1.98 > 0 and a3 = 0.19 > 0, so we have 6; (x) > 0, Vx € (0,7/2). Let D3(x) = ?,2((;)).
1
It can be verified that
9 2
o V1,iB1,i(x)) - x
Dé(x) _ (Zl,o Y1,i 1,1( ) ) (15)

Wi(x)

where Wi (x) = (mx—2x+7) - (2x + 1) - (-768x* — 3r4x* — 247 2% + 3847 x* + 7o — drhx +
8m3x —Am* + %) - )2 (7w — 2x), Byi(x) = %10‘);”9'1, and y1 0~ -3.5-107 <0, 1, ~ -3.2-
107 <0, Y12~ =2.9-107 <0, y1 3~ —2.4-107 <0, Y14 & -2.0- 107 <0, y15 ~ -1.5- 107 < 0,
Ve~ —1.1-107 <0, y17 ~ =7.7 - 10° < 0, y18 & —4.5 - 10° < 0, y19 ~ —1.7 - 10° < 0. Note
that Wi(x) > 0, Vx € [0,77/2) and By ;(x) > 0, Vx € [0,x], and from Eq. (15) we have that

Dy(x) <0, Vx € [0,%1]. So
Ds(x) < D3(0) =0. (16)

Combining Eq. (16) with 6] (x) > 0, we have that D,(x) < 0, Vx € (0,;]. Combining with
Eq. (14) yields

Di(x) < Dy() <0, Vxe (03], (17)
From Eq. (17), we have that

D;i(x) <D;1(0)=0, Vxe(0,x]. (18)
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Case 1.2. Proof of D;(x) <0, Vx € (x1,%2].
For every x; < x < x,, we have 6] (x) > 0, In(a(x)) <0, 6;(x) < 6;(x2) and

D1 (x) < In(cos(x))—6; (x2) - In(a(x)) = Da(x). (19)

Combining with Eq. (5) gives

mm=—mm—wm%%
<-x-tx) - 91(962)%
(Z?:o V2, 'xi)

T (rx—2x+ 1)(2x + 1) (T —42mA2x 4 ) Ds(x), (20)

where 156 ~ 1.95> 0, 155 7 5.36 > 0, Y24 ~ 56.7 > 0, 153 & 156.2 > 0, y»2 ~ —265.4 < 0,
Y21 ~ —1050 < 0, Y50 ~ 502.8 > 0. So for every x1 < x < x5,

6

i 6 5 4 3 2
E V2" X <Vo6 Xyt Vo5 X+ Voa Xy Vo3 Xy Vo0t Voo X1+ Vo1 X1
i=0

A -29.68 < 0.
Combining with Eq. (20) yields
D (x) < Ds(x) <0. (21)
Combining with Egs. (19)-(21), we have that
D1(x) < Dy(x) < Dy(x1)  -0.0058 <0, Vx e (x1,%]. (22)

Case 1.3. Proof of D;(x) <0, Vx € (x9,7/2).
Combining with Eq. (5), for every x; < x < 7/2, we have

O(x)-a'(x)
% —01(x) -ln(a(x))

> —t(x) - x — M -6 (x) - ln(a(x)) = Dg(x). (23)
a(x)

Dj(x) = —tan(x) —

Let D, (x) = 26%) It can be verified that
6 (x)

(217:0 ¥3,iBa,i(x)) - x

D) = =

, (24)

i (N T~
where B, ;(x) = % >0,V € [x,77/2), ¥30 ~ 8.8-10°%, y31 = 9.7 - 10%, 3, ~

1.0- 107, V3,3 ~ 1.1 107, V3,4~ 13- 107, V3,5 ~ 14- 107, V3,6 ~ 1.6-107 and V3,7 = 18- 107,
such that y5;>0,i=0,1,...,7, and D, (x) > 0, Vx € (x3,7/2). So we have

D;(x) > Dy(x2) *6.7>0, Vx €& (xp,7/2). (25)
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Note that 6;(x) > 0, Vx € (0,7/2), and, combining with Eqgs. (23)—(25), we have that

D(x) > Dg(x) >0, Vx € (x2,7/2). (26)
From Eq. (26), we obtain

Di(x) <Di(r/2) =0, Vx € (x,7/2). (27)

Using Eqs. (18), (22) and (27), we have completed the proof of Eq. (13).
Step 2. Now we prove that for every 0 < x < 77/2,

~In(cos(x)) < —6>(x) - In(a(x)),
which is equivalent to
Ei(x) = ln(cos(x))—Gg(x) . ln(a(x)) > 0. (28)

Let &3 = 37 ~ 1.202.

Case 2.1. Proof of E;(x) > 0, Vx € (0, 1].
It can be verified that for every x € (0,7/2),

O<alx) <1,
2 3 (29)
In(a(x)) < (a(x) - 1) - @ 4 bl
Combining Eq. (29) with Eq. (5), for every 0 < x < 1, we have that
Ej(x) = —tan(x) — % —05(x) - ln(a(x))
> —tr(x) - x— % - 6}(%) - In(a(x))
%) .a -1 2 -1 3
> —ty(x) - x— % — () - ((a(x) 1) (a(x)2 ) s (a(x)3 ) )
(X vaiBsi)) - o2 0

- (r=2)x+m)2x+m)
where By ;(x) = Cix'(1 — %)%, y40 ~ 5.54, ya1 ~ 5.28, y4n ~ 4.91, ya3 ~ 443, y44 ~ 3.84,
Va5 ~ 3.16, ya6 ~ 2.38, a7 ~ 1.52 and y48 &~ 0.632. In Eq. (30), for every x € (0, 1), we have
Bs(x) >0, yg,; >0and ((r —2)x + 7)(2x + 7) > 0, which means that
E/(x) >0, Vxel0,1]. (31)
From Eq. (31), we obtain

Ei(x)>E(0)=0, Vxel[0,1]. (32)

Case 2.2. Proof of E1(x) >0, Vx € (1,x3].

Page 5 of 14
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For every 1 < x < «x3, note that 6}(x) > 0 and In(a(x)) < 0, hence
E1(%) = In(cos(x)) — 65(1) - In(a(x)) = Ex(x). (33)

Combining with Eq. (5), we have that

E)(x) = —tan(x) — 5(1) - ‘;((;“))
< —x-ti(x) - 65(1) - ‘;((;‘))

) (200 Vs Bail)
T (rx—-2x+ ) (=2x + ) (2% + 1)

= E3(%), (34)

Cf( —l)i( _ )6—[
where By ;(x) = %, V50 ~ =3.98, ¥51 ~ —4.23, Y55 & —4.45, y53 X —4.65, Y54 ~

-4.81, y55 ~ —4.94 and ys6 ~ —5.03. In Eq. (34), for every 1 < x < x3, we have y;5, <0,
Byi(x) >0and (rx —2x + 7)(=2x + 7)(2x + ) > 0, which means that E3(x) < 0, Ve € (1, x3).
Combining with Eq. (33), we get

Ey(x) <Es(x) <0, Vxe(1,x3). (35)
Combining Eq. (35) with Eq. (33) yields
Eq(x) > Ea(x) > Eo(x3) 2 0.0026 >0, Vxe (1,x3). (36)

Case 2.3. Proof of E1(x) > 0, Vx € (x3,7/2).
Combining with Eq. (5), for every x3 < x < 7/2, we have

Oh(x)-a'(x)
- % - 65(x) - In(a(x))

_h(x)-d'x)
a(x)

E}(x) = —tan(x)
< —ti(x) % 6;(x) - In(a(x)) = Ea(x). (37)

Let E5(x) = gz((;‘)) It can be verified that

Z?:o V6,iB5,i(%)

B = = e

, (38)

where Wy (x) = ((mx — 2x + ) (=2 + 1) (2% + ) (—48mx + 192x — 67 2% + 72))% > 0, Bs;(x) =
i (o i (1928

SR > 0, Va € [03,7/2), oo ~ ~1.34 - 10°, yg1 ~ ~1.46 - 10%, ygp ~ ~1.54 -

10%, Y63 & —1.5-10%, ys4 ~ —1.5- 10, ys5 & —1.4 - 10°, ys6 ~ —1.25 - 10°, ys7 ~ —98875

and yg8 & —64163. In Eq. (38), for every x3 < x < /2, noting that W5(x) > 0, 6, < 0 and

Bs,(x) > 0, we have

El(x) <0, Vxe€ (x3,7/2). (39)
From Eq. (39), we obtain

E5(x) < E5(x3) ~-0.25<0, Vxe (x3,7/2). (40)
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Combining Eq. (40) with Eq. (37), for every x € (x3,7/2), and noting that 65(x) > 0, we get

Eu(x) <0, Vxe€ (x3,7/2),
Ei(x) > E{(/2) =0, Vxe (x3,7/2).

(41)

Using Egs. (32), (36) and (41), we have completed the proof of Eq. (28).
Now combining Eq. (13) with Eq. (28), we have completed the proof of Eq. (10), and
hence of Theorem 1.1. O

3 Proof of Theorem 1.2
3.1 Lemmas
We recall Theorem 3.5.1 in [9, Chap. 3.5, p. 67] as follows.

Theorem 3.1 Let wy, wy,...,w, be r + 1 distinct points in [a,b), and ny,...,n, ber + 1

integers > 0.Let N = ng + - - - + n, + r. Suppose that g(t) is a polynomial of degree N such that

@ (w) =f0 w)),i=0,...,n;,j=0,...,r. Then there exists & (t) € [a, b] such that f(t)-g(t) =
(N+l)
f NEI )1—[ £—w,)nitl,

Lemma 3.2 For every 0 <x < /2, we have that

1 1
sin(x) < ﬁxS - gx +x = c(x).

Proof Let Hy(x) = sin(x) — (mx5 - gx + x). It can be verified that H;(0) = H{(0) = --- =

©(0) = 0 and H")(0) = -1 # 0. For every 0 < x < 7/2, using Theorem 3.1, there exists
¥ (x) € (0,7/2) such that

H? -
Hl(x) = M(x_o)7 = Mx7 < O,
7! 7!
completing the proof. O

Lemma 3.3 Forevery 0 <x < /2, we have
In? (cos(x)) < 0
where In7) (cos(x)) denotes the seventh derivative.
Proof For every 0 <x < /2, it can be verified that
—-16(45 — 30 - cos(x)? + 2 - cos(x)*)) - sin(x)
(cos(x))”

—16(45 - 30) - sin(x)
(cos(x))”

In? (cos(x)) =

This completes the proof. O
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Lemma 3.4 Forevery 0 <x < /2, we have

() =12 a2 xB 20 212 doct < cos(x)? = k1 (x)
xX)=1-x"+——-—+-— - + - = Kk1{x).
o1 3 45 315 14175 467775 42567525 — !

Proof For every 0 < x < /2, it can be verified that EY)(O) =0,i=0,1,...,15and E{M)(O) =
32768 > 0, where i1 (x) = k1 (x) — 91 (x). Employing Theorem 3.1, for every 0 < x < /2, there
exists & (x) € (0,r/2) such that

(16)
0 i) = T2 gy
_ 32768 cos(2£(x))

Ta (x=—0)°, Vxe(0,7/2). (42)

Note that ic1(/2) = %621&(”/2))(71/2)16 A 0.0000020 > 0, and, on the other hand,
cos(2x) > 0, Vx € (0,77/4) and cos(2x) < 0, Vx € (7 /4,7/2), hence we have that &(r/2) €
(0,7/4) and then &(x) € (§2(0),&2(/2)) € (0,7/4). Combining with Eq. (42), we get
k1(x) — @1(x) > 0, Vx € (0,7/2), completing the proof. a

Lemma 3.5 Forevery 0 <x < /2, we have

m®(——) o0
f <sin(x) g
Proof It can be verified that
8 - ka(x)
n®( =)= : 43
n <sin(x) sin(x)®x® (43)

where k5 (x) = (2 cos(x)* + 11 cos(x)? + 2) + cos(x)?(45 — 45 cos(x)? + 15 cos(x)*) — 15. Com-
bining with Lemma 3.4, we have

Ko (x) > (2g01(x)2 + 11¢;(x) + 2) + gol(x)(45 —45¢; (x) + 15<p1(x)2) — 15 = k3(x),

10

_ x -
where k3(%) = s7577551¢077060521875 <3 (%), and

ic3(x) = —64x>0 + 8736x% — 68577647 + 38749256x%* — 16199623441
+53283946716x%° — 1386097749036x'8 + 28235771493930x°
— 435529376632350x'* + 4560089491932975x? — 17910555851588400x°
—3492316791835121254% + 7231910390065486125x°
— 58866255075932679375x* + 179566811702214811875x>

+163242556092922556250

T\ 28 7\ 24
> | -64 5 + 8736 |x*° + | —685776 E + 38749256 |x

2
+ (—1619962344(%) + 53283946716)x2°
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2
+ (—1386097749036(%) + 28235771493930)9616
7\ 2
+ (—435529376632350(5) + 4560089491932975)9612

4
+ | —17910555851588400 <%> + 7231910390065486125) x®

6 2
+ (—349231679183512125(%) - 58866255075932679375(%)

+ 17956681 1702214811875)962 +163242556092922556250

~ 8578x%% + 3.7 x 107x%* + 4.9 x 101%%° + 2.4 x 10"3x'® + 3.4 x 10'°x'2

+7.1x10%x° +29x10°x* + 1.6 x 102 >0, Vxe(0,7/2).

Combining with Eq. (43), for every 0 < x < /2, and noting that sin(x)®x® > 0, we have

In®(=%-) > 0, which completes the proof. O

sin(x)

Lemma 3.6 Forevery 0 <x < /3, we have

@a(x) > ln(cos(x)),

-2 a4 + (162437 +10872+74-29161n(2))2® _ 3(324+/37 +16272+7*-4860In(2))x®
2 12 275 476 ’

where @5(x) =
Proof Let k4(x) = In(cos(x)) — a2 (x). It can be verified that

k0)=0, i=0,1,....,4, and «V(x/3)=0, j=0,1L
Using Theorem 3.1 and Lemma 3.3, for 0 < x < /3, there exists &5(x) € (0,77/3) such that

In? (cos(&3(x)))

i) (&5(%))
! 7!

Kax) = - (x—m/3)% &% = (x—m/3)% x° <0,
which means that In(cos(x)) — ¢ (x) < 0, and we complete the proof. O

Lemma 3.7 Forevery 0 <x < /3, we have

x2 at (—145801n(2‘[%) +27072 + %) - &P x
_ >In )
6 180 6075 sin(x)

Proof Let k5(x) = In(=5=) — @3(x). It can be verified that

sin(x)
k0)=0, i=0,1,...,4, and Ks(7/3)=0.

Now by Theorem 3.1 and Lemma 3.5, for 0 < x < 77/3, there exists &4(x) € (0,7/3) such that

(6) ln(G)( R1E) )
Ks5(x) = %(x—n/?:) X0 = %(x—n/&) -x° <0,
which means that In(=2%=) — ¢3(x) < 0, Vx € (0, 7/3), and we complete the proof. O

sin(x)

Page 9 of 14
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3.2 Proof of Theorem 1.2

Proof of Theorem 1.2 Step 1. Firstly, we prove that %(x) < cos(x)®, Vx € (0,7/2), where
03(x) = 5 — 553#”. This is equivalent to

Fi(x) = In(sin(x)) — In(x) — 65(x) - In(cos(x)) <0, Vx € (0,7/2). (44)
Combining with Lemma 3.2, we have that
Fi(x) <In(c(x)) - In(x) — 65(x) - In(cos(x)) = F2(x), Vx € (0,7/2). (45)

For every 0 < x < /2, noting that 0j(x) = —;—xz < 0 and 65(x) > 0, and combining with
Eq. (4), we have

Fi(x) = CC((;:)) - alc +03(x) - tan(x) — 05(x) - ln(cos(x))
_ W
~ clx)
dx) 1 T ox
< cx) x +03(x)- w2 — 4x?
(x2-8)-x3

= 0, V. 0,m/2). 46
30 —20w2y 120) <0 TxE@T2) (46)
Combining Eq. (45) with Eq. (46), we obtain

Fi(x) < F(x) < F,(0)=0, Vxe(0,7/2). (47)

This completes the proof of Eq. (44), and hence proves ““(") < cos(x)BW

Step 2. Secondly, we prove that cos(x)"® < 5“; sinG) vy e (0, 7/2), where 04(x) = % - %xz +
12496 - mx . This is equivalent to
F3(x) = 04(x) - ln(cos(x)) +In| — X <0, Vxe(0,7/2). (48)
sin(x)
Case2.1.0<x<m/3.
Noting that 64(x) > 0, and combining with Lemmas 3.6 and 3.7, we have that
F3(x) < 04(%) - @2(x) + p3(x <Z V7,iBe,i x)) -x°= G1(), (49)

i i (o \5-i
S, and yr & ~0.0068, 7, & ~0.0067, yrp & ~0.0071, 7 ~

—-0.0072, y74 =~ —0.0070, y75 ~ —0.0041. Noting that Bg; > 0 and y7,<0,i=0,1,...,5,
and combining with Eq. (49), we obtain

where Bg; =

F3(x) < Gi(x) <0, Vxe(0,7/3]. (50)

Case 2.2. m/3 <x < 1.36.

Page 10 of 14
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Let @4(x) be the sextic interpolation polynomial such that

In® (cos(n/S)) = goff)(n/S), i=0,1,...,4, and
In? (cos(1.36)) = ¢X)(1.36), j=0,1,
and k4 (x) = In(cos(x)) — @4(x). We have that

kN(/3)=0, i=0,1,...,4, and «(1.36)=0, j=0,1.

Similar as in the proof of Lemma 3.6, by Theorem 3.1 and Lemma 3.3, for /3 < x < 1.36,
there exists &(x) € (;r/3,1.36) such that

In?(cos(&5(x)))
i

- (x—1.36)%- (x — 7/3)° <0,

Ke(x) =

which means that In(cos(x)) — @4(x) < 0.
On the other hand, let ¢5(x) be the quintic interpolation polynomial such that

, /3 4 1.36
("2 Y Z9(7/3), i=0,1,...,4, and In[ ——— ) = 0s(1.36).
n (sin(n/3)) ¢s (0/3), i and In{ =ooog ) T #s(130)

Similarly, let k7 (x) = ln(ﬁ) —@s5(x), and then, for every /3 < x < 1.36, there exists &(x) €
(7r/3,1.36) such that

«(x/3)=0, i=0,1,...,4, and k7(1.36)=0,

ln(6)( &6(x) )

17 (x) = %(x —7/3)° - (x - 1.36) <0,

which means that In( ) < @5(x). Finally, for every 7/3 < x < 1.36, we have

x
sin(x)

10

F3(x) < 04(x) - 0a(x) + @5(x) = Z vs,iB7,(x) = Ga(x), (51)
i-0

Clo-(e-m/3)'-(1.36-x)10

10 (x(f 36)_,,( 310 0 Y80 & —0.0052, yg1 ~ —0.0054, y55 A —0.0055, yg3 A
~0.0056, y54 ~ —0.0055, yg5 ~ —0.0052, y56 ~ —0.0048, y57 ~ —0.0041, yg5 ~ —0.0033,
ys9 ~ —0.0026 and yg510 ~ —0.0022. Noting that B;;(x) > 0 and yg; < 0, and combining
with Eq. (51), we have

where B;;(x) &~

F3(x) < Go(x) <0, Vxe(7/3,1.36]. (52)

Case 2.3.1.36 < x < 1.54.

Let @g(x) be the sextic interpolation polynomial such that

1n®(cos(1.36)) = ¢ (x/3), i=0,1,...,4, and

In® (cos(1.54)) = ¢g)(1,54), j=0,1,
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and kg(x) = In(cos(x)) — gg(x). We have that
k$(1.36)=0, i=0,1,...,4, and «J(1.54)=0, j=0,1.

Similar as in the proof of Lemma 3.6, by Theorem 3.1 and Lemma 3.3, for 1.36 < x < 1.54,
there exists & (x) € (1.36, 1.54) such that

?)
Kkg(x) = M(x —1.54)% (x - 1.36)° < 0,
which means that In(cos(x)) < @e(x).

On the other hand, let ¢;(x) be the quintic interpolation polynomial such that

/1.36 . 1.54
@ —2 ) =¢P136), i=0,1,...,4, and In[ —— ) =g (1.54).
1 (sin(1.36)> ¢7 (136), i and - In{ =2y ) = (15D

X
sin(x)

Similarly, letting «o(x) = In(
(1.36,1.54) such that

) — @7(x), for every 1.36 < x < 1.54, there exists &g(x) €

k(1.36)=0, i=0,1,....4, and ko(1.54) =0,

ln(6)( & (x)

Ko(x) = %(x ~1.36)° - (x — 1.54) <0,

X

which means that In( ) < @7(x). Finally, for every 1.36 < x < 1.54, we have

sin(x)
10
F3(x) < 04(x) - 96(x) + @7(x) = Z Yo,i - Bg,i(x) = Gz (%), (53)
i=0

i i 10—
where By (x) = S0 EED L~ -0.0022, 5,1 & ~0.0019, 5, & ~0.0018, yo3 &

~0.0020, Y4 ~ —0.0025, Y95 &~ —0.0029, yo,6 & —0.0024, Yo7 & —0.0021, yo5 & —0.0068,
Y99 ~ —0.025 and y9 19 &~ —0.071. Noting that Bg;(x) > 0, Vx € (1.36,1.54), and yy,; < 0, and
combining with Eq. (53), we have that

F3(x) < Gs3(x) <0, Vxe[1.36,1.54]. (54)

Case2.3.1.54<x<m/2.
Let @g(x) be the quintic interpolation polynomial such that

; 1.54 ; /2
@ _ = @ | = S e——— =
In <sin(1.5 )) ¢g'(1.54), i=0,1,...,4, and ln<sin( /2)> wg(m/2).

Similarly, letting «10(x) = ln(ﬁm) — @g(x), for every 1.54 < x < 7/2, there exists &(x) €
(1.54, 71 /2) such that

kD(1.54)=0, i=0,1,...,4, and ky(7/2) =0,

(6)(_&ox)

K10(x) = TG (g 5y
10(x) = o (x—1.54) - (x —/2) <0,
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0.47

(a) (b)

Figure 1 Plots of (a) Fi(x) and (b) pi(x), i=1,2,3,4

X

which means that In(37— )

) < @s(x). Finally, for every 1.54 < x < /2, we have

5
F3(x) < 04(x) - In(cos(1.54)) + pg(x) = Z Y10, - Bo,i(x) = Ga(x), (55)
i=0
i1 e (B
where By ;(x) = M, v100 = —0.071, y101 = —0.057, y192 = —0.043, y103 =

(m/2-1.54)5
—0.030, y104 = —0.01 and y;95 = —0.0020. Noting that By;(x) > 0, Vx € (1.54,7/2), and

Y10, < 0, and combining with Eq. (55), we have
F3(x) < Ga(x) <0, Vxe[l.54,7/2]. (56)

Using Egs. (50), (52), (54) and (56), we have completed the proof of Eq. (48).
Combining Egs. (44) and (48), we have completed the proof of Theorem 1.2. O

4 Comparisons and conclusion
Let £i(®) = (2)27%, £(x) = a(@) ), %) = a(x) % and fi(x) = (=25)W, and
Fi(x) = ﬁ, i=1,2,3,4. As shown in Fig. 1(a), F;(x) > F»(x) > F3(x) > Fy(x ), which means
that Theorem 1.1 achieves much tighter bounds than those of Eq 9).

Let p1(x) = 6, (x)/3, pa(x) = & — —x + mxS - mx 4 p3(x) = 2x and py(x) = 05 (x)/3.
As shown in Fig. 1(b), we have that p1(x) > pa(x) > p3(x) > p4(x), Vx € (0,7/2), combining

with cos(x) < 1, Vx € (0,7/2), we have that

sin(x)

cos(x)"1@ < cos(x)2W < < cos(x)3% < cos(x)?*™,  Vx e (0,7/2).

X

which means that the bounds in Theorem 1.2 are tighter than in Eq. (8).
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